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Abstract

This paper gives a criterion for the existence of a stationary solution for a class of semilinear stochastic
functional differential equations with additive white noise and its global stability. Under the condition that
the global Lipschitz constant of nonlinear term f is less than the absolute value of the top Lyapunov ex-
ponent for the linear flow ® with f being monotone or anti-monotone, and the time delay is not very big,
we show that the infinite-dimensional stochastic flow possesses a unique globally attracting random equi-
librium in the state space of continuous functions, which produces the globally stable stationary solution.
Compared to the result of Jiang and Lv (2016) [24], we remove the assumption of boundedness for f.
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1. Introduction

This paper is devoted to the global stability of stationary solutions for a class of semilinear
stochastic functional differential equations (SFDEs) with additive white noise. These stationary
solutions are produced by the globally attracting random equilibria for infinite-dimensional ran-
dom dynamical systems (RDSs), which are generated by the solutions of SFDEs in the space
of continuous functions. For the general theory on SFDEs and RDSs, we refer the reader to
[1,11,31,34].

During the last three decades, the stability theory of stochastic differential equations (SDEs)
and SFDEs has received a lot of attention in the areas of stochastic analysis and dynamical
systems. Inspired by the pioneering works [26,27], all kinds of stability for SDEs and SFDEs
have been extensively and intensively studied by many authors, see [7,9,30,32,35-37,46] and the
references therein. Using the probability theory and the method of Lyapunov functionals, they
have discussed the stability of solutions for SDEs and SFDE:s, the existence of invariant measures
and other properties.

In the meantime, more and more stochastic analysts and geometers want to use the theory of
stochastic flows to investigate the finite or infinite dimensional stochastic systems. In fact, the
finite-dimensional stochastic flows can arise from SDEs in the Euclidean space or other finite-
dimensional manifolds, see [1,4-6,11,15,16,28]. Furthermore, there are fewer results on the
infinite-dimensional stochastic semi-flows, which can arrive naturally from SFDEs and stochas-
tic partial differential equations (SPDEs) with additive or multiplicative white noise. Here, we
note that the problem on the existence of infinite-dimensional stochastic semi-flows (with general
noise) is very hard. For more details, we refer the reader to [3,8,13,14,17-19,29,38—40]. Most
of them dealt with the stochastic semi-flows generated by SPDEs, and [8,13,38,39] treated the
stochastic semi-flows generated by SFDEs. To be specific, Mohammed and Scheutzow [38,39]
proved the existence of stochastic semi-flows and stable manifolds on a Hilbert space. On the
other hand, motivated by the theory of deterministic functional differential equations, it is natural
to choose the space of continuous functions as the state space, see [21,42]. This is the main reason
that Chueshov and Scheutzow [13] considered the invariance and monotonicity of RDSs gener-
ated by stochastic delay differential equations in the space of continuous functions. Moreover,
Caraballo, Garrido-Atienza and Schmalfuss [8] showed the existence of exponentially attract-
ing stationary solutions for stochastic delay evolution equations with multiplicative white noise,
where they used a general random fixed point theorem and some sufficient conditions were given,
see Theorem 6 in [8]. To the best of our knowledge, up to now, there are no results on the ex-
istence and the global stability of stationary solutions for infinite-dimensional RDSs, which are
generated by semilinear SFDEs with additive white noise in the space of continuous functions.

In this paper, motivated by our recent works [24,25], we will do some efforts on this problem.
We will show that if the nonlinear term f is monotone or anti-monotone and the global Lipschitz
constant of f is less than the absolute value of the top Lyapunov exponent for the linear flow
®, and the time delay is not very big, then the infinite-dimensional stochastic flow admits a
unique globally stable random equilibrium in the space of continuous functions, which produces
a stationary solution for semilinear SFDEs with additive white noise. The main contribution
is that the conditions given in this paper are easy to verify and we remove the assumption of
boundedness for f, which is a key point in [24,25]. During carrying out the ideas in [24,25], we
will meet some difficulties coming from the infinite-dimensional space of continuous functions
and the lack of boundedness for f. Note that if f is unbounded, in order to use the characteristic
operator K defined in (2.14) for proving some inequalities in the sense of partial order, we need

891



J. Jiang and X. Ly Journal of Differential Equations 367 (2023) 890-921

to give some energy estimates for the pullback trajectories. To be more precise, the pullback
trajectories are bounded by some tempered and integrable random variables, see Proposition A.1
in the appendix. Furthermore, due to the unboundedness of f, the work space for the Banach
fixed point theorem is also different from that in [24] and we need to show that the bounds for
pullback trajectories are tempered, integrable and measurable with respect to the past o -algebra
generated by the Brownian motion, which are proved in Proposition A.1 and Proposition A.2 in
the appendix.

Our theory on the global stability of stationary solutions for semilinear SFDEs with additive
white noise can be applied to various stochastic delay systems, such as stochastic delay posi-
tive feedback systems (neural networks and Othmer-Tyson systems), stochastic delay negative
feedback systems (Goodwin systems) and stochastic systems with distributed delay, see Exam-
ples 5.1, 5.2 and 5.3. Besides this, the method and the thought used in this paper may bring
some new sights to the research on the stability of more general infinite-dimensional stochastic
systems, such as SPDEs and so on.

2. Formulation and main results

In this section, we aim to describe precisely the existence of stochastic flows and some hy-
potheses used in the subsequent content. Based on some preliminaries, we will present the main
results at the end of this section. First, we shall recall some notations related to RDSs. The reader
is referred to [1,11] for more details.

Let X be a complete separable metric space (i.e., Polish space) equipped with the Borel o -
algebra #(X) and (2, %, P) be a probability space.

Definition 2.1. A quadruple (Q, F,P, {6t € R}) is called a metric dynamical system if 6 is a
measurable flow:

0:Rx Q> Q, 6y =1d, 0r, 0 0y, = 61,41,

for all 71,1, € R, which is (B(R) ® Z, .7 )-measurable. In addition, we assume that 6,P = P
forall t e R.

Definition 2.2. An RDS on the state space X induced by a metric dynamical system (Q, 7, P,
{6;,t e R}) is a mapping

0:RixQx XX, (o x)— o, ow,x),
which is (QB(JRQ) R F Q AB(X), %(X))—measurable such that for any w € €2,

(1) ¢(0,w, -) is the identity on X;
(i) o1 + 1, 0,x) = ‘p(t% O w, (11, a),x)) forall 71, € Ry and x € X
(iii) the mapping ¢(¢, w, ) : X — X is continuous for all e R ..

Definition 2.3. A family {D(a)), we SZ} of nonempty subsets of the state space X is said to be
a random closed (resp. compact) set if for each w € €2, it is closed (resp. compact) and w —
d(x, D(a))) is measurable for each x € X. Here, d(x, B) is the distance in X between the point
x and the set B C X.
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Definition 2.4. Let X be a Banach space with a closed convex cone X, which gives a partial
order relation on X viax <y if y —x € X4. An element x € X is called an upper bound for
a subset A C X if y < x for all y € A. An upper bound X is called the least upper bound (or
supremum), denoted by x = sup A, if x < x for any other upper bound x. Moreover, the lower
bound and the greatest lower bound (or infimum) can be defined similarly.

