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ABSTRACT. We study a curvature-dependent motion of plane curves in a two-
dimensional cylinder with periodically undulating boundary. The law of motion
is given by V = k 4+ A, where V is the normal velocity of the curve, x is the
curvature, and A is a positive constant. We first establish a necessary and
sufficient condition for the existence of periodic traveling waves, then we study
how the average speed of the periodic traveling wave depends on the geometry
of the domain boundary. More specifically, we consider the homogenization
problem as the period of the boundary undulation, denoted by e, tends to
zero, and determine the homogenization limit of the average speed of periodic
traveling waves. Quite surprisingly, this homogenized speed depends only on
the maximum opening angle of the domain boundary and no other geometrical
features are relevant. Our analysis also shows that, for any small ¢ > 0,
the average speed of the traveling wave is smaller than A, the speed of the
planar front. This implies that boundary undulation always lowers the speed
of traveling waves, at least when the bumps are small enough.

1. Introduction. We discuss traveling waves for a curvature-driven motion of
plane curves in a two-dimensional cylinder 2., whose boundaries undulate peri-
odically with period € > 0. The law of motion of the curve is given by

V=rk+A4, (1.1)

where V' denotes the normal velocity of the curve, k denotes the curvature and A is
a positive constant representing a constant driving force. The domain €. is defined
as follows: Let g(y) be a l-periodic smooth function satisfying

9(0)=g(1)=0, g(y) =0 (yeR)
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and
max ¢'(y) =tana, ming' (y) = —tanf (1.2)
y y
for some «, § € (0,7/2) (see Figure 1(a)). Then we define
Qe = {(x,y) €R* | -H — g(y) <z < H +g:(y)},

where H > 0 is a given constant and g.(y) := eg(y/e) (see Figure 1(b)). We call «
the mazimum opening angle of the boundary. Denote the left (resp. right) boundary
of Q. by 0_Q. (resp. 9+8;).

L

TS

FIGURE 1. (a) The function g. (b) Q. and the curve ;.

In this paper, by a solution of (1.1) we mean a time-dependent simple curve ~; in
Q. which satisfies (1.1) and contacts 0+, perpendicularly. Equation (1.1) appears
as a certain singular limit of an Allen-Cahn type nonlinear diffusion equation under
the Neumann boundary conditions. The curve 7, represents the interface between
two different phases. See, e.g., [11, 1] for details.

To avoid sign confusion, the normal to the curve +; will always be chosen toward
the upper region, and the sign of the normal velocity V' and the curvature x will be
understood in accordance with this choice of the normal direction. Consequently,
K is negative at those points where the curve is concave while it is positive where
the curve is convex (see Figure 1(b)).

We will mainly consider the case where ~; is expressed as a graph of a certain
function y = u(z,t) at each time t. Let (_(t), (;(¢) be the z-coordinates of the end
points of v lying on 0_Q¢, 94, respectively. In other words, (¢4 (t), u(¢+(t),t)) €
0+ Q.. Now (1.1) is equivalent to

Uy = 1?22 FAVI+uZ, (_(t) <z <((t), t>0, (1.3)
with the boundary conditions
U (Ce(t),1) = Fgl(u(Ce(8),1),  (Cx(t), u(Ce(t),1)) € 0+Qe. (1.4)
Throughout this paper we will assume that the boundary angles «, 3 satisfy

0<a, B< g (slope condition)

or equivalently,
G :=max|¢'(y)| < 1. (1.5)
yeR
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We impose the above condition in order to prevent ~; from developing singularities
near the boundary 99Q.. As we will show in Section 3 (Theorem 3.19), under the
condition (1.5), the equation (1.3)-(1.4) has a time-global classical solution for any
smooth initial data wug satisfying |ug(z)| < G. Here the term “classical solution” is
understood in the following sense:

Definition 1.1. A function u(z,t) defined for (_(t) < z < {4(t), 0 <t < T is
called a classical solution of (1.3)-(1.4) in the time interval [0,7") if
(

(a) u, uy are continuous for (_(t) < z < (4(¢), 0 < t < T, and ugy, us are
continuous for (_(t) <z < (4(t), 0 <t < T}
(b) u satisfies (1.3)-(1.4) for (_(t) <z < (4+(t),0<t < T.

It is called a time-global classical solution if T' = +oc.

Now if € = 0 then Qy = {(x,y) € R? | —H < = < H} is a straight cylinder.
In this case (1.1) has a planar traveling wave, namely a solution of the form ~, =
{(z,At) | —H < x < H}, which has a flat profile and moves at a constant speed
A. On the other hand, if £ > 0, traveling waves in the usual sense cannot exist. In
fact, as the front ~; propagates, its shape and speed fluctuate due to undulation of
the boundaries 0+(.. Therefore we have to adopt a generalized notion of traveling
waves. In the case of spatially periodic environments, such a generalized notion of
traveling waves is well-established in the literature, which, in the present context,
can be stated as follows:

Definition 1.2. A solution U¢(z,t) of (1.3)-(1.4) is called a periodic traveling wave
— or simply a traveling wave — if it satisfies

Us(z,t+T.) =U(z,t) + ¢ (1.6)
for some T, > 0. Its average speed — or the effective speed — is defined by
€
Ce = E

Note that, despite its apparent notational difference, the above definition is equiv-
alent to the standard definition of traveling waves in periodic media; see for example,
[2, 4, 5, 12, 14]. In order to emphasize the difference from the classical notion of
traveling waves, in the present paper we have adopted the term “periodic traveling
wave” as in [12]. As is clear from the definition, periodic traveling waves change
their profile periodically in time (see Figure 2).

T

— Us(z,t2 + 1)

Us(xv tl + Ts)
T Us(f,tg)

Q)

UE(.T,tl)

FIGURE 2. Periodic traveling wave.
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The first aim of the present paper is to prove the existence and uniqueness of the
periodic traveling wave, and discuss its stability. The second aim is to study the
homogenization limit of the periodic traveling wave U¢ as ¢ — 0 and determine its
homogenized speed and profile. As we will see later in Subsection 2.2 and Section 5,
the periodic traveling wave U¢(z,t) converges to a function of the form ¢(x) + cot
as ¢ — 0, and determining the homogenized speed ¢y is equivalent to determining
the contact angle 6* of the homogenized profile ¢ (see Figure 3).

Co

o* o*
o(x) + cot

FIGURE 3. Homogenization limit of the periodic traveling wave.

This paper is organized as follows. In Section 2, we state our main theorems,
Theorems 2.1 to 2.3. Theorem 2.1 gives a sharp criterion for the existence of periodic
traveling waves. More precisely, a periodic traveling wave exists if AH > sin «, while
it does not if AH < sin «a, where « is the maximum opening angle of the boundary
as defined in (1.2). In the latter case, propagation is always blocked (or, so to
say, “pinned”) and every solution of (1.3)-(1.4) converges to a stationary solution
as t — oo. Theorem 2.2 asserts that the periodic traveling wave is asymptotically
stable. Theorem 2.3 is concerned with the estimate of the speed of periodic traveling
wave and its homogenization limit as € — 0.

In Section 3, we discuss the local and global existence of solutions of the initial-
boundary value problem for (1.3)-(1.4). In doing so, we introduce a new coordi-
nate system (iso-thermal coordinates) that converts (1.3)-(1.4) into a problem on a
straight cylinder while preserving the contact angles.

In Section 4, we construct an entire solution — namely a solution that is defined
for —oo < t < oo — by using a renormalization argument. Then we prove the
uniqueness (up to time shift) of the entire solution. The uniqueness implies that
this entire solution must satisfy (1.6) for some T € R, hence it is a periodic traveling
wave. This establishes the existence and uniqueness of the periodic traveling wave,
completing the proof of Theorem 2.1 for the case AH > sina. Stability of the
periodic traveling wave is also discussed (proof of Theorem 2.2).

In Section 5 we estimate the average speed of the periodic traveling wave and
discuss the homogenization limit of the speed and the profile as e — 0 (proof of
Theorem 2.3). The estimate of the speed is given by constructing a suitable upper
and a lower solution. Once the limit speed ¢y = lim._.g ¢, is determined, the limit
profile ¢ along with the contact angle 8* will follow rather straightforwardly.

Finally, in Section 6, we consider the pinning case AH < sina and prove that
every global solution of (1.3)-(1.4) converges to a stationary solution. This proof is
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based on the comparison principle, the energy functional and the uniqueness results
of w-limit points for one-dimensional parabolic equations.

2. Main theorems. In this section we present our main results on the periodic
traveling wave and its homogenization limit. More basic questions such as the
well-posedness of equation (1.3)-(1.4) will be discussed in Section 3. In the rest of
the paper we impose the slope condition (1.5), which guarantees the existence of
classical solutions for equation (1.3)-(1.4) (see Subsection 3.6).

2.1. Existence and stability of periodic traveling wave.

Theorem 2.1. (Existence). Assume the slope condition (1.5).

(i) If AH > sina, then there exists a periodic traveling wave of (1.3)-(1.4), and it
is unique up to time shift. Moreover, this periodic traveling wave U® satisfies

Uf(—z,t) =U(z,t), —tana <sgnz U.(z,t)<tanp, U(z,t)>0

for all (z,t) with (x,U%(x,t)) € Q. and t € R.

(ii) If AH < sina and if € is sufficiently small, then there exists no periodic
traveling wave. Moreover, every classical solution of (1.3)-(1.4) that is defined
globally for t > 0 converges to a stationary solution ast — oo.

Theorem 2.2. (Stability). Assume the slope condition (1.5) and that AH > sin o
Then the periodic traveling wave U¢(x,t) is stable in the following sense:

(i) [Stability] Let T'¢ be the solution curve of (1.1) associated with U¢(x,t). Then
for any o > 0 there exists & > 0 such that for any solution curve v; of (1.1)
that is defined globally for t > 0 and satisfies dy(v0,TS) < § for some T € R,
it holds that dy(v¢,I'5,,) < o for allt > 0. Here dy; denotes the Hausdorff
distance between two compact sets in R2.

