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1. Introduction and main results

The aim of this paper is to study the following second-order Hamiltonian systems
i—Lt)u+Wy(t,u)=0, VteR (HS)

where u = (uq,uy,....uy) e RN, W e C'(R x RN, R) and L € C(R, RN*N) is a symmetric matrix-valued function. We usually
say that a solution u of (HS) is homoclinic (to 0) if u € C2(R, RN), u(t) — 0 and 1i(t) — 0 as t — =oc. Furthermore, if u = 0,
then u is called nontrivial.

In the applied sciences, Hamiltonian systems can be used in many practical problems regarding gas dynamics, fluid me-
chanics and celestial mechanics. It is clear that the existence of homoclinic solutions is one of the most important problems
in the theory of Hamiltonian systems. Recently, more and more mathematicians have paid their attention to the existence
and multiplicity of homoclinic orbits for Hamiltonian systems, see [1-21].

For the case of that L(t) and W(t, x) are either independent of t or periodic in t, there have been several excellent results,
see [1-3,7,8,12-16]. More precisely, in the paper [16], Rabinowitz has proved the existence of homoclinic orbits as a limit of
2kT-periodic solutions of (HS). Later, using the same method, several results for general Hamiltonian systems were obtained
by Izydorek and Janczewska [8], Lv et al. [12].

If L(t) and W(t, x) are not periodic with respect to t, it will become more difficult to consider the existence of homoclinic
orbits for (HS). This problem is quite different from the case mentioned above, due to the lack of compactness of the Sobolev
embedding. In [17], Rabinowitz and Tanaka investigated system (HS) without periodicity, both for L and W. Specifically, they
assumed that the smallest eigenvalue of L(t) tends to +oo as |t| — oo, and showed that system (HS) admits a homoclinic
orbit by using a variant of the Mountain Pass theorem without the Palais-Smale condition. Inspired by the work of Rabi-
nowitz and Tanaka [17], many results [4,6,10,11,14,15,18,20,21] were obtained for the case of aperiodicity. Most of them were
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presented under the following condition that L(t) is positive definite for all t € R,
(L(t)u,u) >0, VteRandueR'\{0}.

Motivated by [6,20], in this article we will study the existence of infinitely many homoclinic solutions for (HS), where
L(t) is not necessarily positive definite for all t € R and the growth rate of potential function W can be in (1, 3/2). The main
tool is the variant fountain theorem established in [22]. Our main results are the following theorems.

Theorem 1.1. Assume that L and W satisfy the following conditions:
(L1) There exists an o < 1 such that
I(0)|t]*? > o as |t| > oo

where [(t) := ul inf N(L(t)u, u) is the smallest eigenvalue of L(t);
u|=1,ueR!
(L2) There exist constants a > 0 and > 0 such that
(i) Le CY(R,RN*N) and |L' (O)u| < @|L(t)ul, ¥ |t| > Fand u e RN, or
(i) L e C2(R,RN*N) and ((L"(t) —dL(t))u,u) <0, V |t| > 7 and u e RV,
where L' (t) = (d/dt)L(t) and L" (t) = (d?/dt2)L(t); (W) W(t, u) = a(t)|u|” where a: R — R* is a continuous func-
tion such that a e [*(R,R), 1 < v < 2 is a constant, 2 < 4 < v and

2 1<v
s <V< =
p=13-2 2

<v<2

o0,

N W<

Then (HS) possesses infinitely many homoclinic solutions.
Remark 1.2. When we choose v e (1, %), it is easy to see that W satisfies the condition (W) of Theorem 1.1 but does not
satisfy the corresponding conditions in [6,20]. Furthermore, the constant p can be change in [2, V].

2. Preliminaries

In this section, for the purpose of readability and making this paper self-contained, we will show the variational setting
for (HS), which can be found in [6,20]. In what follows, we will always assume that L(t) satisfies (L1). Let A be the selfadjoint
extension of the operator —(d2/dt?) + L(t) with domain 2(A) c L2 = L2(R,RN). Let us write {E(A) : —oco < A < +oc} and
| A| for the spectral resolution and the absolute value of A respectively, and denote by |A|'/2 the square root of |.A|. Define
U=1-E(0)—E(-0). Then U commutes with A, |A| and |.A|!/2, and A =U|A| is the polar decomposition of A (see [9]).
We write E = 2(|.A|!/2) and introduce the following inner product on E

(. v)o = (|A"?u, |A]"20); + (u,v);
and norm
llullo = (u, u)g/?.

Here, ( -, -), denotes the usual L2-inner product. Therefore, E is a Hilbert space. Since e (R, RN) is dense in E, it is obvious
that E is continuous embedded in H! (R, RN) (see [6]). Furthermore, we have the following lemmas by [6].