Definition 2.5. A cone X is said to be minihedral if every finite set M in X which is order-
bounded has a supremum. A cone X is called strongly minihedral if every set M in X which is
order-bounded has a supremum.

Throughout this paper, we define the Euclidean norm |x| := (Zf': 1 1xi |2)1/ 2, x € R", where
R” is the n-dimensional Euclidean space. For any matrix D = (D;;)uxm € R, set | D| :=
(Z?:l Z’}’Zl |D;; |2)1/ 2, where R"*” denotes the set of all n x m-dimensional real matrices.
Let 7 > 0 and denote by C; :=C ([—1:, 0], ]R") the Banach space of continuous functions £ :
[—7,0] — R" equipped with the supremum norm ||§||c, = sup7r§S§0|$(s)| and by C;“ all the
nonnegative continuous functions in C. For any given xg, yo € C¢, xo <c} Yo means that yg —
Xg € Cj’. Similarly, set Ri = {x =(1,...,xy):x; >0,i =1, n} For any given x, y € R",
x <Rt y means that y — x € R .

Now, we will show that an RDS can be generated by the following SFDEs with additive white
noise

dx(1) = [Ax (1) + f(x)]dt + odW;, @2.1)

with the initial value

xo=£ € Cy, 2.2)

where x; € C; is defined by x,(s) = x(t +5) for —7 <5 <0, A = (@jj)uxn 1S an n X n-
dimensional matrix, f : C; — R" and o = (0}j)nxm is an n x m-dimensional matrix, W; =
(th, ces Wt’”)T is an m-dimensional two-sided Wiener process on the canonical probability
space (€2, %, P). For our purposes, we will give some conditions on the drift term:

(H1) A iscooperative in the sense that a;; > 0 forany i, j € {1, ..., n} withi # j. Moreover, we
assume that all real parts of eigenvalues of A are negative, i.e., there exist constants A > 0

and C4 > 0 such that

1

n n 2
o2 [ Y3 |o0f | < Cae™ 2.3)

i=1j=1

for all ¢ > 0. Here, ®(7) is the fundamental matrix of the linear ordinary differential equa-
tions:

dx(t) = Ax(t)dt. 24
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(H2) f:C,;— R" satisfies the global Lipschitz condition
| £ (x0) = f(30)| < Llixo = yolle, (2.5)

AT
% < 1. Further-

for all xq, yo € C;, where L > 0 is the Lipschitz constant such that
more, we assume that f is monotone, i.e.,

Xo<c+yo = [f(xo)=grr f(y)  forallxo,yoeCr,

or anti-monotone, i.e.,

xX0<c+yo = f(xo)=rr f(yo)  forallxo,yo€Cr.

Note that the background for the monotonicity and anti-monotonicity comes from neural net-
works and biochemical reactions, which are presented in Section 5.

In what follows, we will consider a very important metric dynamical system driven by
the Brownian motion. Let W; = (Wl, e W,’")T be an m-dimensional two-sided Brownian
motion on the canonical probability space (€2,.%,PP). Here, .# is the Borel o-algebra of
Q=Co(R,R™) ={w= (01,2, ...,0n) € CR,R™), w(0) =0}, which is equipped with the
following metric

9

o0
1 or(w, ")
* = _ S * = t) — *t
2 )= D F T grtown )T o0~ 00

and P is the corresponding Wiener measure. On this set we take the shift operator 6 = {6;, t € R},
defined by 6,0 (-) = w(t + ) — w(¢) for t € R, which is an ergodic metric dynamical system.

In order to apply the theory of RDSs, we first need to transform SFDEs with additive white
noise (2.1) into deterministic equations with random coefficients. To this end, we consider the
auxiliary n-dimensional Ornstein-Uhlenbeck equations

dz(t) = Az(t)dt +odW,. (2.6)

Direct computation shows that one stationary solution of (2.6) called the Ornstein-Uhlenbeck
process is given by

t t

z(t,w)zz(@,a)):/exp{A(t—u)}oqu: / Ot —u)odW, 2.7)

—00 —00

for all € R and w € Q2. In fact, using the integration by parts formula, we can rewrite the form
of z(t, w) as the following

0
2, w) = / A®(—1)o Wyis (0)du + o W, (@) 2.8)

—00
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for all r € R and w € Q2. Therefore, by (H1), it is easily seen that the random variable z(w) is
tempered with respect to 6 and z(6;w) is continuous on R for any w € 2, see Lemma 2.5.1 in
[11] or Proposition 3.1 in [12].

The existence and uniqueness of solutions for SFDEs (2.1) with the initial value condition
(2.2) can be followed by [31,34]. To generate an RDS, we need to define y(¢) = x(¢t) — z(6;w)
for all w € 2, where x(¢) is the solution of (2.1) and (2.2). Then, using Itd’s formula, it follows
that y satisfies

d
d_)t) = Ay + (v + 206,0)), (2.9)

with the initial value

Yo =x0 — z0(®), (2.10)

where y; € C; is defined by y,(s) = y(t +s) for —7 <5 <0 and z9(w) € C; is defined by
zo(w)(s) := z(fsw) for —7 <s <0 and w € 2.

Under the local Lipschitz condition, it was proved in [2, Theorem 2.9] that the solutions of
random functional differential equations can generate an RDS if and only if all its solutions can
be extended to [0, +00), which implies that (2.9) and (2.10) under the global Lipschitz condition
can generate an RDS v (¢, w, yo) := ys(w, yo) which is continuous with respect to (¢, yp) for
each fixed w. Therefore, the same conclusion holds for the solution x;(w, xg) of SFDEs (2.1) and
2.2).