(ii) [Asymptotic stability] Let u(xz,t) be a classical solution of (1.3)-(1.4) defined
globally for t > 0 and let v; be the solution curve of (1.1) associated with
u(z,t). Then there exists a constant T € R such that

h?oo dH (’Yﬁ Ff"rT) =0.

t—

Furthermore, ~y; approaches I's . in the C? sense as t — +00.

The above existence criteria AH > sina and AH < sin « can be interpreted that
the front propagates freely if the driving force A is large enough, while propagation
is blocked (or pinned) if A is not large enough to push the front against the boundary
bumps.

2.2. Homogenization limit. An important question concerning the periodic trav-
eling wave is how its average speed depends on the geometrical shape of the bound-
aries. This problem is important in many physical phenomena and very little is
known so far. We study this problem for the case where ¢ is very small. In other
words, we determine the homogenization limit of the periodic traveling wave U¢(z, t)
and the limit of its average speed c. as € — 0. Since U¢(x,t + 7) is also a periodic
traveling wave for any constant 7 € R, this may create ambiguity in the definition
of U¢. In order to avoid such ambiguity, hereafter we normalize U¢(x,t) so that

U=(0,0) =0 (2.1)

for every € > 0. Our result is the following:
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Theorem 2.3. (Homogenization limit) Assume the slope condition (1.5) and that
AH > sina. Let U®(x,t) be the periodic traveling wave of (1.3)-(1.4).

i) For small e, the average speed c. of U® satisfies
g

co < ce < cg+ My, (2.2)
where cq 1s the constant determined uniquely by
COS §

H = 2.3
/ A—cycoss s % (2:3)

and M is a positive constant independent of €. Moreover ¢y satisfies

600 600 800

0 A, — <0, — >0, —>0 24
<cp < A, Do < U, A > U, OH > ( )

if AH > sina, and co =0 if AH =sina.
(ii) Ue(z,t) converges to ¢(x;co) + cot in C’fo’cl((—H, H) xR) as € — 0, where
o(x;¢o) is the solution of
co = 1‘1” + AT + o2, (2.5)
©(0) =0, ,(0)=0. (2.6)
Remark 2.4. Equation (2.5) is derived by setting u = ¢(x;cg) + cot in equation

(1.3). Therefore the function ¢(x;cy) + cot is a traveling wave of (1.3) in g with
constant speed ¢y and constant profile ¢(x;cg). As we will see in Lemma 5.1, if

¢op > 0, by introducing a parameter 6 := — arctan ¢,, the problem (2.5)-(2.6) can
be solved as follows:
1 A —¢pcost
0;co); =——1 _ 2.7
lalticolicn) = - o (220, 27)
0
Cos §
0; = ——ds. 2.8
#(6; o) /0 A —cpcoss y (2:8)

On the other hand, (2.5)-(2.6) with cg = 0 can be solved as

o(z;0) = 1 (1 —V1- A2x2) , (2.9)

A

which coincides with the limit of ¢(z(0;co);co) as ¢ — 0. Thus the condition (2.3)
can be expressed as z(«;cg) = H, or, equivalently, that

vz (H;cp) = —tana.

This means that ¢(z;c) + cot is a traveling wave in Qg (or a stationary front if
co = 0) with contact angle 0" = 7 — a (see Figure 3). In other words,

(2.3) < 0" = g —a
Summarizing, Theorem 2.3 states that U¢ converges to a traveling wave in )
whose contact angle is 6* =  — «, and that its speed ¢ is determined uniquely by
this contact angle and the constants A, H through the identity (2.3).

3. Local and global existence. In this section we present basic existence results
for solutions of (1.3)-(1.4) and derive uniform bounds on the derivatives of solutions.
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3.1. Change of variables. In studying the existence of solutions for equation
(1.3)-(1.4), it is convenient to introduce new coordinates that convert the domain
into a flat cylinder. More precisely, we make a change of variables (z,y) — (&,7),
which gives a diffeomorphism Q. — D, where

D:={(n) eR?| -H< ¢ < H, —00<n< oo}

Here the functions £(z,y) and n(z,y) are to be specified later. With these new
coordinates, the function y = u(x,t) is expressed as n = v(&,t), where the new
unknown v(,t) is determined by the relation

1 (z, u(z, ) = v (€(z,u(z,1)),1) (3.1)
for (z,t) with (z,u(z,t)) € Q. and t > 0. The function v(£,t) is well-defined by
(3.1) provided that x — &(z,u(z,t)) is strictly monotone for each fixed t. We will
see later that this monotonicity condition always holds for the class of solutions
which we consider. Indeed, there exists a positive constant § such that

%g (z,u(z,t) = & + §yua > 6 > 0. (3.2)
Once v(&,t) is defined, then substituting it into the relation y = u(z,t) yields
Y (&,0(8,1) = u(X(&v(E,1)),t), (3.3)

where the map (&,7) — (X(£,1),Y(€,n)) : D — Q. is the inverse map of (z,y) +—
(&(z,y),n(z,y)). The expression (3.3) gives a formula for recovering the original
solution u(x,t) from v(&,t). In order for u to be smoothly dependent on v, we need
the map £ — X (&, v(&,t)) to be one-to-one for each fixed t. As we will see later,
this is true since we have

S X (EU(E1) = Xe + Xy 2 61> 0 (3.4)

for some constant §; > 0. See Lemma 3.6 for details.
3.2. Iso-thermal coordinates. Now we specify & and 7. We adopt the so-called

iso-thermal coordinates. First, £(x,y) is given as a solution of the following bound-
ary value problem:

AE=0 in Q.,
E=—-H on 9_Q,, (3.5)
¢E=H on 04€..

It is easily seen that the problem (3.5) has a unique solution within the class of
bounded functions. Next, we define n(x,y) to be the conjugate harmonic function
of £&. More precisely, 7 is characterized by the Cauchy-Riemann relation

§o =1

{ c in Q.. (3.6)
fy = Nz

Such a function 7 exists since €2 is a simply connected domain, and it is unique

up to addition of a constant. Thus, 7 is uniquely determined by (3.6) under the

following normalization condition:

7(0,0) = 0. (3.7)
By a moving plane argument with respect to lines that are parallel to the y-axis,

we see that -
& >0 in Q.. (3.8)
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Next we apply a similar reflection argument to a line £y that is slightly tilted from
the y-axis by an angle . More precisely, choose an arbitrary point (zo,yo) € §2:
and consider a line £y which passes through (xg,yo) and whose unit normal vector
is ng := (cosf,sinf). Denote by QL the portion of (2. lying on the left-hand side of
g, and let (QL)* be its reflection with respect to £5. Also, denote by £*(z,y) the
reflection of £(z,y) with respect to ¢.

FIGURE 4. Reflection with respect to line y.

If 6 is sufficiently small, namely, if |§| < 7/2 — max{a, 8}, then the reflection
of the boundary curve 0_€). with respect to £y does not intersect with 9_2. itself
except on the line £y, and the same is true of the curve 94 ).. So long as 6 has this
property, one can see by the maximum principle that

£ <& in Dg:= () na.,

since £ — &* > 0, # 0 on the boundary of Dy. Furthermore, & = &* on £y N Q.,
which is a portion of the boundary of Dy. Hence, by the Hopf boundary lemma, the
normal derivative of £ on the line segment ¢y N €. does not vanish. Thus we have
ng - VE(zo,y0) > 0 for || < 7/2 — max{a,3}. Consequently, the angle between
the vector V¢ and the z-axis lies in the interval [— max{a, 8}, max{a, 8}]. This
implies the following estimate:

g—y < max{tanq,tan 8} = G in Q.. (3.9)
This and (3.6) yield
Uch <G in Q.. (3.10)
My

Before closing this subsection, let us list up basic properties and some useful
identities concerning the map (£(z,v),n(x,y)) and its inverse (X(&,1),Y(&,n)).
First we note that the map (x,y) — (£(z,y),n(x,y)) : Q- — D is one-to-one, since
& >0,m, > 0in Q. (see (3.8)). It is also easily seen that this map is onto, since the
level curves of &(x,y) and those of n(z,y) are smooth curves stretching vertically
and horizontally, respectively.
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Next we recall that the Cauchy-Riemann relation (3.6) implies
det( = G ) =G+ =+

Nz Ty ’ ’

This, together with the fact that &, > 0 in Q., implies
det( b & > >0 in Q.. (3.11)
Nz Ty

Therefore (£(z,y),n(x,y)) is a diffeomorphism from Q. to D, so its inverse map
(X(&,n),Y(&n)) is well-defined. The same Cauchy-Riemann relation implies

VE-Vn=0 in .. (3.12)

This means that the level curves of ¢ and those of 7 intersect orthogonally every-
where. In particular, the level curves of n meet the boundary curves d_€2. and
04 perpendicularly.

As regards the derivatives of X, Y, clearly the following identity holds:

(s a6 o

Consequently X and Y also satisfy the Cauchy-Riemann relation:

X =Y,
in D. (3.14)
Xy =—Ye
We also note that the following holds for the quantities in (3.2) and (3.4):
(€w+§yua:)(X§+XnU£) =1. (315)

To see this, let us differentiate (3.1) by x, and (3.3) by &:

Nz + NyUy = U&(fz + fyux)7
Ye + Yyve = ua(Xe + Xyue).
Consequently

Xe + Xyve = Xe + X, ol _ ¢(&e + &yua) + Xy (0 + 1y us)
By (3.13), the numerator of the right-hand side is equal to 1.

3.3. Equation in the new coordinates. Let us now rewrite the equation (1.3)
using the new coordinates &,n and the new unknown v(&,t). Differentiating the
expression

Y (& 0(& 1) = u(X(&0(E,1)),1)
twice by £ and once by ¢, and using (3.14), we obtain

w — — Xy + Xeve

v X5+Xn’05 ’
" 1 (1 +vg)(Jy — Jeve) | Ve

e (Xg + Xn”{)?) 2J2 J ’

U = —Ut

£ (Xg + Xnvg)J’

where
1
J(&n) = (=X Y)+&(X,Y)).

