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1. Úó

3u�Ä!�A*Ñ!Ç6!KdV�a.�uÐ�§¥§²~�±*	�1Å

)(traveling wave solution) ��3. DÚ¿Âþ�1Å)´�Å/!Å�ÑØC�

�a). 3�A*Ñ�§+�§ùa)�ïÄÑyu 1937c. ,��¡§l 1980c�

m©§<���þïÄ
�mÚ/½�m�þ!�¸¥�A*Ñ�§�2Â1Å). 1

Å)�,�´���§�¯õ)�¥���AÏa.§�´du§�Ï~äk,«

½5§3Nõ�¹eÑL�
£Ã.«�¥�¤)üz�½��¥mL§§Ïd§3

g,.Úg,�Æ¥²~�*	�§3êÆþ��'5ÚïÄ. �ùÂò0��A*Ñ

�§DÚ¿Âe�1Å)§�
�2Â1Å)�«O§¡��²;1Å).

�ÄXe�A*Ñ�§

(E) ut = uxx + f(u), x ∈ R, t > 0,

Ù¥ f(u) 3 [0,∞)þ´ C1 �£�±~f� Lipschitz�¤§qb� f(0) = 0. �;.�

~f´±en«a.§=ü�. (monostable type, �¡� positive type)µf(0) = f(1) = 0, f ′(0) > 0, f ′(1) < 0,

f(u) > 0 (∀ u ∈ (0, 1)), f(u) < 0 (∀ u > 1);
(fM)

V�. (bistable type)µ�3 θ ∈ (0, 1)¦�f(0) = f(θ) = f(1) = 0, f ′(0) < 0, f ′(1) < 0,
∫ 1

0
f(s)ds > 0,

f(u) < 0 (∀ u ∈ (0, θ) ∪ (1,∞)), f(u) > 0 (∀ u ∈ (θ, 1));
(fB)

-�. (combustion or ignition type)µ�3 θ ∈ (0, 1)¦�f(u) = 0 (∀ u ∈ [0, θ]), f ′(1) < 0,

f(u) > 0 (∀ u ∈ (θ, 1)), f(u) < 0 (∀ u > 1).
(fC)

3ü�.¥qk�aAÏ�¤¢ Fisher-KPP.§= f �÷v:

(F-KPP) f(u) 6 f ′(0)u (∀ u ≥ 0), ½
f(u)

u
'u u > 0 ´üN4~�.

(d¶¡�d5´Ï� Fisher [5]ÚKolmogorov�<[6]u 1937c�@ïÄ
ùa¯K).
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Ø
±þù
;.���5�§Cc5�kNõïÄ´'uõ�!�mÚ/½�

m�þ!�A��§�ùÂ��ÄþãA«�;.�{ü��A�§��0�1Å

)�¯K.

²;1Å)´�§ (E)�/X u(x, t) = q(x− ct)�). Ïd§��¿©7�^�´

(c, q)÷vXe~�©�§µ

(TWE) q′′(z) + cq′(z) + f(q) = 0, z ∈ R.

d	§�
L�1Å)ë�ü�A½�²ï�§Ï~I�N\ q3 ±∞?�>.^�§
Xµ

q(−∞) = 0, q(+∞) = 1.(TWBC)

�ùÂ0�ïÄ1Å)�ü��{µ�²¡{Ú�q{(cöÌ��áu [1, 7] �§�

öÌ��áu H. Berestycki��w [2]).

2. �²¡�{

��¥

3. �q{

úv �!|^�q{�E1Å). �Äc¡�¯K (TWE)-(TWBC):

(TF)

{
q′′(z) + cq′(z) + f(q) = 0, z ∈ R,
q(−∞) = 0, q(∞) = 1.

3.1. k�«mþ�¯K. � a > 1§�Ä«m [−a, a] þ�¯K

(TF)a

{
q′′(z) + cq′(z) + f(q) = 0, z ∈ [−a, a],
q(−a) = 0, q(a) = 1.