Define ¢(f, w, x9) : R4 x Q x C; — C; by

@1, @, x0) := X1 (@, X0) = Y (£, 0, X0 — 20(®)) + 20(6rw) (2.11)
forallt >0, w € Q and xg € C;. Then ¢(¢t, w, x9) : R4y x @ x C; — C is an RDS.
Next, we shall rewrite the form of solutions for SFDEs (2.1) and (2.2). Letr > 0and —7 <s5 <

0. Using the variation of constants formula [3 1, Theorem 3.1], one can have that for all  +s > 0,

t+s
o(t, w, x0)(5) = Bt + 5)x0(0) + Dt + 5) / O~ () f(p(u, w, x0))du
0

t+s
+<1>(t+s)fq>*‘(u)odwu

t+s
=&t 4+ 5)x0(0) + f P45 — u)f(go(u, w, xo))du

t+s
+/d>(t+s—u)aqu. (2.12)
0
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If t + 5 <0, it is obvious that ¢(t, w, x0)(s) = xo(¢ + 5) for all w € 2. Combining the definition
of § and (2.12), it is clear that ¢(t, 0_;w, x0) (s) = xo(t + s) forall t + 5 <0 and w € 2, and

t4s
o(t,0_1w,x0)(s) = D(t 4+ 5)x0(0) + / Dt +s5— u)f((p(u, 0_o, xo))du
0

t+s
+ / Pt +s—u)odW,(0_,w)
0

=®(t + 5)x9(0) + / O(s — u)f(w(u +t,0_;w, xo))du
—t
+/<I>(s—u)aqu, t+s5s>0, we. (2.13)
—t

At the end of this section, motivated by our recent work [24], we will introduce an important
characteristic operator associated with (2.13), which is given by

Mﬂﬂmwﬁ:/¢G—MN%@mwk/®@—uMdW, (2.14)

for all —t <s <0 and w € Q. Here, r : Q2 —— R" is a tempered random variable with respect
to the ergodic metric dynamical system 6, i.e., suptE]R{e"S"' |r(9,a))|} < oo for all § > 0 and
w € Q.

Remark 2.1. Following the same procedure in [24], by (H1) and (H2), it is easy to check that
the characteristic operator K is well defined for all —7 < s <0 and w € Q. Moreover, for any
fixed w € Q and tempered random variable r, [IC(r)](s, w) is continuous with respect to s €
[—7,0]. We remind that [K(r)](o, w) € C; for each w, which induces a mapping, still denoted
by [K(r)]:Q— C:.

Let L}gzﬁ = LY(Q, . Z_,P;R") denote the space of all .%_-measurable and integrable func-
tions r : @ — R”, where #_ = o {w > W;(w) : 1 <0} is the past o-algebra. In addition, define
the operator K7 tobe f oK, which means that [ICf (r)](a)) = f([lC(r)](o, a))) for any random

variable r :  — R”. With the help of the characteristic operator X, we can now state our main
results.

Theorem 2.1. Suppose that (H1) and (H2) hold. Then there exists a unique fixed point r € L}%
for the operator K LQI% — L,lfx-‘,’ which gives that for any xg € C;

z1—1>nolo o(t,0_1w, x0)(e) = [K(r)](o, w) P-a.s. (2.15)
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in C;. Accordingly, go(t, w, [IC(r)](o, a)))(o) = [lC(r)](o, b;w), P-a.s., t > 0. To be more pre-

cise, [IC(r)](o, ) is an F_-measurable random equilibrium in C; for the stochastic flow @,
which yields that [K(r)](o, 0:w) is a stationary solution for (2.1) and (2.2).

3. Estimates and monotonicity of the stochastic flow ¢ generated by SFDEs
In this section, we will establish some useful inequalities in the sense of partial order, which
play the key role in the presentation of the dynamical behavior of stochastic flow ¢ generated by

(2.1) and (2.2). We start with a lemma, which can be found in [33].

Lemma 3.1 ([33, Lemma A.2]). Let (x;):ea is a net in a normed space X associated with a solid,
normal cone X C X. Assume that the net converges to a point x € X, and that

x,:=inf{x;: 1>t} and X;:=sup{xj:i>1}
exist for all t € A. Then the nets (x,)ien and (X;);ep also converge to x.

Lemma 3.2. Suppose that (H1) and (H2) hold. For any t > t, define

atf(a)) = inf’f(w(u, G,ua),xo)) u > t} = inf{f(ga(u, 0_,w, xo)) Tu > t}

and

b',f(a)) = sup {f((p(u, 0_,w, xo)) U > t] = sup{f(go(u, O_,w, xo)) U > t},
where xo € C; and w € Q. Here, inf and sup represent the infinum and the supremum in R",
respectively. Then a,f (w) and b[ (w) are two tempered .7 _-measurable random variables for all

t>r.

Proof. Given any ¢ > t, by (H2) and (A.2) in Proposition A.1 (See the appendix), it is easy to
see that

|£(0,6-10,50)| = LR @) +]70)] < 0 3.1)

forall w € Q and xg € C, where R (w) is a tempered random variable defined in Proposition A.1.

This implies that {f(go(u, 0_,w, xo)) Tu > t} is a compact set in R”, and then aif (w) and b,f (w)
are both well defined for all r > 7, xg € C; and w € Q2. Here, we use the fact that R’i is a strongly

minihedral cone, inf A = inf A and supK =sup A, where A is a bounded set in R", see Lemma
A.11in [33]. In what follows, we will show that the mapping

t— @(t,0_1w, x0)
is continuous from [z, 0o0) into C; for all w €  and xg € C;. By (2.11), it is obvious that
91,00, x0) =Y (t,0_10, x0 — 20(0—)) + 20(®) = y; (010, yo(O—;0)) + z0(®),
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which implies that we only need to prove the continuity of y, (G_Ia), Yo (9_,w)) for any fixed w €
Q and xg € C;. Since 2 is a metric space and 6 (e, w) : (R, | @ |) = (£2, o) is continuous for all
w € K2, see Proposition 3.2 in [25], using the quite same method as in the proof of the continuous
dependence of solutions for functional differential equations with respect to the parameter “w”
and the initial value “y(”, it is sufficient to prove that zo(6;®) is continuous with respect to the
time ¢ for all w € Q. By (2.7), it is easy to see that z(6;w) is continuous on R, which together
with Lemma 2.1 in [21, Chapter 2] yields that this property is true. Therefore, by (H2), it is clear

that

t+ f(p(t, 60—, x0)) is continuous
from [z, 0o) into R” for all w € Q2 and xp € C;. Applying the same way as Proposition 3.5 in
[25], we conclude that a,f (w) and b,f (w) are two .%_-measurable random variables for all ¢ > t.
Finally, by (3.1), it is evident that
—Ry(©) <p: af (@) <py b/ (©) <py Ry (©) (3.2)

forall t > 7 and w € 2, where Ry(w) = [L|§(w)| + |f(0)|] -(1,..., 1)T. This shows that

laf @] = V[ L|R@)| + | f O | and b/ @)] = va| L[R@)| +[r@]]  33)

for all + > 7 and w € €2, which together with Proposition A.1 implies that atf (w) and btf (w) are
both tempered for all # > t. The proof is complete. O

Lemma 3.3. Suppose that (H1) and (H2) hold. For any t > t, set

a;p(a)) = inf{(p(u, O_,w, xp)(e) 1 u > t} = inf{go(u, O_,w, xp)(e) 1 u > t}

and

bf (@) = sup @, 60—y, x0) (0) 1u > 1} = sup{g(u, O_yw, x0) () 1 u > 1},

where xo € C; and w € Q2. Here, inf and sup represent the infimum and the supremum in Cq,
respectively. Then af () : Q + C is a well-posed F_-measurable function, and so also is

b;p (w) forallt > 7.