C X2 m) + X2(Em)
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Therefore, we find that (1.3) is converted into the following equation:
U = d(gavavf)vff +f(§,v,v5), (316)

where

J(&,n)
1+ p2’

f(&mn,p) = *%Jg(€7n)p+ %Jn(f,n) + AV J (&, n) (1 +p?).

In deriving equation (3.16), we need to assume condition (3.4), the validity of which
will be verified later in Lemma 3.6. Note also that, because of the orthogonality
(3.12), the boundary condition (1.4) is converted to

ve(—H,t) =ve(H,t) = 0. (3.17)
In accordance with Definition 1.1, a classical solution of this reduced problem is

defined as follows:

Definition 3.1. A function v(¢,t) defined in [-H, H] x [0,T) is said to be a clas-
sical solution of (3.16)-(3.17) in the time interval [0,7") if v, ve are continuous in
[—H,H]| x[0,T), vee, v are continuous in (—H, H) x (0,T) and if v satisfies (3.16)-
(3.17) in (—H,H) x (0,T). It is called a time-global classical solution if T' = +oc.

d(&,n,p) =

Remark 3.2. In what follows, when we say v is a classical solution in the closed
time-interval [0, 7], we mean that v is a classical solution in [0,7") and that v, ve
Vgg, V¢ are continuous up to ¢t =T.

Equation (3.16) is a quasilinear parabolic equation whose coefficients are smooth
functions of (§,v,ve¢). Furthermore, the coefficients J(&,v), Je(&,v), J,(&,v) are
bounded, thanks to the following lemma:

Lemma 3.3. The functions X (&,n) and Y (€,m) are smooth in D. Moreover, there
exists a constant p. € (0,¢€) such that

X(En+p)=X(E&n), YEn+p)=Y(En)+e in D. (3.18)

Consequently, the derivatives of X, Y, hence those of J(§,n), are all periodic in n
with period pe.

Proof. Since €. is invariant with respect to the translation (z,y) — (x,y + ¢), the
function &(z,y + €) is also a solution of (3.5), hence

{(e,y+e) =E(x,y) i Qo (3.19)
by the uniqueness of the solution. Therefore both n(z,y + ¢) and n(z,y) are the
conjugate harmonic function of &(x,y). Consequently

n(xz,y+¢) =n(z,y) + pe in £, (3.20)
for some constant p.. Let us show that 0 < p. < €. Put
A, =Q.Nn{0<y<e}, &E::Agﬁ{—H<x<H}.
Since £ = —H on 0_$. and £ = H on 0, (., we obtain

// &y dxdy = 2He.

Ae

// My dxdy = 2Hp,.
EE

Similarly, we have
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Considering that n, = & > 0 and that A D 867 we obtain 2He > 2Hp. > 0,
hence € > p. > 0. From (3.19) and (3.20) one can easily deduce (3.18). O

At the end of this subsection we derive useful gradient bounds which will be
needed in the next subsection to prove the existence of a time-global solution. As
mentioned in the introduction, we will assume (1.5) throughout the present paper.
This condition is equivalent to

max{tan«, tan 8} < 1.
Hereafter we denote by Q7 the space-time region on which u is defined:
Qr = {(z,1) | (- (1) <z < (4(1), 0 <t <T}.

Lemma 3.4 (A priori gradient bound for u). Let u be a classical solution of (1.3)-
(1.4) in the interval [0,T), whose initial data uo(x) satisfies

W@ <G Jor ((0) < x <C4(0). (3.21)
Then
lug(z,t)| <G for (w,t) € Qr. (3.22)
Furthermore, inequality (3.2) holds everywhere in Q.

Proof. The function w := u,(z,t) satisfies the following equation:

W 2ww§ A WWy
_1+w2_(1+w2)2+ ot n Qr,
w(Ci(t)7t) = :Fg/ (E_lu(Ci<t)7t)) ; for te (OvT)

This equation can be written in the form

W

wy = a(x, )Wy + b(z, t)w,,

with a(z,t) > 0. By the maximum principle, the maximum of |w| on Q is attained
on the parabolic boundary of Qr. Thus (3.22) follows from (3.21) and (1.5). Next,
combining this gradient estimate and (3.9), we obtain

€w+£yua: ng (1 - %Um ) Z§z<1—G2).
Since min &, > 0 because of the periodicity of £(x,%) in y, and since 1 — G% > 0,
the inequality (3.2) holds by setting § := (1 — G?) ming_ ;. O

Definition 3.5. By an admissible function for equation (1.3)-(1.4), we mean a C!
function ug(x) defined on some interval (_ < z < (4 such that
(a) (z,up(x)) € Q forall (_ <z < {y;
(b) (Cx, up(Cx)) € 0+8; and the graph of ug intersects 9+€). perpendicularly;
(¢) |up(z)| <G forall (- <z < (4.

We denote by C; the set of all admissible functions.
If ug € C1,, then, as we have seen in the proof of the above lemma, &, (z,ug) +

&y(z,uo)ug(x) > 0. Consequently, a function vy(§), —H < & < H, is well-defined
from the expression

1 (z,uo(x)) = vo (§(x, uo(x))) -
We denote by 6;(1 the set of all the functions vy(€) obtained this way.
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Lemma 3.6 (A priori gradient bound for v). Let v be a classical solution of (3.16)-
(3.17) in the time interval [0,T) with initial data vy € 5’;(1 Then inequality (3.4)
holds everywhere in [—H, H| x [0,T], hence v(-,t) € éid for every t € [0,T]. Fur-
thermore,

2G

e )| <G = yrg  Jor (ED)E-HH]x[0,T].  (3.23)
Proof. Let us show that (3.4) holds with the following choice of ¢ :
1
(51 =

(14 G?)maxg_ &
Suppose the conclusion does not hold. Then there exist ¢y € (0,7 such that

>0 for 0 <t <ty,
X€+XUU€ { < 01 for t =1p.
Since X¢ + X, ve > 0 in the interval [0, ¢o], a function u(x,t) is determined uniquely
from (3.3), and it is a classical solution of (1.3)-(1.4). The assumption vy € Cl,

implies that the initial data u(z,0) belongs to C};. Therefore, by Lemma 3.4, u
satisfies (3.22). Combining this and (3.9), we obtain

§o +&§yus =& (1 + gyu$> < (1 + G*) max¢,
x Qe

for 0 <t <tp. This and (3.15) yields

Xg + X”IUE > 01 for t = tg,
contradicting our earlier assumption. This contradiction shows that (3.4) holds for
all t € [0,T]. Therefore, the solution u(x,t) of (1.3)-(1.4) corresponding to v(&,t)
is defined for all ¢+ € [0,T] and satisfies (3.22). This means v(-,t) € Cl; for all
t € [0,T]. Furthermore,

_&
&

1+%ux

N + Ty Ug U

fz + gyur

The lemma is proved. O

ve| =

- 1-G¥

Corollary 3.7. Let vy be an element of E';d which corresponds to ug € CLy. If
there exists a time-global classical solution v for equation (3.16)-(3.17) with initial
data vo, then there exists a time-global classical solution u for equation (1.3)-(1.4)
with initial data ug. Moreover, u(-,t) belongs to C1, for each t > 0.

3.4. Comparison principles.

Definition 3.8. A function 9 € C*!([—H, H] x [0,T]) is called a lower solution of
(3.16)-(3.17) on the interval 0 < ¢ < T if

0y < d(gaﬁaﬁf)ﬁﬁf + f(gaﬁ?ﬁf)a (f,t) € (_H’ H) X (O7T)7
+ie(+H, 1) <0, te(0,7).

A function ¢ € C?1([—H, H] x [0,T]) is called an upper solution of (3.16)-(3.17) if
the reversed inequalities hold.

The following proposition follows easily from the maximum principle:
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Proposition 3.9 (Comparison principle for v). Let v~ and v™ be a lower and an
upper solution of (3.16)-(3.17) on the interval 0 <t < T, respectively. Suppose that
v (&,0) < vt (&,0) for £ € [-H, H]. Then

v (&) vt (&) for (&) € [-H, H| x [0,T).
Furthermore, if v= £ vt then
v (6,t) < vt (&) for (€,t) € [-H, H] x (0,T).

Corollary 3.10 (Growth bound on v). There exists a constant Ky > 0, dependent
only on A and || J||pe, ||| such that for any classical solution v of (3.16)-(3.17)

with initial data vy € CLy,
[o(-0)llzee < Kyt + |lvol|Loe- (3.24)
Proof. By the periodicity of J and J, in 5, we have

Ky := sup |f(&,m,0)] < +o0.
(€,m)€[—H,H]xR

Consequently, vt (t) = Kyt + ||vg||r is an upper solution of (3.16)-(3.17), while
v (t) = =Kyt — |lvo| L~ is a lower solution of (3.16)-(3.17). Moreover v~ (0) <
vo(§) < vT(0) for £ € [-H, H]. Hence, by Proposition 3.9, we have

(1) Su(E,t) Sut(t) for (1) € [~H, H] x [0,T].
This proves the corollary. O

Next we state the comparison principle for solution curves of (1.1).

Definition 3.11. Let @ be a C%'-function defined for {_(t) <2 < (4 (t),0<t < T
such that (i (), u(Cx(t),t)) € 0+, respectively. Then @ is called a lower solution
of (1.3)-(1.4) on the interval 0 < ¢ < T if

iy < lf“iZ + AT T @2, () <z<((t), 0<t<T,

Uz

1
iz (Co (), 1) < —gL(a(Ce(0),8), 0<t<T,
g (C-(8),8) = gL(a(C-(8),1), O0<t<T.

A function 4 is called an upper solution of (1.3)-(1.4) if the reversed inequalities
hold.

We easily see that 4 is a lower solution of (1.3)-(1.4) if and only if 0, the expression
of 4 in the coordinates (£,,t), is a lower solution of (3.16)-(3.17), provided that ¢
is well-defined by (3.1).