Lemma 2.1. If L satisfies (L1), then E is compactly embedded in LP = LP(R,RN) forall 1 <pe (2/(3 —a), o].
Lemma 2.2. Let L satisfies (L1) and (L2), then 2(A) is continuously embedded in W22(R, RN), and consequently, we have
[ut)|] -0 and |u(t)]—0 as|t] > oo, Yuec2(A).

From [6], combining (L1) and Lemma 2.1, we can prove that A possesses a compact resolvent. Consequently, the spec-
trum o (A) consists of eigenvalues, which can be arranged as A; < A, < --- — oo (counted with multiplicity), and the
corresponding system of eigenfunctions {e, : n € N}, Ae, = Ane,, which forms an orthogonal basis in L. Next, we define

n~ =#{i|x; < 0}, n® =#{i|A; =0}, Ai=n"+n°
and

E- =span{e;,....e,}, E® =span{e, ,1....,e;} = KerA, E* =span{es.q,...}.
Here, the closure is taken in E with respect to the norm ||-||g. Then

E=E @oE°®E".
Furthermore, we define on E the following inner product

(W, v) = (|A]"?u, JA"20)2 + u°, 1),
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and norm
ull® = (u,u) = [[|A"?ull3 + )3,

where u=u" +u®+ut and v=v" +10+vt c E- ®EO @ E*. It is clear that the norms |-||o and ||| are equivalent by [6].
From now on, we will take (E, ||-||) instead of (E, ||-||g) as the working space without loss of generality.

Remark 2.3. We note that the decomposition E = E~ @ EQ @ E* is also orthogonal with respect to inner products (-, -) and
(-, ). Moreover, we will denote by E = E- @ E? @ E* the orthogonal decomposition with respect to the inner products (-, -)
unless otherwise stated.

Remark 2.4. Since the norms |-||o and ||-|| are equivalent, by Lemma 2.1, for any 1 <pe (2/(3 —«), o], there exists a
constant 8, > 0 such that

lullp < Bpllull. ¥ uek. (21)
where ||u||, denotes the usual norm of I? and B, is independent of u.
Let
o, v) = (JA|"2Uu, |A|Y*v), YuveE

be the quadratic form associated with A, where U is the polar decomposition of A. Given any u € 2(A) and v € E, we can
get

O, v) = / (i, ) + (L(Ow, v))dt. 2.2)
R
Note that 2(A) is dense in E, we have (2.2) holds for all u, v € E. Furthermore, by definition, it follows that
O, v) = ((P* = Py, v) = u*||? — f[u-||? (23)

for all u =u~ +u% +u* € E, where P*: E — E* are the respective orthogonal projections.
Combining (2.2) and (2.3), we define the functional ® on E by

D) = %/R(llullz+(L(t)u,u))dt—/RW(t, wydt
1 1,
=5 = 5 = [ W war (24)

1 1
— SN2 — S -2
= Sl 12 = Sl P - W,

where W (u) = [, W(t,u)dt = [ a(t)|u|"dt for all u =u~ +ul+ut eE=E @EO@E*.

Remark 2.5. From (W) with Lemma 2.1, we can easily see that ® and W are well defined. We will consider two cases as
follows.
Caseilf2 < u < oo, then

VW) = M;W(t,u)dt‘ = ‘/Ra(f)lul“dt‘
< (/R|a<r>|ﬂdr)‘]7(/l;|u|w*dt)‘3’*
— llalllullt,. = o

1,1 _ *
whereﬂ—i—,ﬁ_l,v,u > 1

Case ii If ;@ = oo, then |V (u)| < |lall]|lull} < oo.

Lemma 2.6. Let (L1), (L2) and (W) hold. Then ¥ e C'(E,R) and W': E — E* is compact, and consequently ® e C!(E,R). More-
over,

\I/’(u)v:/}R(Wu(t,u),u)dt=/]R(va(t)|u|”‘2u, v)dt (2.5)

' (wyy =W vh)—-Ww,v)-¥v v

=W vH)—-Ww,v) - /R Wy (t, u), v)dt (2.6)

forallu=u"+u®+ut and v=v~ +1° +v" € E- ¢ EQ @ ET. Moreover, all critical points of ® on E are homoclinic solutions of
(HS) satisfying u(t) — 0 and u(t) — 0 as |t] — oo.
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Proof. We first show that (2.5) holds by definition. If 2 < u < oo, then 1 < pu* < 2, where %-ﬁ- % = 1. For any given
u,v € E, by the Mean Value Theorem and the Hélder inequality, we have

1
‘/R[W(r,uw)—wa,u)_(wu(r,u),v)]dt‘ - ‘/R [/0 (wu(t,u+9u)—wu(r,u),v)de}dt

< zv/R|a<r>|<|u| + vl ]t

< zv/ la(0)] (Ju]*~" + v~ |v|dt
R

< 2v</ﬂ@|a(t)|“dt>%(/ﬂg|u
+2v(/l;|a(t)|ﬂdr)ﬁ(/R|v

1
W=Dy “*dt) "

1
’“‘*”dt) I

5 % ” 2+[L2’1;*}L*\!
< 2vflal( [ uac) * ([ wimac) T s 2vlallvl,
R R
= 2vllallully vl e+ 20 lalu vl
<208 e Nl luly ™ ol +20BL lall o] — 0,
asv—0inE (2.7)

where % > 1 and the second inequality holds by the fact that if 0 < p < 1, then (|a| + |b|)P < |a|P + |b|P, ¥ a,b e R.