Proof. By Lemma 3.2 and Proposition A.1 in the appendix, we have that forany 1 > 7, y{ (@) :=

{e(u, 0_yo, x0) : u >t} is a compact set in C; and for all ® € Q and xg € Cr,
u+— o(u,0_,w, xg) is a continuous mapping
from [z, 00) into C;. Furthermore, it is easy to check that for all ¥ > ¢ > t and x¢ € C¢,

w+—> o(u, 0_,w, xo)is .%_-measurable.
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Since C; is a solid normal minihedral cone, using Proposition 1.5.3 and Theorem 3.2.1 in [11],
we see at once that a;p (w) : 2+ C; and bf (w) : Q1+ C; are two well-posed .%_-measurable
functions. Here, we use the fact that inf A = inf A and sup A = sup A, where A is a relatively
compact set in C;, see Theorem 3.1.2 in [11] and Lemma A.1 in [33]. The proof is complete. O

Lemma 3.4. Suppose that (H1) and (H2) hold. For any t > t, define

leo(a)) £ / Do — u)inf[f(w(v, 9,v+ua),xo)) + Ryp(Oyw) v > t]du
t—f

—/<I>(o—u)Rf(Gua))du+/Cb(o—u)adWM+d>(f+ ®)x0(0)

—t —t
and

Df () 2 / ®(e —u) sup{f(go(v, 0y pur. X0)) — R () v > t}du

t—1f

—}—/d)(o—u)Rf(Gua))du—I—/CID(o—u)oqu+<I>(f+ ®)x0(0),

—t —t

wheret >t + 1, w € Q and xo € Cy. Then,

[K@)]e.0) = lim C¥(@)= lim f(@) in C., (3.4)

~t~>o<_> gaoo

t>t+t1 t>t+t1
[ic(b,f )](e, w) = lim D;’(w)z lim d;”(w) in Cy, (3.5)

~t—>c>o lf—)OO

>t+1 t>t+71
C¥(w) <9, 0_jw,x0)) < DY (@) in C; (3.6)

and

c;f)(w) < a? (w) < b?(w) < dtfo(a)) in Cg. 3.7

Here, < means <.+,
c?(a)) =inf{C{(w) :u >} (3.8)
and
d;"(w) = sup{D¥(w) :u > 7}. (3.9)
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Proof. By Lemma 3.3, it is evident that a;f’(a)) :Q+— C; and b?(w) : Q+— C; are both well-
defined for all 7 >t + 7, w € Q and x¢ € C;, where t > . Moreover, we can observe that

t—t

lim | ®(e—u)R;(O,w)du =0 (3.10)
1—)00
>t+1_f

in C;. In fact, by (H1), it is a simple matter to check that

t—t

sup / D(s —u)Ry(Oyw)du
—7<s<0|J_
—1

—7<s<

t—t
<Cy sup ||d>(s)”/e“|Rf(9ua))|du
‘ i
t—t
<Cy sup ||q>(s)||-sup{e—%'“||Rf(9uw)|}./e%"du
—7<s=<0 ueR 2
—0

as { — 0o, which together with Lemma 3.2 and Lebesgue’s dominated convergence theorem
shows that

[K(a!)](e, )

= / D(e — u)inf{f(go(v, 60_yo, xo)) v > t}(Qua))du + / O(e —u)adW,

—0Q —00

— lim /(b(o _ u)inf{f(<p(v,9_v+uw,xo)) + Ry (Guw) v > t}du
;Z_l)ﬁ t—f

— / D(e —u)Ry(Oyw)du + f D0 —u)odW, + (7 + )x0(0)

—t —t

= lim Cf(o) (3.11)
1—>00
t>t+71

and

[K®])](e. )

900



J. Jiang and X. Ly Journal of Differential Equations 367 (2023) 890-921

= / D(e —u) sup{f(go(v, 0_,0, xo)) v > l}(@ua))du + / O(e —u)adW,
= lim / D(e —u) sup[f(go(v, 9,v+ua),xo)) —Ry(Oyw):v > t]du

—>00

r>t41 -7

—{—/ (e —u)Ry(0,w)du + / (e —u)adW, + O + ¢)x0(0)

—t —t

= lim D;f’ (w). (3.12)
1—00
t>t+71

Applying the same argument in Proposition A.1, it follows that {C Y(w)iu>t+ r} and {D,‘ﬁJ (w):
u>t+ r} are two relatively compact sets in C; for all r > 7, w € Q and xg € C;. In addition,
this can also be obtained from (3.11), (3.12) and the fact that C tiﬂ (w) and D;f) (w) are continuous

with respect to 7 in C;. Consequently, by Lemma 3.1 and Theorem 3.1.2 in [11], we have

[K(a])](e, ) = lim inf{C¢(w):u>7}= lim inf{C{(w):u>7)
=00 =00
t>t+7 t>t+7

and

[/C(btf)](o, w) = lim sup{Df(®):u>7}= lim sup{D}(w):u>1}.
Friie Frree

This yields that (3.4) and (3.5) are true.
Furthermore, by (3.2), we get that a/ () + Ry () >gs 0 and b/ (@) — Ry (w) <y, 0 for all
t >t and w € Q. Since ®(t)x ZR" Oforallt>0and x € R’l, it follows immediately that

CE@ = [ @0 =0 £(oF+1.60.30) + Ry Gy |du
1—t

—/d)(o—u)Rf(Oua))du—i—/d)(o—u)aqu+CI>(f+ ®)x0(0)

—t —t
.

< / Do — u)[f(<p(f+ 1,00, x0)) + Rf(@ua))]du

—t

—/d)(o—u)Rf(Oua))du—i—/d)(o—u)aqu+CI>(f+ ®)x0(0)

—t —t
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= ¢(7,0_jw, x0)(e)

_ / Do — u)[f(<p(£+ u,0_;w, x0)) — Rf(@ua))]du

—t
. .

+/d>(o—u)Rf(Gua))du+/<D(o—u)0qu+®(f+ ®)x(0)

i —i
5/@(.—u)[f(¢(f+u,9_,~w,x0))—Rf(euw)]du

t—f

+/d>(o—u)Rf(Gua))du+/<D(o—u)0qu+®(f+ ®)x(0)

—f —t

< Df(w) (3.13)

forall f >t + 7, w € Q and x¢ € C;, which together with definitions of the infimum and supre-
mum implies that

(o) <af(w) <bf(w) <df(w) in C;.
The proof is complete. O
Remark 3.1. Note that the positive cone C; is not strongly minihedral, it is necessary to verify
some compactness of the pullback trajectories in Cr, see Proposition A.1. Moreover, since C;
is not regular, which yields that the monotonicity and boundedness of a sequence can not imply
its convergence. That is, the limit of a? (w) and b? (w) may not exist in C; as f — o0o. Therefore,

the conclusion presented in Lemma 3.4 is different from that in [24].