Ún 3.1. (i) éu?Û c ∈ R§¯K (TF)a �3��) q = qa,c, §÷v 0 < q <

1, q′ > 0¶

(ii) qa,c(z) 'u c ´üNO\�ëY�§��3��� c = c(a) ¦� qa,c(0) = θ

(éü�/P θ = 1
2
).

y²: (i). w, q ≡ 1 �¯K (TF)a�þ)§q ≡ 0 �Ùe)§d²;�þe)�{£~

Xµ[7, ½n 2.3.2]¤�� q ��35§(Ü4��n�� 0 < q(z) < 1 (z ∈ (−a, a)).
e¡^wÄ{£sliding method¤y²üN5£ë�[3]¤. � q(z) ´ (TF)a ���

)§é?Û h ∈ [0, 2a)§�Ä q(z)�²£¼ê qh(z) := q(z−h)§§½Âu [−a+h, a+h]§



3

� q(z) kú�½Â� [−a+ h, a]. w,� 2a− h > 0 ¿©��§k

qh(z) < q(z), z ∈ [−a+ h, a].(3.1)

ky² q′ > 0. ÄKÒ�3 z1 < z2§¦� q(z1) > q(z2). u´3�± (3.1) ¤á

Åì~� h �wÄL§¥§7�3 h1 > 0 ¦� qh1(z) 6 q(z) ��Ò3,�: z3 ?¤

á§dý��§�4��n=�gñ. äN/`§- η(z) := q(z)− qh1(z)§du qh1(z)

�÷v (TF) ¥��§§��

η′′(z) + cη′(z) + c̃(z)η(z) = 0,

Ù¥ c̃(z) :=


f(q)− f(qh1)

q − qh1
, � q(z) 6= qh1(z) �

f ′(q(z)), � q(z) = qh1(z) �,
´k.�§�

η(−a+ h1) > 0, η(a) > 0, η(z) > 0 (z ∈ [−a+ h1, a]), η(z3) = 0.

� |c̃| 6 m§K

−η′′ − cη′ +mη > −η′′ − cη′ − c̃(z)η = 0.

Ïddr4��n�� η(z) > 0 (z ∈ [−a+ h, a])§ù�þ¡� η(z3) = 0 �gñ§Ïd

q′(z) > 0.

Figure 1. Sliding method

2y q′(z) > 0. ¯¢þ§é (TF)a ¥��§¦��� ξ(z) := q′(z) ÷v

ξ′′ + cξ′ + f ′(q(z))ξ = 0, z ∈ [−a, a].

2dr4��n�� ξ(z) > 0 (z ∈ (−a, a)). 3à: z = ±a ?|^ HopfÚn��±y

² q′(±a) > 0.

e¡2^wÄ{y² q ���5. b� (TF)akü�) q1, q2. é?Û h ∈ [0, 2a)§

- q2,h = q2(z − h) (z ∈ [−a + h, a + h]). aquþ¡��{^wÄ{'� q2,h � q1 �

� q1 ≡ q2.

(ii). qa,c(z) 'u c �üO5. � c1 < c2§�A� (TF)a �)P� q1, q2§K

0 = q′′1 + c1q
′
1 + f(q1) 6 q′′1 + c2q

′
1 + f(q1).
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�éu c = c2 ��§ó§q1 ´e). 2dþe)�{��'u c = c2 ��§���

) q̃ ÷v q1(z) 6 q̃(z) 6 1 (z ∈ [−a, a]). dr4��nÚþ¡y²���5(Ø��

q1(z) < q̃(z) ≡ q2(z), z ∈ (−a, a).

u´ c 7→ qa,c(z) é?Û�½� z ∈ (−a, a) Ñ´î�üO�.

qa,c(z) 'u c �ëY5. � q1, q2 Xþ¤ã§K ζ(z) := q2(z)− q1(z) ÷v

ζ ′′ + c1ζ
′ + c̃(z)ζ = (c1 − c2)q′2, ζ(±a) = 0.

dý��§� Schauder�O�� ‖ζ‖C([−a,a]) 6 C|c1 − c2|§� qa,c 'u c ´ëY�.