Notation. Let C denote the set of all simple (non-self-intersecting) C'-curves v in

Q. such that

(a) The two endpoints of + lie on 9_Q, and on 9., respectively;
(b) Every point of v except the endpoints lies in Q.

Each v € C divides 2. into two open sets. We denote the one located above ~y
by U(y). We then define an order relation in C by

~ def ~
v=7 & UR)DUGF).
We also write vy < ¥ if y <5 and yN 7 = 0.



550 H. MATANO, K.-I. NAKAMURA, B. LOU

Let u be a O function defined on some interval (_ < x < (, such that (x,u(z)) €
Q. for (_ <z < (4 and that ({1,u(+)) € 0+Q. Then the graph of u, say G(u),
belongs to C. For such functions u; and us, we define an order relation between
them by

U X Uz el G(u1) = G(uz),

U1 K U2 g Q(ul) < g(UQ)

Proposition 3.12 (Comparison principle for w). Let u; and ug be a lower solution
and an upper solution of (1.3)-(1.4) on the interval 0 < t < T, respectively. Suppose
that uy(-,0) 2 uz(+,0). Then

up (s, t) Sus(,t) for 0<t<T.
Furthermore, if uy # us then
ur (- t) K wug(-,t) for 0 <t <T.

Proof. If uy and usg satisfy the condition (3.22), then they have expressions v and vy
in the coordinates (£, 7, t), respectively. In this case, it is clear that uy (-, t) =< ua(-,t)
(resp. ui(-,t) < uz(,t)) if and only if v1(£,t) < va(€,t) (resp. vi(&,t) < v2(€,1))
for ¢ € [-H, H]. Therefore the conclusion follows from Proposition 3.9. The general
case is basically the same: the conclusion follows from the strong maximum principle
except that the Hopf boundary lemma has to be applied after an appropriate local
change of coordinates near the boundary. We omit the details. O

The above proposition remains true even if the solution curve ; is not necessarily
the graph of a function u. More precisely, we have:

Proposition 3.13 (Comparison principle for solutions of (1.1)). Let {7t }iefo,1)
and {Yi}iejo,r) C C be solutions of (1.1) which contact 0182 perpendicularly for
0 <t <T with initial data vo and Yo € C, respectively. Suppose that vo = vo. Then

Y3y for 0<t<T.
Furthermore, if vo # Yo then
Yo Ly for 0 <t <T.

The proof of this proposition is similar to that of Proposition 3.9. In fact, by using
local coordinates, one can express (1.1) locally as a quasilinear parabolic equation;
one can then apply the maximum principle. The details are omitted.

3.5. Uniform Holder estimates. In this subsection we derive uniform Holder

estimates for solutions of (3.16)-(3.17). More precisely, we show that if a classical

solution v of (3.16)-(3.17) exists for 0 < t < T and if v € C**»'*¥/2([-H, H] x

(0,T7]), then for any ¢ € (0,T) there exists a constant Cs > 0 such that
||ﬁ(',t)||cz+u([,H7H]) <Cs for 0 <t<T,

where v € (0,1) is a constant to be specified later and Cs depends on § but is
independent of v and T', and

H
ﬁ(&vt) = ’U(f,t) - % [HU(Z,t)dZ

In the rest of this subsection, Cs denotes a positive constant dependent on § > 0
but independent of v and T, whose actual value may differ in different contexts.
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Lemma 3.14. Let v(&,t) be a classical solution of (3.16)-(3.17) in the time interval
[0,T] and define

1 H
h(t) :== Vi [Hv(z,t)dz.
Then there exists a positive constant M independent of v and T such that

sup |h'(t)] < M.
0<t<T

Proof. Since equation (3.16) can be written in the following divergence form
Uy = (D(€> v, ’Ug))é + F(ga v, ’UE)y
with

D(&,n,p)

F(&n,p):

) = f(&m,p) — (Je(&m) + Jy(€,m)p) arctan p,

we have
1 H
h/(t) = ﬁ /—H F(Za U(Za t)a Uf(za t))dZ
Therefore the assertion of the lemma follows from Lemma 3.6 and the fact that F
is periodic in 7. O

Lemma 3.15. Let v(&,t) be a classical solution of (3.16)-(3.17) in the time interval
[0,T]. Then there exists a positive constant v € (0,1) such that

10l cvvrz(—mmx sy < Cos Vellevwre—mmxsm) < Cs (3.25)

for any § € (0,T).
Proof. First we extend v to a function ¢ defined on the whole line R by

- v §7t ) 7H S 5 S H,

it ="

'U(2H—£7t), H<£§3H7

o(+4H,t) =0(§1), (&t) e Rx[0,T].

Then v solves
0 = d(&, 8, 0¢)0ee + f(€,8,0¢),  (€,1) € Rx (0,T),

where

d(fanvp)a 7H§£§H7
d(zH_£7na _p)7 H<§§3H7

d(&+4H,n,p) = d(&,n,p),

and f is the extension of f defined in the same way as d. In what follows, we write
v, d, f instead of v, d, f for simplicity. Note that, by the boundary conditions
ve(+£H,t) = 0, the function ve is continuous in R x (0,T"). Moreover, w := v¢ is a
weak solution of

d(&n,p) = {

Wy = (P(£7tvwvw§))§ )
where P(&,t,w,p) == d(§,v(§,t), w)p + f(§ v(&, 1), w). Recalling the fact that [w|
is uniformly bounded by the constant G, we obtain

|P(§7t7wap)| S K1|p| + KQa P(§7tawap)p 2 K3|p|2 - K4
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for some positive constants K; (j = 1,2,3,4) independent of T". Hence, applying
the interior Holder estimates for quasilinear parabolic equations of divergence form
(see [13, Theorem 2.2]) to the above equation for w, we see that

vellcwnrz@xis )y = 10l crnrz@xisry) < Cs
for any 0 € (0,T), where the constant p € (0,1) does not depend on d, v and T

Next we derive the Hélder estimates for o. We note that |3(¢,1)| < 2GH for
(&,t) € R x [0,T] and that v satisfies

e = (D(& 0+ h(t), 0¢))e + F(§ 0 + h(t), 0) — I'(t).
Here we extend D and F for all £ € R in the following way:
D(&n,p) = D(2H = &,n,p), F(§,n,p) = F(2H — &1, —p), for H <& <3H
D(§+4H,n,p) = D(&,n,p), F(§+4H,n,p) = F(§1,p).

By Lemmas 3.3, 3.6 and 3.14, there exist positive constants M, (j = 1,2, 3) inde-
pendent of T" such that

|D(&,n + h(t),p)| < Milpl,
D(&,n+ h(t),p)p > Ma|p|?,
|F(&n + h(t),p) — W' (t)] < Mz(1 4+ pl),

for all (&,t,m,p) € Rx [0,T] x R x [—é,é] Again, applying the interior Holder
estimates for quasilinear parabolic equations ([13, Theorem 2.2]), we see that

190l vz mx o) < Cs

for any d > 0, where the constant i € (0,1) does not depend on ¢, v and T'.
Letting v = min{p, i} € (0,1), we obtain (3.25). O

Corollary 3.16. Let the assumptions of Lemma 3.15 hold. Then
v O)llor+v (- m.m) < Cs + Kyt + [lvol| e
for 6 <t < T, where Ky is the constant in Corollary 3.10.
Proof. The assertion follows immediately from (3.24) and (3.25). O

Lemma 3.17. Let v(&,t) be a classical solution of (3.16)-(3.17) in the time interval
[0,T] and let v € (0,1) be the constant in Lemma 3.15. Ifv € C*tV1+V/2([—H, H] x
(0,T)), then for any ¢ € (0,T) we have

10l cosvasvre—mmx sy < Cs, (3.26)
[vllctvitvr2—m,mx o)) < Cs + KT + |lvol 1< (3.27)

where Ky is the constant in Corollary 3.10 and Cs is a constant independent of the
solution v.

Proof. We note that ¢ satisfies the equation of the form
f)t = a(fa t)f}ﬁﬁ + b(gv t)v

where

a(§,t) = d(&, v(&,t) + h(t), ve (&, 1))
b(&,t) = f(&0(&, 1), 0e(€, 1) 2H/ (2,9(2,t) + h(t), ve(z,t))dz.
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Since vg(+H,t) = 0, the functions a and b are continuous in R x [0,7"]. Moreover,
by Lemmas 3.14 and 3.15, for any § € (0,7), the quantities ||a||cv../2mx(s/2,1))
and ||b||cy,u/2(RX[6/2,T]) are bounded by some positive constant that depends on §.
Hence the interior a priori estimates ([6, Theorem 8.11.1]) implies

0]l c24v1tv 2w sy < Cs-
By Corollary 3.10, Lemmas 3.14, 3.15 and the fact that

H
B (t) = % /_H F(z, 502, ) + h(t), 5 (2, 1) d,

we have
Illgrsvrags.yy < EfT + ol + Cs.
Therefore,

[ollczsvatvrzmmxsay < N0lczivasrzmmxsry + I1hlcrvrz sy
< Cs + KyT + Jlvofl o=

The lemma is proved. O

3.6. Existence of time-global solutions. Now we are ready to prove the exis-
tence of global solutions of (1.3)-(1.4).

Theorem 3.18. Let 0 < A < 1. For any vy € éid N CYA([—H, H)), there exists a
time-global classical solution v(§,t) of (3.16)-(3.17) with initial data vo. Moreover,
v e CHI/2([—H H]|x[6,T]) for any0 < § < T, where v € (0,1) is the constant
in Lemma 3.15. If, in addition, vy € CL,NC?([—H, H]), then vee, v, are continuous
up tot = 0.

Proof. By the theory of abstract quasilinear parabolic equations ([7, Theorem 2.1]),
we see that for any initial data vy € C1T*([—H, H]) with A € (0, 1) satisfying the
compatibility condition v{(£H) = 0 there exists a unique local-in-time classical
solution v of (3.16)-(3.17) in some time interval 0 <t < T;. We set

T* :=sup{71 > 0| v can be continued as a classical solution up to t = T }.