Lemma 3.5. Suppose that (H1) and (H2) hold. Set

[lim, £ (¢)](@) £ Tim af @) = lim inf| f (. 6-y0.50) suz1}  (314)
and

[fima £ ()] (@) £ Tim b/ (@) =tgrgosup{f(<p(u,9,uw,xo)) u> t]. (3.15)
Thus

(i) If f is monotone, we deduce that forallt > t, w € 2, xg € C; and k € N,

[ (a])](@) < [lim, £ ()] (@) < [Timg £ (@)](@) < [ BDH]@).  (3.16)
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(ii) If f is anti-monotone, we deduce that for all t > t, w € 2, xg € C; and k € N,

[ (@) ](@) < [lim, £ (9)](@) < [limg £ (@) ] (@) < [KH*B)]@).  (G.17)

Proof. First, combining (3.2) and the monotone convergence theorem, this induces that
[lim, £ (¢)](®) and [limg f(¢)](w) are both well defined .#_-measurable random variables.
Next, we will show (3.16) and (3.17). For simplicity, we only show the case that f is monotone.
For any t > 7, w € Q and xg € Cy, it is immediate that

[/ @)@ = £ ([K@)](e. )

f(lim c;”(w)) by (3.4)
forir

lim f(CY(w)) by (H2)

—>00

>t+1

= lim inf} f(CY(w)) :u > f} by Lemma 3.1
i—o0
t>t+71

< lim inf[ Flo@u,0_y0,x0)) 11 > f} by (3.6)
i—o0
t>t+71

= [Lim, £ (¢)] (@) (3.18)
and an argument similar to (3.18) gives that
[K! 0])](@) = [Timg £ (9) ] (@). (3.19)

Thus, (3.16) holds for k = 1. The rest proof can be obtained by mathematical induction. Suppose
that (3.16) is true for some k € N, it follows from the monotonicity of /C and f that

[ @])])(@) = [Kf (timg /() | @)

- [0 (im0
]

= ( lim [IC(auf) (o, a))) by Lebesgue’s DCT

Tim f([K@h]e.@) by (2)
< [timy £ ()] (@) by (3.18)
and similarly
[ b)) ] (@) = [Timg £ ()] @)
The proof is complete. O
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Lemma 3.6. Suppose that (H1) and (H2) hold. It follows that the space L'; = L' (Q, F_,P;
R") is complete under the metric ||r||;1 = fQ|r(a))|IP’(da)), re L}g_ and the operator K/ =

fok: (L}_, -1 — (L}_, Il - l.1) is a contraction mapping.

Proof. By definition, it is clear that L! (2, Z_,P; R") is a Banach space with the norm

7]l 1 =f|r(w)\19(dw).

Q

Next, we can assert that K/ : LL% — L(lyi is well defined. Given any r € L}%, since 0 : R_ x

Q> Qis (%’(R_) ® 7_, y_)—measurable, see Proposition 3.3 in [25], which together with
Fubini’s theorem induces that the mapping

w— [KM)](s, 0) = f (s — w)r(Ouw)du + / (s —u)odW, (3.20)

—0o0 —o0

is .%_-measurable for all —7 < s < 0. Here, from (3.20) and the fact that r is integrable, we can
conclude that [K(r)] (e, ®) exists almost surely due to (3.24). Combining this and Lemma I1.2.1
in [34], it follows that the function @ — [K(r)](e, ®) is (F—, %(C+))-measurable. Note that
f : C; = R" is continuous, and then w — [le(r)](a)) is also .#_-measurable. In addition, by
(3.20), it is evident that

)

E (H (K] (e, a))‘

s N
<E sup / O(s —uwyr@,w)dul | + E sup / O(s —u)yodW,
—7<s<0 —7<s<0
o o
(3.21)
Denote
N
L =E sup / O(s —u)r(@,w)du
—7<s<0
o0
and
S
L =E sup / O(s —u)adW,
—1<5<0
o0
Therefore,
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0

I < sup ||d>(s)H E /’@(—u)r(@uw)’du
—T=<s< 0
0
<Ca sup HCD(S)” /W]E|r(9uw)|du
—T<s< %
0
=C4a sup @] Elr|- /e“'du
—f<5<
—0o0
C
=2, (3:22)

where (Lt =sup_, || D(s) || Moreover, observe that

0
Mé/éemwmhrza

—t

is a continuous martingale with respect to the filtration &, = =o{W,:—t<s5s<0},t>0.
Then, using Doob’s martingale inequality (see Theorem 3.8 in [31]) and Holder’s inequality, we
have

0 0
L <E sup / O(s —u)yodW,| | + E sup /CD(S —u)odW,
—7<s<0 —7<s<0
o0
B 0 0
<ul|E f@(—u)oqu +E sup f®(—u)adWM
—17<5<0
- [e¢) N
i 0 2\\ * 0 2\\ 2
<ul|lE /CD(—u)oqu + | E sup /CD(—u)oqu
—1<s<0
o0 N
— 1
0 2\ \ 2
=u E /CD(—u)aqu
=00

0 2 2
n m

+ | E sup Z/ d(— u)o dW]
Jj=1

—7<s<0" i=1

s
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NI

2

d(—u)odW,

1
0 2 2

/cp( wol, dWJ

+ mz;;E ﬂs;lspso

1
2 2

O(—u)odW,

l—

2

1
2 2

O(—u)adW,

(SIS

i)

1 =
2

|c1>( u)o|| du) + (4m n(/ | P (=)o du))

0 3

(14 2my/n) (/ ||d>(—u)o szu)
0 3

< u(1+2mym)Callo (f e””du)

e ¢]

" 4mzz(/y (-wye],

i=1 j=1

gl
|
ail
(4mZZE Jiscomon
|
(
-|(

w(1+2my/n)Calo| (3.23)

3

V2

where we use the following inequality

(1 x4 Fx)?<mal+x3 4+ +x2), x5=0,i=1,...,m.
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Consequently, from (3.21), (3.22) and (3.23), we can obtain

(3.24)

c 1+2 C
E(H[K(r)](o,w)‘c>fu A||r||L1+M( mﬁ) Alla|l

X V2 '

which together with (H2) implies that

E|K! ()] < LE (H [K()] (e, ) HC> +]£0)]

iCa u(1+2m/n)Callo |

< Q.