qa,c(z) �4�. eyéu?Û z ∈ (−a, a)§� c → −∞ �k qa,c(z) → 0, 

� c → +∞ �k qa,c(z) → 1. ·�^�y{y²�ö£cöaq�y¤§��3

z0 ∈ (−a, a), ε > 0 ¦�

qa,c(z0) 6 1− ε, ∀ c� 1.(3.2)

�½ z1 ∈ (−a, z0)§@o§ÃØéõo�� c§o�3 zc ∈ (−a, z1) ¦� q′(zc) <
1

z1+a

£ÄK§q′(z) > 1
z1+a

(z ∈ (−a, z1))§3 [−a, z1] þÈ©=�gñ¤. � |f(u)| ≤ M (u ∈
[0, 1])§� c ¿©�¦�

M

c
+

1

z1 + a
ec(z1−z0) <

ε

a− z0
.(3.3)

d q ��§��

−M 6 q′′ + cq′ = −f(q) 6M, z ∈ [−a, a],

½

−Mecz 6 (q′ecz)′ 6Mecz, z ∈ [−a, a].(3.4)

òdØ�ª3 [zc, z] (∀ z ∈ [z0, a]) þÈ©k

q′(z) 6 q′(zc)e
c(zc−z) +

M

c
<

1

z1 + a
ec(z1−z0) +

M

c
<

ε

a− z0
, ∀ z ∈ [z0, a].

23 [z0, a] þÈ©k

1− q(z0) < ε,

� (3.2)gñ.

d±þ(Ø=�y²(ii). �

�e5·�?Øëê c �����. P

m := sup
0<u61

f(u)

u
.
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Ún 3.2 (c �e.). é?Û δ > 0, �3 A > 0 ¦�� a > A �§þãÚn¥¤�� c

÷v c > −2
√
m− δ.

y²: ^�y{§� c < −2
√
m− δ. �ÄXe¯K

(3.5)

{
−q′′ − cq′ −mq = 0, z ∈ (−a, a)
q(−a) = 0, q(a) = 1.

P r± � r2 + cr +m = 0 �ü��¢�§K

q(z) =
er+(z+a) − er−(z+a)

e2r+a − e2r−a
, q(0) =

1

er+a + er−a
→ 0 (� a→∞ �).

äó. � |c| > 2
√
m �§é?Û¿©�� a� 1§�f L = −∂2x − c∂x −m ÷v4��

n. ¯¢þ§|^ LiouvilleC� q = e−
cx
2 p(x), Lq = λq z�

−∂2xp+
(
c2

4
−m

)
p = λp.

3>.^� q(±a) = 0 �ed¯K�ÌA��� λ1 = c2

4
− m + π2

4a2
, � a � 1 �k

λ1 > 0. Ïdäó¤á.

Ïd§q ´ (TF)a�þ)§� a � 1 �dþe)�{�� q(z) > qa,c(z)§l

qa,c(0) < q(0) < θ§gñ. �

Ún 3.3 (c �þ.). é?Û δ′ > 0, �3 A > 0 ¦�� a > A �§þãÚn¥¤�� c

÷v c 6 2
√
m′ + δ′§Ù¥m′ = sup

0<u61

−f(1−u)
u

.

y²: � q̂(z) := 1− q(−z)§K

(3.6)

{
−q̂′′ + cq̂′ + f(1− q̂) = 0, z ∈ (−a, a),
q̂(−a) = 0, q̂(a) = 1.

|^þ��Ún=��(Ø. �

3.2. ¢¶ R þ�1Å).

3.2.1. 1Å)��35. þ�!éu?Û a > 1§·��� (TF)a �) (c, qa,c), qa,c(0) =

θ§±9

−2
√
m 6 c 6 2

√
m′, � a→ +∞ �.

Ïd§�3 a ���� {an} (an → ∞)§�� c ∈ [−2
√
m, 2
√
m′] ±9��¼ê q ∈

C2(R) ¦�� n→∞ �k

qan,c(an)(z)→ q(z) (3 C2
loc(R) ÿÀe), c(an)→ c.
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ù�Ò�� (TF) ���) q§§÷v

q′(z) > 0, q(0) = θ.