By Lemma 3.15, v(-,t) € C***([—H, H]) for some v € (0, 1) and for every ¢ € [5, T™),
where § is any number in (0, 7).

In order to prove that T* = 400, suppose the contrary: T* < +o00. Then, using
again the local existence result of [7, Theorem 2.1] in the space C1™([—H, H]), we
see that

1. -t vl = .
Jim_ oDl oy = +o0

This, however, contradicts Corollary 3.16, hence T* = +o0.

Since d(&, v, ve), (&, v,v¢) € C¥/2([—H, H] %[5, T]) for any 0 < § < T, standard
regularity results for linear parabolic equations imply v € C?**+/2([-H, H] x
[0,T]). Moreover, [7, Theorem 2.1] also implies that vee, v4 are continuous up to
t=0ifvo € CL,NC2(—H, H)). O

As mentioned in Corollary 3.7, the above theorem implies the existence of global
classical solutions of (1.3)-(1.4).

Theorem 3.19. Let 0 < A < 1. For any ug € CLy N CY™*, there exists a time-
global classical solution u(z,t) of (1.3)-(1.4) with initial data uy. Moreover, if
ug € C;d N C? then Uz, and uy are continuous up to t = 0.
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4. Existence of periodic traveling waves.

4.1. Existence of entire solutions. First we explain the geometric meaning of
the assumption AH > sin « in Theorems 2.1 to 2.3:

Lemma 4.1. If AH > sina, then problem (1.3)-(1.4) has no stationary solution
for any e > 0.

Proof. Suppose that there exists a stationary solution w(x) of (1.3)-(1.4). Then
the graph of w is a circular arc of constant curvature —A whose endpoints meet
the boundaries 0+ Q. perpendicularly. Naturally the radius of this arc is 1/A. Let
(x4, w(z4)) be the endpoints on 9482, respectively. Then we have x, —z_ > 2H
by the definition of g.

On the other hand, since Fw'(z+) < maxg’(y) = tana, a simple geometric
observation shows that the central angle of this arc is less than or equal to 2«
which implies

2sin«

ry —x_ < < 2H.

This contradiction proves the lemma. O

Let @ be the global solution of (1.3)-(1.4) with initial data wu(x,0) = 0. Since
problem (1.3)-(1.4) has reflection symmetry with respect to the y-axis, @ is an

even function in z. We denote by [—((t),((t)] the horizontal span of the solution
curve U(z,t) at each time ¢t > 0. Then, since —tan 8 < u,(—((t),t) < tana and
u,(0,t) = 0 for t > 0, we see from the maximum principle that

—tan 8 < Uy (z,t) <tana  for —((t) <x <0, t>0.
The same inequality holds for —,(z,t) for 0 < x < ((t), t > 0, hence
—tana <sgnzx - Uy (x,t) < tanf (4.1)

for all z € [—((t),((t)] and t > 0. Moreover, since u;(z,0) = A > 0, the strong
maximum principle yields that
U(w,t) >0  forall z € [—((¢),((t)], t > 0.
Let U be the expression of @ in the coordinates (£,n,t). Then
T(E,1) >0, [De(6,8)| <G forall (€,t) € [—H, H] x [0,400). (4.2)
For t > 0 we set m(t) := max¢|<p 0(§,t).
Lemma 4.2. For each t > 0, let k(t) be a nonnegative integer satisfying
k(t)pe < m(t) —m(0) < (k(t) +1)pe,
where p. is the period of J(&,m) inn. Then the following hold:

(i) k(t) is nondecreasing and diverges to +00 as t — +00.
(ii) For anyt,s >0,

k(t+ 5) — k(1) < %s +1, (4.3)

where K¢ is the constant in Corollary 3.10.
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Proof. (i) Since v; > 0, it is easily seen that k(t) is nondecreasing in t. Suppose that

k(t) is bounded. Then |[T(-,t)| L~ is also bounded. By the same argument as in the

proof of Lemma 3.17, we see that for any 6 > 0, |[9(-,)||c2+v(—m,m)) is bounded

for t > 6. Therefore, v converges to some smooth function as ¢ — 400, which is

necessarily an stationary solution of (3.16)-(3.17). This contradicts Lemma 4.1.
(ii) By the definition of k and the comparison principle, we have

{k(t+5) —k(t) — 1}p. <m(t+s) —m(t) < Kys
for all ¢, s > 0. These inequalities imply (4.3). O

Proposition 4.3. Problem (3.16)-(3.17) has an entire solution V(§,t) with the
following properties:

(i) V e C*V1+v/2([—H, H| x [T, T]) for any T > 0.

(ii) V(-,t) € CLy for all t € R, hence |Ve(&,t)| < G for all (&,t) € [-H, H] x R.

iii) dp := inf Vi(&,t) > 0.

(111) 0 (g,t)e[lan,H]xR t(g )
Proof. (i) We construct an entire solution V' by using a standard renormalization
argument. For n € N we define v, (§,t) := (&, t +n) — k(n)p.. Then v, solves
(3.16)-(3.17) for t > —n and satisfies

Ovn

ot

for all ¢ € [-H, H] and t > —n.
We fix T > 0. Then for any n > T and t € [T, T], we have

Un(§7 _T) <wn(ét) < vn(§7T)7 §€ [_H7 H}

(€7t) >O7 A~

By (4.3),
(€, =T) =0(&,n — T) — k(n)pe > m(n—T) — 2GH — k(n)p.
> m(0) — {k(n) — k(n — T)}p. — 2GH > m(0) — p. — 2GH — KT,
and
v (§,T) =0(E,n+T) = k(n)pe <m(n+T) — k(n)pe
<m(0) + pe + {k(n +T) — k(n)}pe < m(0) + 2p. + KyT.

Thus there exists a positive constant K which does not depend on n such that
lon(-,t)||e < KyT 4+ K for all n > T and t € [-T,T]. Therefore, the same
argument as in Subsection 3.5 implies

vnllc2tvisvr2(ryy < Mr

for some positive constant Mt that depends on 7" but is independent of n. Here we
set Ry := [—H, H] x [-T,T]. Consequently, for any T > 0, there exist a sequence
n;(T) — oo (j — oo) and a function Vp € C*14¥/2(Ry) such that

Jim o z) = Vrllo2a gz = 0. (4.4)

Hence, by Cantor’s diagonal argument, one can find a subsequence {l;}; and a
function V'(¢,t) defined on [-H, H] x R such that v, converges to V as j — oo in
C?*Y(Ry) for any T > 0. This implies that V is an entire solution of (3.16)-(3.17)
and that V € C?t*1+¥/2(Ry) for any T > 0.
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(ii) Let ¢ € R be fixed. As in the proof of Lemma 3.6,

Xe(&,vn(€,1)) + Xy (&, vn (€, 1)) (vn)e (€, 1) = 61
for all n > [t| and £ € [ H, H]. Since v;; converges to V in C*([—H, H]) as j — oo,
we have
Xe(&,V(E,1) + Xy (5, V(E,1)Ve(S, ) = 01
This implies that the function U(z,t) defined on [¢;; (), ({7 (t)] x R by the expression

UX(§,V(E:1),t) =Y(E V(1))
solves (1.3) for all ¢ € R, where (£ (t) = X(+£H,V(+H,t)). In order to prove the
statement we shall prove U(-,t) € C}, for any t € R.

Let u,(z,t) be the expression of v, in the coordinates (z,y,t). Then u,(-,t) €
Cly for any t € R. Setting z = X (£, V(£,1)) and x; = X(&,v,(&,t)) for (§,t) €
[—H, H] x R, we see that z; — x as j — oo and that

ulj ($j7 t) = Y(ga Ul]‘ (§7 t))
= Y(§, V(1) =Ulz,1),
Ouy, (2, 1) = Ye(& 01, (§,1) + Yo (& 01, (6, 8)) (w1, )e (€5 1)
Ox 7 X&(&?”lj (gvt)) +X77(§7,Ulj (§7t))(vlj)§(£’t)
)
)

L Y VG D) + V(& VIED)Ve(S,t) _ 9U
Xe(& V(1) + X (& V() Ve t) O
as j — oo. This implies U(-,t) € C1, for any t € R.

(iii) It is easily seen that V;(&,t) > 0 for all (§,t) € [—H, H] x R. Suppose that
there exist sequences {&, }nen and {t, fneny with Vi(&,,t,) — 0 as n — co. We may
assume &, — & for some & € [—H,H]. For n € N, let k, € Z be an integer
satisfying

(z,1)

knpe < Jtn kp + 1)pe,
ps,gefggfmv(é ) < (kn + 1)pe

and let V,,(&,t) := V(& t, +t) — knpe. Then V,, is also an entire solution of (3.16)-
(3.17).

By a similar argument to the one in the proof of (i), there exists an entire
solution V(£,4) of (3.16)-(3.17) such that a subsequence {Vi, }jen converges to
V in the topology of C?Y(Rr) for any T > 0. Moreover, 17,5(5,25) > 0 for all
(&,t) € [-H, H] x R. Since

the strong maximum principle yields V, = 0, in other words, V is an equilibrium
solution of (3.16)-(3.17). This contradicts Lemma 4.1. O

4.2. Uniqueness of entire solution. In this subsection, we prove that the entire
solution V' (¢,t) of (3.16)-(3.17) is unique up to time shift. Suppose that W (¢, t) is
another entire solution of (3.16)-(3.17) satisfying the same properties as in Propo-
sition 4.3 (i)-(iii). Define
there exists a € R such that
Ayw(t)=inf A>0| V(§t+a) <W(E ) S V(Et+a+A)
for all £ € [-H, H|

The function Ay, (¢) has the following properties:
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Lemma 4.4.

(i) The function Ayw(t) is monotone decreasing and is bounded in t € R.

(i) If Av.w (to) = 0 for some to, then there exists a € R such that V(-,t 4+ a) =
W (-, t) fort >ty. If Av,w(to) > 0 for some to, then Ay w(t) is positive and
is strictly decreasing in t < tg.