That is, K/ : L,lg, — L,I?, is well defined.
Now, we turn to prove that K/ L,lg, — L,I?, is a contraction mapping. For any r, r; € L}%,
by (H1) and (H2), it is easy to see that
)
s

=LE sup / O(s — u)[m By w) — r2(0ua))]du

—7<5<0
o0

E|K/ () = Kf (r2)| < LE (” (K]0, @) = [K02)] (0, )

S

<CsLE| sup / e_)‘(s_")|r1 (Buw) — r2(By)|du

—7<s5s<0
—0oQ
0
<CuLe™E / M |r1(Buw) — r2(Buw)|du
o0
0
=CyLeM / M'E |r1 (Buw) — r2(Byw)|du
o0
AT
= G . (3.25)
where CAieM < 1. The proof is complete. O

4. Proof of Theorem 2.1
Proof. Assume that f is monotone or anti-monotone, by Lemma 3.5, it is clear that,

[ (@])] () < [limy £ ()] (@) < [limg £(@)](@) < [(KH*B)H]@) @1
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forall t > v, w € Q and k € N. Combining Lemma 3.2, Proposition A.l and Proposition A.2,
we can easily check that a,f e LY(Q, Z_,P;R") and b,f e LY(Q,.Z_,P;R") for all > .
This together with Lemma 3.6 and the Banach fixed point theorem shows that there is a unique
random variable r € Ll(Q, Z_,P; R") such that

[KS(M](@) =r(w) P-as.
and
lim E ‘(/cf)z"(atf) — r‘ — lim E ((/cf')?"(b,f) — r‘ —0 (4.2)
k— 00 k— 00
for all ¢ > 7. Therefore, for any xo € C;, we can choose a subsequence {k;} ;e such that
1im [ (@) ](@) = r(@) = Tim [(KH% b)) ] (@) P-as. (4.3)
j—o0 j—o00
forall > t. From (4.1) and (4.3), we have that
[limy, f (¢)](@) = [limg £ (9)|(@) =r(w) P-as. (4.4)
That is,
lim ¢/ (0) = lim b/ (0) =r(®) P-as.,
—00 —00
which together with Lebesgue’s dominated convergence theorem yields that
lim [K(a])](e, @) = lim [K(B])] (0, ) = [K(1)] (0, ) P-as. (4.5)
11— 00 —00
in C;. Note that C;” is a normal cone, using (4.5) and Lemma 3.4, it follows easily that
lim ¢(t,0_;w, xp)(e) = [IC(r)](o, w) P-as.
—>00

in C;. Finally, by the cocycle property, we get that [IC(r)](o, w) is an #_-measurable random
equilibrium in C;. The proof is complete. O

5. Applications

In this section, we will give some examples to illustrate the effect of Theorem 2.1. For sim-
plicity, we assume that n =m = 3.

Example 5.1. First, we consider the following delayed positive feedback system with additive

white noise, including neural networks [23,44,45] and Othmer-Tyson systems [41,43] as special
cases, which is given by

dx(0) = [ Ax() + f (31 = 1), X2t = 72), 230 = ) |t + s aW,, 5.1)
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with the initial value

xo=£&eC;. 5.2)
Here,
-2 1 0
A= 1 -3 0 |, (5.3)
0 2 -4

x=(x1,x2,x3)T € R3,0 = (0ij)3x3 is a 3 x 3-dimensional matrix, W; = (Wl, W,2, 3)T is a
3-dimensional Brownian motion. In addition, set ty, 72 and t3 are non-negative constants such
thatt=11 VvV < % and f: R3 — R3 is a monotone function such that L < 3, where L is
the global Lipschitz constant of f. Actually, f can be chosen such as the Arctan function, the
Tanh function, the Rational function, the Linear function and so on. Direct computation shows

4 o= Szt\/—

that the eigenvalues of A are A| =
is

and the corresponding fundamental matrix

5+8/g 75+\/' + 5.5 sgﬁt

10 ¢
(1) = ﬁ 75+«/§ _ﬁ —5— \/51
5 5

_ =5+/5 =55
2e4 4 5Jr53d§e $3y 5+§«/§e 5

\/?ge T - %eT 2 ! 0
5_1(\)@67545«/51_’_54{(\)[5675?/51 0
T 10—54ﬁ o551 N 10+54ﬁ o
In order to prove that
l
|ow] = ZZ\% O] | <Cae™ = VA (5.4)

i=1j=1

545
for all # > 0, we only need to verify that |®3(1)| < e 210 and |®3(t)| <e =55 for all

t > 0. The proof of the remaining components of ®(¢) is trivial. Observe that the matrix A is
cooperative, it follows that ®;;(¢z) > 0 for all i, j =1,2,3 and ¢ > 0, see Proposition 3.1.1 in
[42]. This yields that it is sufficient to check that

D31 (1) D32(1)
Wy (1) 2 — =1 and W) 2 = <1 (5.5)

e 2 e

for all + > 0. By (5.5), we see at once that

S, 543V 5435

W3 (1) =2e 5 -
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and

dly;; D 345 T L 34 VBe T 20

for all 7 > 0. Since W3 (0) = 0 and lim;_, o0 W31 (1) = ﬂ < 1, it is immediate that W3 (¢) <
1 for all # > 0. Similarly, we can get that

4550 10 — 45 N 10+4«/§e,ﬁt

Wi (t) = —
32() 5 5

and
dWs, (t —3—
7(3;( ) =23+ ﬁ)e%ﬁf — (44 2/5)e VS

for all # > 0. This together with W}, (0) = 2 > 0 implies that there exists a unique local maximum
point 79 > 0 such that W3,(7g) is the biggest value of W3,(¢) for all ¢+ > 0. Furthermore, it is a
simple matter to get that % <ty < % and then

SR 4/5 N 10+4«/§e_f.2

W3 (ty) < —4e 5 i 5 20.928689 < 1,

which induces that (5.4) and (5.5) hold. Finally, let L < 4,7 < 1, Co =+/7 and A = # we
have that

CpLle - ZWe%
A T35-V5)

Consequently, using Theorem 2.1, there is a unique globally stable stationary solution (random
equilibrium) for (5.1) and (5.2), which attracts all the pullback trajectories in the space C;.

~0.901520 < 1.

Example 5.2. Secondly, we study the following delayed negative feedback system with additive
white noise, including the Goodwin system [20,22] as a special case, which is modeled by

dxi(t) = [-2x1(t) + f (x3(t — ©))]dt + 01d W},
dxa(t) = [x1(1) = 3x2(D)]dt + 02d W7, (5.6)
dx3(t) = [x2(1) — 4x3(1)]|dt + o3d W},

with the initial value

X0 =§ € CT’ (57)

where the constants o1, o2 and o3 represent the noise strength, the delay 0 < t < %, W, =
W, w2, WHT is a 3-dimensional Brownian motion and f : R — R is a decreasing function
such that L < % where L is the global Lipschitz constant of f. The form of f can be determined
similarly as that in Example 5.1. By (5.6), we can easily obtain that the eigenvalues of A are

A = —2, A = =3 and A3 = —4. Moreover, the fundamental matrix is
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e 0 0
qD(t) — _2te—2t _ e—3t B e—3t 0 i
eT ef3t 4 e2 e—%z _ 6741 e74t
which implies that
1
oo | 2 Z Z\cb,, O] | <cCae =6 (5.8)

i=1 j=1

forallz>0.Set L < 3,7 <%, C4 =+/6and A =2, it follows that

~(0.854635 < 1.

CuLée - \/Ee%
A - 4

Applying Theorem 2.1, it is immediate that (5.6) and (5.7) possesses a unique globally attracting
stationary solution (random equilibrium) in the space C;.