�e5·�ïÄü!V!-���¹e1Å)�?�Ú5�.

3.2.2. ü��/. du q′(z) > 0§� h± := q(±∞) ∈ [0, 1] �3. ·�^��{y²

h+ = 1, h− = 0. e h+ < 1§@okü«�Uµ(1) �3 zn → +∞ ¦� q′(zn) = 0§

l zn � q′ �ÛÜ4�:§ù��§ q′′(zn) = −f(q(zn)) < 0 gñ£ùp�y²�

%¹
 q′c(z) > 0¤¶(2) q′′(z) < 0§q′(z) → 0 (z → +∞). d�d�§�´�±��

q′′(+∞) = −f(h+) < 0§gñ. Ïd q(+∞) = 1§q(−∞) = 0.

Ún 3.4. eé,� c§(TF) k) qc§@oé?Û c1 < c§(TF) �k) qc1.

y²: w, qc ´'u c = c1 ��§�þ)§q
′
c(z) > 0. éu?Û r ∈ R§�Ä

(3.7)

{
η′′ + c1η

′ + f(η) = 0, z ∈ (−a, a),
η(−a) = qc(−a+ r), η(a) = qc(a+ r).

´�§qc(z + r) ´§�þ)§qc(−a + r) ´§�~êe). Ïd§dþe)�{��d

¯K�3��) η(z) ÷v

qc(−a+ r) < η(z) < qc(z + r), z ∈ (−a, a).

aquc¡¦^wÄ{£ë�[3]¤�Ñ η ´���� η′(z) > 0. d qc �5���§�

3�� r ¦� η(0) = θ. ù�·�Ò�� (3.7) ÷v η(0) = θ �). �X2òÐ a �4

�Ò�� c = c1 ��§ (TF) �). �

Ún 3.5. (i) XJ (TF) k)§@o c < 0;

(ii) P S =
{
c ∈ R | (TF)éd c k)

}
§@o S ´4�.

y²: (i) �§ü>Ó¦± q′ ¿3 RþÈ©=���.

(ii) e (cn, qn) ´)§�4��� cn → c∗, qn → q∗ �´). �

�ã��?Ø Fisher-KPP�/§y²Ù��Å�� c∗ = −2
√
f ′(0). dc¡�Ún

��

lim
a→+∞

ca > −2
√
m > −2

√
f ′(0).

Ïd§c∗ > −2
√
f ′(0). e¡^�y{y²éu?Û ĉ ∈ (−2

√
f ′(0), 0)§(TF) Ã)§d

d=�� c∗ = −2
√
f ′(0). éu¿©�� 0 < δ � 1 ·�kĉ2 < 4(f ′(0) − δ)§ ��3

A > 0 ¦�

q′′ + ĉq′ + (f ′(0)− δ)q 6 0 (∀ z 6 −A).
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�Ä

(3.8) η′′ + ĉη′ + (f ′(0)− δ)η = 0.

Ù)�

η(z) = C1e
(α+iβ)z + C2e

(α−iβ)z, α = − ĉ
2
, β =

√
4(f ′(0)− δ)− ĉ2

2
.

�

η(z) = εeα(z−A) sin(βz − βA+ π) > 0, z ∈
(
A− π

β
,A

)
,

K§÷v (3.8) � η(A) = η
(
A− π

β

)
= 0.

q ´ (3.8)�þ)§� ε � 1 ¦� η < q§,�ò η ��wÄ� η(z + l) (l > 0) �

�� q �-��§d4��n��gñ. nþ��§c∗ = −2
√
f ′(0).

5: é��ü�¯K�y lim
a→∞

ck = c∗.

3.2.3. V�¯K. �c¡aq/§ÏLïÄ (TF)a ��) (ca, qa) ÷v

q′a(z) > 0, qa(0) = θ, −2
√
m− δ 6 ca 6 2

√
m′ + δ (∀ δ > 0, a� 1).

- a→ +∞ �4��� (TF) �) (c, q):

(3.9)

{
q′′ + cq′ + f(q) = 0, z ∈ R,
q(0) = θ, q′(z) > 0, 0 < q(z) < 1 (z ∈ R).

e¡·�?�Úy²Xþ��� (c, q) Ò´ (TF) �).