Proof. (i) By the definition of Ay w, for each fixed t € R, there exists a(t) € R such
that

V(§t+a(t) <W(Et) <V(Et+al) +Avw(t), £€[-H H] (4.5)
Therefore, it follows from the comparison principle that for any s > 0,
V(§t+s+a(t) SW(Et+s) SVI(Et+s+alt) + Avwl(t), §€[-H H]

This implies Ayv,w (t + s) < Ay,w (t) for s > 0.
Next we note that, by Proposition 4.3,

max V(&,t) — min V (&, §26H, max W(&,t) — min W (£, ¢ <2GH. (4.6
mnax V() = min V(S 1) mnax W(E,t) — min W(E,1) (4.6)

I<

By the definition of Ay, there exist &1,&; € [—H, H| and a € R satisfying
V(& t+a)=W(&,t), W(,t)=V(&,t+a+Avw(t)).

In view of this and (4.6), we have

V(é.v t+a+ AV,W(t)) - V(ga t+ a) S V(§27 t+a+ AV,W(t)) - V(gh t+ a’) + 4éH
=W (&, t) — W (&1, t) +4GH < 6GH.
On the other hand, Proposition 4.3 (iii) implies that
V(I t+a+Avw(t) —V(Et+a) = doAvw(t).

Hence "
6GH

do
(ii) The former statement is obvious. Suppose that Ay w(tg) > 0 for some t.

Then by (i), Av,w(t) > 0 for any fixed ¢ < to. Therefore (4.5) and the comparison
principle (Proposition 3.9) yield

V(Et+s+a(t) <W(Et+s) <V(t+s+alt)+Avw(t)), €€[—H H]

0<Ayw(t) <

for all s > 0. Consequently, by the continuity of V(,t) in ¢, there exists § =
d(t,s) > 0 such that

V(Et+s+alt)+) <W(t+s) <V(Et+s+alt)+Avw(t)—0), &€ [—H, HJ.
From this it follows that Ay,w (t+s) < Ay,w(t) —24. This proves statement (ii). O

Remark 4.5. In fact, by the backward uniqueness theorem for linear parabolic
equations (see [3]), we have Ay (t) = 0 for all t € R in the former case of (ii), and
Ayw(t) > 0 for all ¢ € R in the latter case of (ii).

The following is the main result of this subsection:

Lemma 4.6. W(¢,t) is a time-shift of V(&,t).
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Proof. We only need to show that Ay (t) = 0 for all ¢ € R. Suppose that
Avw(to) > 0 for some tg € R. Then Lemma 4.4 (i) implies that Ay w(t) con-
verges to some A > 0 as t — —o0. Define

Vn = V(f,t*n)*lnpe, Wn = W(g,tfn)*lnps,

where [,, is the largest integer that does not exceed maxec(_ g, V (€, —n)/p-. Then
V., and W, are solutions of (3.16)-(3.17) and have the same properties as in Propo-
sition 4.3.

A diagonal argument similar to the one in the proof of Proposition 4.3 shows
that there exist a sequence n; — oo (j — 00) and two entire solutions V, and W
such that

]li{go Vo, = Vsllc2a(ry) = 0, jlgrolo [Wa, = Wesllc2a(rr) =0

for any T' > 0. Moreover, we see that Ay,

s W, (8) = Avo w (£) as j — 0o, On the

other hand, Av, w, (t) = Av,w(t—n;) — A as j — oo. Therefore Ay w. (t) = A

for all t € R. This, however, contradicts Lemma 4.4 (ii) and the fact that A > 0.
Thus we have Ay (t) = 0 for all ¢ € R, and hence there exists a constant a such

that V (&, t+a) = W(E,t) for all (€,t) € [-H, H| x R. O

4.3. Existence of periodic traveling wave. Let V¢ be an entire solution of
(3.16)-(3.17) obtained in Proposition 4.3. The following proposition shows that V¢
changes its shape periodically in time:

Proposition 4.7. There exists a positive constant T. such that
Ve t+T) =VE(E, 1) + pe (4.7)
for all (§,t) € [-H, H] x R.

Proof. Since V¢(&,t) 4+ pe is also an entire solution of (3.16)-(3.17), Lemma 4.6
implies that V(£ t) + p. is a time-shift of V. In other words, there exists a
constant T, that satisfies (4.7) for all (§,t) € [—H, H] x R. Moreover, the positivity
of T, immediately follows from the fact that V7 > 0. O

Proof of Theorem 2.1 (i). Let U®(x,t) and u,(x,t) be the expression of V¢(¢,t) and
vn(&,t) =T(&, t+n) —k(n)pe (n € N) in the coordinates (x,y,t), respectively. Then
U¢ is a unique entire solution of (1.3)-(1.4) up to time shift. By (3.18), it holds
that uy(z,t) = u(x,t +n) — k(n)e for every n € N.

As in the proof of Proposition 4.3(ii), for any (z,t) with (z,U¢(x,t)) € Q. and
t € R, there exists a sequence {z;}; with ; — x as j — oo such that

Bulj
Ox

where {l;}; is the sequence in the proof of Proposition 4.3. Therefore, noting that
7 is an even function in z satisfying (4.1), we obtain

uy, (wy,t) — U (,t), (xj,t) = Us(z,t) as j— oo,

Us(—z,t) =U°(z,t), —tana <sgnz-U;(z,t) <tanp,

for all (z,t) with (x,U%(z,t)) € Q. and t € R. Moreover, since VF(£,¢) > 0
for all (§,t) € [-H, H] x R, it is easily seen that Uf(z,t) > 0 for all (z,t) with
(z,U¢(x,t)) € Qc and t € R.
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Next we show that U€ is a periodic traveling wave. By the expression (3.3), for
any fixed (z,t) with (z,U¢(x,t)) € Q. and t € R, there exists a unique & € [~ H, H]
satisfying

x=X(&V(E), Us(x,t)=Y(EVE(E1)).
Then (3.18) and (4.7) imply
=X V(&) +p) =XV +TL)),
hence
US(@,t +T.) = Y({, V(& t +T2)) = Y(§, VE(E, 1) +p-)
=Y (&, VE( 1) +e=U(a,t) +e.

This means, by definition (1.6), that U¢(z,t) is a periodic traveling wave of (1.3)-
(1.4). O

4.4. Asymptotic stability of the periodic traveling wave. In this subsection
we show that the periodic traveling wave U® is stable and that any solution of (1.3)-
(1.4) with ug € Ct; N CHHA (X > 0) converges to a time-shift of U as t — +oo.
As a matter of fact, such properties of U¢ follow from the general result of [10,
Theorem 2.4], which discusses asymptotic stability of periodic traveling waves in
the framework of order-preserving discrete dynamical systems. (See also Theorems
8.12 and 8.15 of the same paper for related results.) For the self-containedness of
the present paper, we give a complete proof here.

Lemma 4.8. For any tg € R, VE(&,t + to) is stable under the perturbation of
mitial data within the class 5;01 N CYA([—H, H]) with A > 0. More precisely, for
any o > 0 there exists 6 > 0 such that for any vy € éid NCY™N[—H, H]) satisfying
lvo — VE(-, t0)l|Le < 6, the solution v(§,t) of (3.16)-(3.17) with initial data v
satisfies

[[o(-;t) = VE( t+ 1)L < o
for allt > 0.
Proof. We may assume ty = 0 without loss of generality. By (4.7), for any constant
s > 0, the function Ve (&, t 4 s) — VE(,t) is periodic in ¢ with period T;. In view of
this and the continuity of V¢, we can choose sufficiently small s > 0 such that

Ve t Ve t_ . L8
(Evt)e?—lgmxua' (&t +s) (& s <o (4.8)

Fix such s > 0. Now, since V¢ > 0, we have
VE( t—s) < V(& 1) < V(& t+s), (§t)€[-H H] xR
Again using the periodicity and the continuity of V(& t+s) — VE(£, ), we see that

i € — € = ] (=) _ € _
et (VG —VIGH) = min (VEEH) —VEE L —5)) > 0.

Denote by § the left-hand side of the above inequality. Then |vg — VE(:,0)||pe < ¢
implies
V€<£,—8) S’UO(&) SVE(E,S), €€ [_HvH]
The comparison principle (Proposition 3.9) then yields
VE(E t—s) <wv(§t) < V(& t+s), (€[-HH| t=0.
Since V£ > 0, we obtain
|U(§7t) - Vs(gat” < |V6(€7t+ 8) - Vs(gvt - 8)| <o, g € [_Ha H]a t> 0.
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The lemma is proved. O

Lemma 4.9. Let v(&,t) be the solution of (3.16)-(3.17) with initial value vy €
CL,NCYA[—H, H]), A\ > 0. Then there exists a constant T such that

hm lo(-,t) = VE( t+ 7—)||C2([—H,H]) =0. (4.9)

t—+

Proof. Let a € R and A > 0 be constants such that
VE<£7G’> S’UO(&) SVE(E,G—FA), ge [_H7H]
For each n € N, we define v, (§,t) := v(§,t + nT.) — np. for t > —nT.. Then the
comparison principle and (4.7) imply
VA€ +a) < on(60) SVE(Et+at ), €[~ H], > -nT..

Arguing as in the proof of Proposition 4.3 (i), we can choose a subsequence {v,, } jen
converging to an entire solution, say W, as j — oo locally uniformly in (&,t). By

Lemma 4.6 we have W({,t) = Ve({,t + 1) for some 7 € R, hence, [jvy,(-,t) —
Ve(-,t+ 7)||L= — 0 as j — oo for any ¢ € R. This implies, in particular,

hm ”v('vans) - VE('aans + 7—)”Lm =0.
j—o0

Combining this and Lemma 4.8, we obtain
lim ||v(-,t) = VE(-,t 4+ 7)||Le = 0.

t—+

Letting
H ~
B6H =o€~ 5 [ vl THED) = VEED) - f/ Vet

we see that {(-,t)}>s and {V<(-,#)};>5 remain bounded in C2+¥(—H, H)) for
some fixed 6 > 0 as in Section 3.5. Therefore, the above convergence takes place in
the C? topology. The lemma is proved. O

The stability of the periodic traveling wave U follows from the above lemmas,
as we will see below.