Example 5.3. Finally, we discuss the following 3-dimensional stochastic system with distributed
delay and additive white noise, which is given by

0
dx(t)=| Ax(t)+h / G(s)x(t —s)ds dt +odW;, 5.9
T
with the initial value
xo=£& e C;. (5.10)

Here, A, o and W, are the same as that in Example 5.1, G(s) is a continuous matrix defined for
s € [—7,0] such that G;;(s) > 0 (or G;;(s) <0) forall s € [~7,0] and 7, j =1, 2, 3. In addition,
h : R3 — R3 is a monotone (or anti-monotone) function such that Lj, < %, where Lj, is the global
Lipschitz constant of /. Then, we can have that

0
L=< Lh/”G(s)”ds. (5.11)

Choose Lj, < %, SUp_; ;0G| =1, 7 < 2, Cia=+/Tand A = _ﬁ, it is evident that

Cple™ - TLyTter® - ﬁes%g
AT 2645

Thus, by Theorem 2.1, the stochastic delay system (5.9) and (5.10) admits a unique globally
stable stationary solution (random equilibrium) in the space C;.

~0.955172 < 1.
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Appendix A. Compactness of the pullback orbits and the integrability for their bounds

Proposition A.1. Assume that (H1) and (H2) hold. For any xo € Cy, there exists a tempered
random variable R(w) = R(w, xqo) such that

Sup”(p(tse—la)vxo) ||Cr = R(w)s (Al)
>0
where R(©) = R(@) \/ R(®), R(®) = sup;c0,rj@ R(0:—0) + lIxollc, and

E((!)) — CAe)ﬂ.' ’XO(O)‘ + CAe)»T sup {e—()»—CALe)wf)t ’2(97160) ’}
>0

0
e / AL (L | 200 ¢, +[ O] )au + [20@)] ¢,
—00

for all w € Q. Furthermore, y, (w) is relatively compact in C for all w € Q and xo € Cr, where
Yap (@) :={p(t,0_1w, x0)| t > u} for u > 0.

Proof. We shall first show the boundedness of the pullback trajectories and then prove their
compactness. N -

The first issue is to show that there exists a tempered random variable R(w) = R(w, xo) such
that

sup|le(t, 60, x0)| . < R(w) (A.2)
t>7

for all w € Q2. Observe that ¢(t, 0_;w, x9) = ¥z (6,,(0, Y0 (G,tw)) +zo(w). In order to prove (A.2),
we only need to show that for any xg € C;, there exists a tempered random variable R;(w) =
Ri(w, x¢) such that

sup
t>1

3(b-iw 300-)| < Ri@) (A3)

for all w € Q2. Using the variation of constants formula [31, Theorem 3.1], (2.9) and (2.10), it
follows that for all —7 <5 <0, ¢ > 7 and w € 2, we have
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y(t+5, 0, (o)
t+s

=®(1 +5) [ yo(w)](0) + / Ot +s —u)f(yu(a),yo(a))) —i—zo(eua)))du. (A.4)
0

Combining (A.4), (H1) and (H2), it is clear that

sup ’y(t +5, w, yo(w))‘

—7<5<0

< CAe)\.'L’ef)»l

t
[30(@]©)] + CaLe e / e (Iyullc, + llz0Gu)lic, )du
0

t

—i—CAe“e_M/eM|f(O)|du

0
t
— CAe)LTe—)ul [yo(w)](o)’ + CAe)L‘L'e—)\l\/\e)hu <L||ZO(9uw)”Cz =+ |f(0)|>du
0
t
+ CyqLeTe™™ / M lyullc, du. (A.5)
0
That is,
(@ y0@)]

t

[o@] O]+ Cae'* [ (Liza@olc. +]0)])du

0

S CAe),'L’

t

+CaLeT / M lyullc, du (A6)
0

for all > t and w € Q. Therefore, by the Gronwall inequality, we can easily see that

6“

y(@o@)| | =Caet

[y0(@)](0)] L
t

e / AL (L2 @), +] £ (O)])du, (A7)
0

and then
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e—(A—CALe“)t

S CA e}n‘f

(@, y0@)| [y0(@)]©)

Ce

t

+CAeAr/e—(A—CALeM)(t—M)<L||ZO(0ua))||cr+}f(())|)du. (A.8)
0

Note that for all 7 > 0 and € €, [yo (@) ](0) = x0(0) — z(—1, ) = x0(0) — z(f_;w). Since
the random variable z(w) is tempered with respect to 6 and %EM < 1, it follows that

31 (0, y0(6-1) |

T

S CA e)\.":

[30(6-1)](©) e~ ¢-—CateDr
1

4l [ (Lo, +| 7O )
0

< Cpe'® (’xo(())} + |Z(97IW)})€_(A_CAL6M)I

t

+CA6“/e_(k_CALeM)(I_“)<L||Zo(9u—zw)||cr + ‘f(0)|>d”
0

< Ca*"[x0(0)] + Cae* suple” ¢ (00|}
>0

0
+ Cpel” /E(A_CALEM)M (L | z0(6u) ”c, + |f(0)})du
—1

for all + > 0 and w € Q2. Define

Rl (Cl)) — CAe)»‘[ ’xO(O)‘ + CAe)ﬂ.' Sup{e—(K—CALe}»f)t ’2(97;60)‘}
t>0

0
e / OO (L z0@u0)| o, +]/O)])du, weR. (A9)
—00

it is immediate that (A.3) holds. Here,

0
/ e()"*CALe)‘T)u ||ZO(9uQ)) ||Crdu

—00

0
A

= / e z0(Buw) ||Crdu (n=x1—CaLe’™ >0)

—0o0
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—7<s<0

0
:/e”” sup |z(9u+xa))|du

0
S/e”” sup [e*%(”“)} sup {e%(”“)iz(euﬂa))”du

—1<5s<0 —1<5s<0

0
Se%’sup{egtk(@,w)” / e?'du (A.10)
t<0
—00
< 00,
which implies that R (w) is well defined for all w € 2.

Next, we will consider the temperedness of R;p. For this purpose, by (A.9), we only need to
prove that sup {e"” |z(9_ta))|} and f?oo e ||zO(9,,a)) ”C du are both tempered. For any § > 0,
>0 '

we see that

sup e*ﬁ\ﬂsup 67"”|Z(9—u o@,a))”]
teR u>0

< sup { e~ @I suple=@Ernu g, +tw)|}}
teR u>0

teR u>0

< sup | e~ CADI gupl g=@nml=uttl+Grl) o, +tw)|}}

< sup e*(‘sm’)lt||z(9[w)|]
teR

< 00, (A.1D)
which is due to the fact that z(w) is tempered, where § A n = min{§, n} > 0. Moreover, in order
to examine that fi)oo e ||zg(9uw) ||C du is tempered, by (A.10), it is sufficient to show that

suptso{eg’ |2(6,0)| } is tempered, which can be done by the same method in (A.11).