Ún 3.6. (TF) �3).

y²: XJUy² q 6≡ θ§@o�±�þ�!���� q(−∞) = 0, q(+∞) = 1, lÒ

�±��)��35. ·�òÏL q′a(0) 6→ 0 (a→ +∞)y² q′(0) 6= 0§l�� q 6≡ θ.

ky²��9Ï(Øµ�3 δ > 0 ¦�é?Û a > 1 k
∫ a
0
f(qa(z))dz > δ. ¯¢þ§

dý��§�k��O�� ‖q′a‖L∞([−a,a]) 6 C £� a Ã'¤§u´

C

∫ a

0

f(qa(z))dz >
∫ a

0

f(qa(z))q
′
a(z)dz =

∫ 1

θ

f(s)ds = const. > 0.

|^ù�9Ï(Ø§é (TF)a ¥��§3 [0, a] þÈ©k

δ 6
∫ a

0

f(qa(z))dz = q′a(0)− q′a(a)− ca(1− θ) 6 q′a(0)− c(1− θ).

� q′a(0) > δ + ca(1 − θ). aq/§3«m [−a, 0] þÈ©§¿|^ f(qa) 6 0 ��

q′a(0) > −caθ. e ca > −δ
2(1−θ)§@od1��ªf�� q′a(0) >

δ
2
¶e ca <

−δ
2(1−θ)§@o
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d1��ªf�� q′a(0) >
δθ

2(1−θ) . o���

q′(0) > min

{
δ

2
,

δθ

2(1− θ)

}
.

�

Ún 3.7. XJ (TF) k) (c, q)§@o§´���.

y²: ^�y{§b� (TF) kü�) (c1, q1), (c2, q2) � c1 < c2 < 0. é§���§3

q = 0 9 q = 1 ?�5z��

η′′ + ciη
′ + f ′(0)η = 0 9 ζ ′′ + ciζ

′ + f ′(1)ζ = 0.

éAu1Å�A���

λ0+(ci) =
−ci +

√
c2i − 4f ′(0)

2
, λ1−(ci) =

−ci −
√
c2i − 4f ′(1)

2

Figure 2. 1Å)�P~Ç

��

λ0+(c1) > λ0+(c2) > 0, 0 > λ1−(c1) > λ1−(c2).

ù`²3 z → −∞ �§

q1(z) ∼ eλ
0
+(c1)z < q2(z) ∼ eλ

0
+(c2)z,

3 z → +∞ �§
1− q1(z) ∼ eλ

1
−(c1)z > 1− q2(z) ∼ eλ

1
−(c2)z.

£ë� [4, 7] �¤. Ïd§�¿©�� r > 0 Ò��q2(z) > q1(z − r). �e5ò r Åì

~�§^wÄ�{Ò��gñ. 'u) (c, q) ���5§�±ÏL�Ä�§

dp

ds
+ c+

f(s)

p
= 0

5y². �
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3.2.4. -��/. �þ�!aq�� (c, q) ÷v

(3.10)

{
q′′ + cq′ + f(q) = 0, z ∈ R
q(0) = θ, q′(z) > 0 (z ∈ R), 0 < q(z) < 1 (z ∈ R).

Ún 3.8. q′(0) > 0.

aquc¡�y.

Ún 3.9. e (TF) k) (c, q), K c < 0 �)´���.

y²: dc¡�Ún��

q′(z) > 0 (z > 0) � q(+∞) = 1.

,��¡§� z 6 0 �§�§� q′′ + cq′ = 0 �

q(z) = q′(0)e−cz → 0 ( � z → −∞ �)

c ���5aquÚn 3.7 �y.

�?�Ú/§�±y²Xe(Ø:

½n 3.10. e f ÷v

f(u) 6 0 (u ∈ [0, θ]), f(u) > 0 (u ∈ (θ, 1)),

∫ 1

0

f(s)ds > 0.

K¯K (TF) k) (c, q).
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