Proof of Theorem 2.2 (i). Since the derivatives of &, n and those of X, Y are all
bounded, there exists a constant C' > 1 such that for any (x1,%1), (x2,92) € Qe,

CHd((&1,m), (G2,m2)) < d((m1, 1), (w2, 92)) < Cd((§1,m), (E2,m2)),  (4.10)

where & = &(z5,y;), n; = n(z;,y;) (j = 1,2) and d denotes the Euclidean metric
in R2.

First we assume that +; is given by the graph of u(z,t), a classical solution of
(1.3)-(1.4). Let v be the expression of u in the coordinates (§,7,t¢). By (4.10) and
the fact that |vg| < G, Vel < G, there exists a constant C > 1 satisfying

CH o t) = Vst 4+ )z < dr(,Tipr) < Cllo(,8) = Vst 4+ 1)z (4.11)

for any fixed t > 0 and 7 € R. In view of this and Lemma 4.8, we obtain the
statement of (ii) for the case where 7; is the graph of a classical solution of (1.3)-
(1.4).

Next we consider the general case. We may assume 7 = 0 without loss of general-
ity. By the above argument for the graph case, for any o > 0, we can find § > 0 and
to > 0 such that dy (I, 1'%, ) < 0 implies dH( frtgo L5 t,) <o forallt>0. Since
e, < I'§ < Ty, there exists a sufficiently small 6’ > 0 such that dy(y0,1§) < ¢’

_to
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implies ', < 79 < T'j,. Therefore, the comparison principle (Proposition 3.13)
implies
Tity <y <Tiiggs Ty <T7 < Ty,
hence,
dy (74, 15) < dH(F§+tovFito) <o
for all t > 0. ]

Proof of Theorem 2.2 (ii). Let v be the expression of u in the coordinates (£,7),t).
In view of (4.11) and Lemma 4.9, we obtain

. e -
tl}?oo dH (’Yt» Ft+7-) =0,

where 7 is the constant satisfying (4.9) for v. Moreover, Lemma 4.9 also implies that
the above convergence takes place in the C? topology. The theorem is proved. [

5. Homogenization limit. Let U¢(z,t) be the periodic traveling wave of (1.3)-
(1.4) obtained in the previous section and let ¢. = €/T. be the average speed of
U®. In this section we discuss the homogenization limit of U¢ and ¢, as € — 0 by
constructing suitable upper and lower solutions of (1.3).

5.1. Preliminaries. In this subsection we study basic properties of a traveling
wave solution of (1.3) that is defined in [—H, H] X R and contacts the boundaries
x = +H with a given angle 6" := 5 — a. We will see later that this traveling wave
coincides with the homogenization limit of U® and plays an important role in the
construction of suitable upper and lower solutions.

First we note that a traveling wave solution of (1.3) (with a constant speed and
a constant profile) is generally written in the form u(x,t) = ¢(x) + ct. Substituting
this into (1.3) yields that (¢, ¢) satisfies

c= "2 4 AT+ g2 (5.1)

:1+<p,2£

In addition, considering the normalization and the symmetry of €., we impose the
following initial condition:

©(0) =0, ¢(0)=0. (5.2)
We denote by ¢(z;c) the solution of (5.1)-(5.2).
Lemma 5.1. If AH > sina, then there exists a unique co € [0, A) such that
pz(H;co) = —tana. (5.3)
The constant co = co(a, A, H) is determined by
H= /0 #jimds, (5.4)

and satisfies

co=0 if AH =sina, 0<c¢y< A if AH >sina, (5.5)
aCO 660 600 . .
% <0, 87 > 0, aiH >0 if AH > sina. (56)

Moreover, if co = 0 then

o(x;0) = 1L (1 T AQIZ) ) (5.7)

A
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while if cg > 0 then by introducing a parameter 0 € (—a, ), w(x;¢0) can be ex-
pressed as

1 A-— 0
@20 c0); c0) = = log <ACO o8 ) (5.8)
“ ¢
cos s
x(6; 5.9
) / A—cocoss Cp COS s (5.9)
Proof. Set 0(x;c) = —arctan ¢, (z;¢). Then 6 solves the initial value problem:
0, = i —c,
cos (5.10)
6(0) = 0.
By the uniqueness of the solution of (5.10), 6(—z;¢) = —0(zx;c¢) for all z € I,

where I, is the maximal interval of existence for 6(x;c). Since ¢ € [0, A), we have
0, > A—c > 0 for all z € I.. Therefore, there exists Zmax(c) > 0 such that
I. = (=Tmax(c), Tmax(c)) and that 0(z;c) — £ as © — £xmax(c).

By (5.10), the solution 6(x;c) is implicitly defined in I, by

0(zic)  coss
= —ds. 11
x /0 " s (5.11)

— CCOS s

Since @ is strictly monotone increasing in x and since a € (0,7/2), there exists a
unique 4 (c) € (0, Tmax(c)) such that 8(z(c);¢) = a. In view of (5.11), we have

¥ coss
zal)) = [ 2 g,
o A—ccoss

and hence z,(c) is strictly monotone increasing in ¢. Since

fyma@) = Jigra() = o0

and since AH > sina, there exists a unique ¢g = co(«, A, H) satisfying (5.5) such
that x4(co) = H. This means that ¢, (H;cg) = —tan « for the unique solution ¢
of (5.4). Moreover, differentiating (5.4) by «, A and H, and noting that

/ cos § /O‘ cos? s
—— >0
A—ccoss o (A—ccoss)?

we obtain (5.6) by the implicit function theorem.
In the case where ¢y = 0, we easily see that ¢(x;0) defined in (5.7) is the solution
of (5.1)-(5.2) with ¢ = 0. In the case where ¢o > 0, we obtain

* 0 (o) sin s
ic0) = — [ tanf(z;co)dz = — —d
o(x; co) /0 anf(z;co)dz /0 A cocoss s
1 A — ¢gcosb(x;co)
=——1 . 5.12
- og( o cosd (5.12)

Putting § = 0(z;¢o) in (5.11) with ¢ = ¢g and (5.12), we obtain (5.8)-(5.9). O
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5.2. Lower solution. Set po(x) = p(x;c0) — p(—H;co). Then g satisfies (5.1)
with ¢ = ¢o and @o(+H) = 0.

Lemma 5.2. Ife > 0 is sufficiently small, then ¢y < c..

Proof. Let C_ be a constant satisfying U¢(z,0) > ¢o(z) + C_ for all z € [-H, H]
and U¢(z_,0) = @o(z_) + C_ for some z_ € [—H,H]. By (5.1) with ¢ = ¢y,
the function u™(x,t) := @o(x) + cot + C_ satisfies (1.3) in I, x R, where I,, =
(—Zmax(C0); Tmax(co)) is the maximal interval of existence for ¢ (z;cp).

If ¢ is sufficiently small such that H + e max g < Zmax(co), then

xo(t) :=min{x > H | (z,u” (z,t)) € 0.0}
is well-defined for every ¢ € R. Since
uy (z,t) < —tana for > H, wu,(z,t)>tana for o < —H,
we see that w™(-,0) < U%(+,0), w(+,0) £ U®(-,0) and that
uz (@0(t),8) < —gL(u=(w0(0), D), w5 (~w0(t),) = gL (u (wo(t), ).

Hence u~ is a lower solution of (1.3)-(1.4). By the comparison principle, we have
u” (-, t) K Us(+,t) for all t > 0, in particular, u™ (z_,T.) < U¢(z_,T.). Noting that

u (z—,T:) = o(z_) + coT: + C_,
Us(z_,T.) =U(2_,0) + e = po(z_) + C_ +¢,
we obtain ¢y < c.. O

5.3. Upper solution. Let tyg € R be such that U¢(+H,ty) = 0 and let C; be a
constant satisfying U¢(xz,t0) < po(x) + Cy for all © € [—H, H| and U®(z4,tp) =
wo(z4) + Cy for some x4 € [—H, H|. We define

ut (2, t) = (x,t) + @o(x) + cot + O

for # € [H, H] and t > 0, where ¢(z,t) = L/z(1 — e " cos pz), p = /(2H) and
L is a positive constant. Note that i satisfies the heat equation 1; = 1.

Lemma 5.3. If

L> ( f; + 1) He (5.13)
cos? «
and if € > 0 is sufficiently small, then
Us(z,t+to) <u'(z,t), z€[-H H] tel0,1]. (5.14)

Proof. To prove the lemma, it suffices to show that
+
P>t A1 (u)?2, we|-H H], t>0 5.15
ut = 1+(u:-r-)2 ('U, ) ) x [ ’ ]’ = ( )

US(£H,t+ty) <ut(£H,t), tel0,1]. (5.16)
We denote by U(t) the region in Q. above the graph of U®(-, t).
We take a sufficiently small € > 0 such that

Voo + 2000 < Lpe'/? — 2(A—¢p) <0, xz€[-HH], t>0.
Then (uf)? = 93, + V2 (Vs + 200:) < 3, Since oz < 0 and ¥, > 0, we have

+
= e + Pozz + Ay/1+ 32 > Yer 4y 1+ (ug)?
1+ ¢, T (ud)?

and
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for all z € [-H, H] and ¢t > 0.
Since U¢(+H,ty) < u™(£H,0),

o =sup{r > 0| US(+H,t +to) <u'(+H,t) for t € [0,7]}

is well-defined and is positive. Suppose 79 < 1. Then we may assume U®(—H, 19 +
to) = ut(—H, ) since the other case where U¢(H, 7y + t9) = ut(H, 7o) can be
treated similarly. Note that U¢(x, ¢ +to) < u™(x,t) for (z,t) € [-H, H] x [0, 9] by
the comparison principle.