To show (A.2), it remains to prove that HzO(a)) || c is tempered. For any § > 0, it is obvious
that

—4]t|
pfe ol |

=sup{e5|’ sup |z(95+,a))|}

teR —1<s<0

gsup{e‘w sup e‘””"} sup e5|s+’|z(65+[w)|]}

teR —1<s=<0 —1<s<0
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< sup{e_‘w| |z(6’,a)) |}
teR

< Q.

Set R(w) = Ri(w) + |zo()| ¢, forall w € @, which leads to (A.2).

Secondly, we need to find a tempered random variable R (w) = R (w, xg) such that

sup (. 6-r@,x0) | < R(@). (A.12)

0<t<t

Forany 0 <t <1 and w € €, it is clear that

le@, 60—, x0)] .

= sup |x(t+s,0_0,x0)

—1<5<0

< sup |x(t+s,9_,a),xo)|+ sup |x(t+s,6_[a),x0)|

—1<5<0 —T=s=—1

<|le(r. 01w, x0) ||Cr + sup |x(t 45,00, x0)|
—T<s<—t
< |lo(z. 60—, x0) | ¢, + Ix0llc,- (A.13)

Furthermore, by (2.7) and (2.11), we have that

@(T, 0_0, x0) = yr (60—, yo(0—;®)) + 20(0: —r),

which together with Lemma 3.2 gives that ¢ (7, 6_;®, x¢) is continuous with respect to ¢ € [0, 7]
for all w € Q. Consequently, from (A.13) and (A.2), it is easy to see that

sup oz, -1, x0) | .

0<t<t

< sup ”ga(ﬂf,@fzw,xo)”cr + lIxollc,

0<t<t

= sup Q||so<r,9_tw,xo> I, + lxollc,

tel0,7]1N

sup  [l¢(z,0—¢ 00—y, x0)|| . + IIxollc,
te[0,71NQ

< sup RO o)+ xlc,
te[0,71NQ

2 R(w).

Here, sup, (0,10 0Q R(6: ;o) guarantees the measurability of R. In fact, we can also conclude
that R (w) is tempered. For any § > 0, it is evident that
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sup {e“sltlﬁ(@w)}
teR

= sup {e‘s" ( sup  R(Or—yp10) + ||xo||c,> ]
teR uel0,7]NQ

< sup { el sup  SlFTUH qup [378|T7u+t‘§(0r—u+tw)} + llxollc,
teR uel0,71NQ uel0,7]1Q

< sup STl sup e“sl"E(Gtw)} + |Ixollc,
uel0,71NQ teR

<% sup e_’slt‘ﬁ(etw)} + llxollc,
teR

< Q.

Therefore, let R(w) = max{R(w), R(w)} = R(w) \/ R(w) for all € €, it follows that (A.1)
holds.

Finally, we will verify the relative compactness of y; (@) in C; for all w € Q and xo € C-.
From (2.11) and the cocycle property, it follows that

75(@) = ¥ (7, 6-:0, 15 (0-r0) = 200 ) ) + 20(®). (A14)
Thus, by the boundedness of y)?o (60— w), it suffices to prove the mapping

Y (t,0_;w,e):C; — C;

is compact. Based on the Arzela-Ascoli theorem, we only need to check that for any bounded
subset B C C; and w € 2,

() Ufo ¥ (1, @, B) is bounded; and

(ii) all functions in ¥ (7, @, B) are equicontinuous.

Both can be obtained by the global Lipschitz condition and standard priori estimations, which
are omitted here. The proof is complete. 0O

Proposition A.2. Let R be defined in Proposition A.1, i.e.,

ﬁ(a)) = CAe)”r |x0(0)| + CAeM sup [ef()‘chLeh)l |Z(9_;60)|}
t>0
0
4 Cpet / o —CaLeu (L l206u) ] . + ’f(0)|>du + [z0@)] . -
—00

Then R € L\(Q, Z_,P; R").
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Proof. Since

t
(t,w) =z(6iw) = / Ot —u)odW,,
—0o0
which shows that z(e,w) : R — R” is continuous for all w € Q and z(z,e) : 2 — R" is
%_-measurable for all 7 < 0. From this and Lemma I1.2.1 in [34], we have that zo(few) : R = C;
is continuous for all w € Q and zo(6;e) : L+ C; is .%_-measurable for all ¢ < 0. Using Lemma
3.14 in [10], it is obvious that zo(6;w) : R; x Q> C; is B(R_) ® #_-measurable, which

together with Fubini’s theorem yields that R is .7_-measurable.
Next, we will prove that E|R | < 00. In fact, for any § > 0, we can assert that

E { supe® |W;| ] < oo.
1<0

Note that

E

L

i
-

sup ¥ | W/ |>

t<0

E (supe® W] ) <
t<0

E

Il

i
P

neN —n—1<t<-n

E sup e |W/|
0 —n—1<t<-n

1
2
e E sup W2
0 —n—1<t<-n

e (4]E(|Win_1 |2)) 2

sup  sup  e|W! |>

WK

n

o
M2

I
_
3
Il

L
M2

I
3
I

0

e n+1

WK

2m
0

n

< 00,

where we use Holder inequality and Doob’s martingale inequality. In what follows, define Cs =
E(sup,so S w, |) for any § > 0. By (2.8), it is immediate that

0
z(t, w) = / AD(—u)o Wyt (w)du + o Wi (w). (A.15)

—00
Write n = A — C4Le*™ > 0, we have
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sup{e_"’|z(9_,a))|}

t>0

0
<Al llo | sup 1 e~ / [ - [Wami @)du { + o sup{e™ | W (@)]}
t>0 >0

—00
0
< CallAll- llofsup ™" f | Wy (@) du § + o suple ™ | W- (@)
t>0 e >0

0
AA A
< Calal-lolisup e W-, @]} [ e¥au-+olsuple W]},
t>0 s >0

This implies that

E (sup{e_””z(étw)’}>

>0

2 A
< ~CallAl - llo||E <sup {e‘"T’iW_t<w)|}> +lloIIE (sup{e‘”’iw_t<w)|}>
>0 120
2
< ZCaCupll Al lloll+Cyllo |
< OQ.

In order to check R € L' (R, .Z_,P; R"), it remains to show that

0
E /eWHZO(Guw)”Qd” < o0

o0

and
E | zo(w) Hc, < 0.

By definition of || - [|c, and (A.16), we have

0
E / & 206, | o du

—7<s<0

o
0

=E /e”“ sup |z(u +s, w)|du
o
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0
=E /e%“ sup e%(”+s)e_%s|z(9u+sa))|du
o0

—7<s<0

fge%’E sup{e_%’|z(0_tw)|}
n >0
<0
and
E|zo@)],

=E[ sup |z(s,0)|

—7<5<0

<e"E| sup {e"s |z(95w)|}

—17<5<0

<eE sup{e_"’ |z(9_,a))|}
>0

< 00.
The proof is complete. O
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