Let yo € (0,1) be such that ¢'(yo) = tan« and let x(z) be an arc with constant
curvature — A satisfying x(—H —¢) = 0 and x'(—H —9) = tan «, where ¥ = g.(eyo)-
Then we have

1

1
x(z) = -7 cos o + Z\/0052a+2Asinao (H+9+42z)— A2(H + 9+ x)2.

Set I = [—H —1, —H ++/€]. Since x"(x) = —A(1+x'(2)?)%? > A/ cos® a := - K
forx € I,

N(—H + /&) = (ﬁ+19)tana+(ﬁ+z9)2/o (1= s\ (—H — 9 + s(v/Z + 0))ds
> (Ve +9) tana — g(\/g+19)2 > po(—H + &) +dtana — Ke

for sufficiently small ¢ > 0. Here we used the fact that ¢, < 0 and ¥ = O(e).
Take a constant h such that the arc x(z)+Cy +h intersects the graph of u™ (z, 7¢)
at x = —H + /e. Then, if L satisfies (5.13), we obtain
h=u"(-H+ e 1)~ x(—H +Ve) - Cy
= (=H + Ve, 70) + ¢o(—H + Ve) + coto — x(—=H + V)

_p2
< Ly/e (1 — eHﬁ> +como —Vtana + Ke
<ut(-H,79) —Jtana —e — C.

On the other hand, since pg(x) — x(z) is strictly monotone increasing in I, we have
wo(x) — x(z) < h for all x € I. This implies that U¢(z,ty) < x(z) + Cy + h for
x €[—H,—H + \/¢].

Let 6 € [0,¢) be such that the graph of xo(z) := x(x) + h + C4+ + J intersects
0_Q. perpendicularly at £ = —H — 9. Then the arc xo(z) is a stationary curve of
(1.1) and the graph of () for « € I is contained in U(ty). Since

Us(—H + Ve, t+tg) <ut(—H + e, t) < xo(—H + 2)

for all t € [0,7p], the graph of xo(z) for € I is contained in U(t + o) for all
t € [0, 79] by the comparison principle. Especially,

Us(—H,m0 +to) < xo(—H) <Vtana+h+Cy +¢ <ut(—H, ).

This contradicts the supposition that U¢(—H, 1y + to) = u'(—H, 7). Thus we
obtain 79 > 1. The lemma is proved. O
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5.4. Homogenization limit of the speed.

Proof of Theorem 2.3 (i). By Lemma 5.2 we only need the estimate of c¢. from

above. Let n. be the largest integer that is less than or equal to (L+/€ + ¢p)e ™!,

where L is the constant in Lemma 5.3. Then we have
US(x,to +1) < ut(w,1) = (2, 1) + po(z) +co + Cy
< po(x) + Ot + (n- + 1)
for all © € [-H, H]. On the other hand,
Us(z,to + (ne + 1)T.) = U (2, to) + (n + 1)e < @o(z) + Cp + (ne + 1)e
for all z € [-H, H], and equality holds at zy € [—H, H]. Since U7 > 0, we obtain
1< (ne+1)T. < ((Ly/+co)e ! + 1)T¢, hence

. = — < o+ LyEte
T.

This proves (2.2). O
5.5. Homogenization limit of the profile.

Lemma 5.4. Assume AH > sina. Then there exist constants k1 > 0, ko > 0 and
C independent of € such that

fyt — C < US(m,t + to) — U (&, to) < kot + C (5.17)
forallz, & € [-H,H], t >0 and ty € R.
Proof. (i) Since |UZ| < G, for any fixed ¢y € R, we have

U®(0,t9) — GH < U*(Z,to) < U*®(0,t0) + GH
for all & € [-H, H]. Let

H H AH —sina AH +sin g
’["1: To = = kj2—7

sina’ ' ° sing’ H ’ "~ Hecosf

Ri(x)=—r + \/ﬁ, Ro(x) =19 — \/ﬂ

Then the graph of R; is a circular arc with curvature —sin/H and that of Ry is
a circular arc with curvature sin 8/H. Therefore,

w”(x,t) = kit + Ry (2) +U(0,t9) —GH, w'(x,t) = kot + Ro(x) +U%(0,t0) +GH

and define

satisfy
- +
w w
P S —F— A1+ (wr)?, F> A1+ (wi)?
for all x € [-H, H], t > 0 and that
w, (£H,t) = Ftana, w](+H,t) = +tanp.

Therefore, by the comparison principle, w™(z,t) < U¢(x,t + tg) < w'(x,t), and
hence

kit 4+ Ri(x) —2GH < U®(x,t +to) — U%(Z,t0) < kot + Ro(z) + 2GH
forallz € [-H, H] and ¢t > 0. Letting C' = max{ry,r2}+2GH, we obtain (5.17). O
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Proof of Theorem 2.3 (ii). By Lemma 5.4, we have
||U6(-,t)||Loo([,H,H]) < /{22|t| +C, teR. (5.18)

Since |UZ(x,t)] < G for all (z,t) € [—H,H| x R, applying the interior Holder
estimates for quasilinear parabolic equations ([13, Theorem 2.3]) to (1.3), we see
that there exists a constant 7 € (0,1) independent of € such that for any fixed
d€(0,H) and T > 0, we have

Uz | co2r2 (= 8, 5] x [-1,7)) < Css
where Cy is a positive constant dependent on § but independent of € and T'. There-
fore, (5.18) and the interior a priori estimates for linear parabolic equations ([6,
Theorem 8.11.1]) imply that there exists a constant M = M (6, T) independent of &
satisfying
N0 covonsore (= s, H—5)x [-T,1)) < M.

Hence we can find a subsequence {U¢}; which converges to a function U° in
C>Y(—H, H) x R).

loc

By (1.6), we have

1 [t €
— Ui (z,s)ds = — = ¢
Tg/t t( ) 11E

for any fixed (x,t) € (—H, H) xR. Setting ¢ = ¢; in the above equalities and letting
j — 00, we obtain U?(z,t) = cy. This means that U°(z,t) = ®(z) + cot for some
®(x). Since U® satisfies (1.3) and since U¢(0,0) = U:(0,0) = 0, the function @
must satisfy

émx
€= T g2 +A\/1+®2, xe€(—H,H),

B(0) =0, @,(0)=0.
Thus we obtain ®(x) = ¢(x;cp), where ¢ is given in Subsection 5.1.

Since for any sequence {;}; with £; — 0 as j — oo, we can find a subsequence
of U which converges to the same limit ¢(z;cg) + cot, we conclude that

: € . _ _
gli% U (x,t) — ¢(z;c0) Cot|‘cﬁ;§((_H,H)xR) = 0.

The theorem is proved. O

6. The pinning case. In this section we consider the case AH < sin« and prove
Theorem 2.1 (ii).

Lemma 6.1. Assume the slope condition (1.5) and AH < sina. Then (1.3)-(1.4)
has a stationary solution for any small € > 0.

Proof. Recall that a stationary solution w(x) of (1.3)-(1.4) is a circular arc of con-
stant curvature —A whose endpoints meet the boundaries 919, at (x4, w(z4))
perpendicularly.

Define

1
W(z) = 1 (\/1—A2:r2— \/1—A2H2).
Clearly W solves (1.3) with W(£H) = 0. Choose yo € (0,1) such that ¢'(yo) =
tan v and let e be sufficiently small so that A(H + eg(yo)) < sina. Then we have
A(H +9(yo))

W'(H +eg(yo)) = — V11— 22(H + e9(yo))?

> —tana = —¢'(yo).
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Since W/(H + £¢(0)) = W/(H) < 0 = —¢'(0), there exists y; € (0,y0) satisfying
W/(H +¢eg(y1)) = —¢'(y1). Define

w(z):=W(z)+eyr — W(H +eg(y1))
=W(z) +eyr — W(H + ge(ey1))-

Then the graph of w contacts 9. perpendicularly at (zy,w(zy)) = (£(H +
g:(ey1)),ey1). Moreover, the slope condition (1.5) assures that the graph of w
does not touch 99, except at (x4, w(x4)). Consequently, w is a stationary solution
of (1.3)-(1.4). O

Proof of Theorem 2.1 (ii). Let w(x) be the stationary solution of (1.3)-(1.4) ob-
tained in Lemma 6.1 and let ¢(§) be the expression of w in the coordinates (§,7).
Then, for any n € Z, w(x)+ne is a stationary solution of (1.3)-(1.4), while ¢(&)+np.
is a stationary solution of (3.16)-(3.17).

Let u(z,t) be a classical solution of (1.3)-(1.4) with initial data uyp € C}; and
let v(&,t) be the solution of (3.16)-(3.17) which corresponds to u with initial data
vy € éid. Then we can find ny,ny € Z satisfying q(&) +nipe < v9(€) < q(€) + nape
for all £ € [-H, H|. Hence by the comparison principle,

(&) + mpe <v(&,t) < q(§) +nope, & €[-H,H], t=0.

In other words, ||v(+,¢)||L>~ is bounded for ¢ > 0. Arguing as in Subsection 3.5, we
see that ||v(:,t)||c2+v(—m,m)) is bounded for ¢ > ¢ with some fixed 6 > 0.

Next we note that (3.16)-(3.17) has a Lyapunov functional. This follows from
the general result of [15] or [9] on one-dimensional quasilinear parabolic equations.
(A Lyapunov functional can also be constructed by using the energy functional
associated with (1.3)-(1.4).) Therefore, a standard dynamical systems theory shows
that the w-limit set of v is non-empty and is contained in the set of stationary
solutions. The uniqueness of the w-limit point can be shown by the same zero-
number argument as in [8], or it also follows from the result in [15]. (The result
in [8] is given for semilinear equations, but the proof is virtually the same for a
quasilinear equation.) Consequently there exists a stationary solution V* of (3.16)-
(3.17) satisfying

Jim oG t) = Ve -pm) = 0.

Let U*(z) be the expression of V* in the coordinates (x,y). Then U* is a stationary
solution of (1.3)-(1.4) and u converges to U* as t — +o0 in the C? topology. [
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