If ;4 = oo, then similar to the proof of (2.7), we can obtain

[ W+ v) - wew - (Wae.w).v)Jde| = 2vlall (il + vl [ fviae
R R
< 2llall B Bl + WP DIIv] - 0. asv—0in E (28)

where the last inequality holds by (2.1) and B, 1 are constants there. Combining (2.7) and (2.8), (2.5) holds immediately
by the definition of Fréchet derivatives. Consequently, (2.6) also holds due to the definition of ®.

Next, we verify that U': E — E* is compact. Let u,—ug (weakly) in E, by Lemma 2.1, we have u, — ug in LP for all
1<pe(2/3—w),o0]. If 2 < u < oo, using the Holder inequality, we can obtain

1/ (up) — W' (uo) le= = sup || (W' (un) — W' (up))v|

lvl=1
= sup ‘/(Wu(t,un)—Wu(t,uo),u)dt’
=1 /=

< sup [(/RIWH(Lun)—Wu(t,uo)l“dt)“ llv]

vli=1

(2.9)
]

< B (/ Wi (t, ) — W (¢, u0)|“dt>ﬁ, VneN
R

where the last inequality holds by (2.1) and B} is the constant there, %-ﬁ- % = 1. Next, we will prove that Wy(t, uy) —
Wy(t, ug) in L* (R, RN). Observing that uy, is bounded in L*, then by the Jensen inequality, we have

/IWu(t,un)—Wu(t,uo)l“df fzwvﬂf|a(t)|u(|u”|u+|uow)dt
R
<2071k [ Ja() P (llunll + [luoll2 )dt
R

52“*11)“M/ la(t)|*dt
R

where M = 2 max{||ug ||, |lun||%, ¥V n € N}. Combining the fact that u, — ug in L* and the Lebesgue’s Dominated Conver-
gence Theorem,

1
(/ |Wi (t, up) —Wu(t,u0)|”dt) N 0, as n— oo.
R

Next, we will deal with the case of = oo (i.e. v > %), this part is mainly motivated by the proof of Lemma 2 in [14]. By
the Holder inequality, we have
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19 (un) — W' (up) |- < sup |:</R|Wu(t,un)—Wu(tsu0)|2dt>2”v”2:|

lvl=1

, (2.10)
< _ 24¢)°
< ,82</R Wy (t, up) — Wy (t, up)| dt) , VneN

We note that by Lemma 2.1, u, — ug in L20-D for v > % passing to a subsequence if necessary, it can be assumed that

o0
Z lun — toll2-1) < +0o0,

n=1
which implies that

00

D lun(t) —ug(t)| = g(t) € "V (R, R).

n=1
Since v > 3, then
fR Wy (t, un) — Wy (t, u0)|2dt = / 2V2|a(t)|2(|un|2(vi1) + |u0|2(V71))dt
< [ 2021a(®)P @23y — up POV 4 (2273 4 1) o 20yt
R
<2212 al, [ (8P + fuol2 e
R
. 2(v-1 2(v-1 —

<2212l (IgI200) + B20 D luo 20 Y)

Applying the Lebesgue’s Dominated Convergence Theorem, we have

1
(/ |Wu(t,un)—Wu(t,u0)|2dt)z -0, as n— oo
R

Consequently, W' is weakly continuous, and so W’ is continuous. Therefore ¥ € C!(E, R) and hence ® e C!(E, R). Moreover,
W’ is compact due to the weak continuity of W’ and the fact that E is a Hilbert Space.

Finally, we will prove that all critical points of ® on E are homoclinic solutions of (HS). By the standard procedure, we
can see that any critical points of ® on E satisfy (HS) and u € CZ(R, RN). We note that if 1 < v < % then 2 < u < ﬁ For
M =2, by (HS), we have

lAu|3 = / Wa(t, u)2dt
<12 [Juf20-D) / Ja(t) Pt (211)
R
< V220D |y 20D f la(0)|Mdt < oo.
R

In the case of 2 < u < 3%, then

lAul} = / Wi (¢, u) Pt
R

2 1
u2(/ |a(t)|ﬂdt)“ (/ |u|2ﬂ<v—1>dr)“
R R B
_ n
vl ([ lawa)
2
_ _ "
VB e ([ o) < o,
where l%-i- % =1and 2/i(v —1) = 1 because of u < 54-. If 3 <v <2, combining the fact that 2(v — 1) > 1 and Hélder

inequality, similar to the proof of (2.11) and (2.12), we can get the same result. Consequently, u € Z(A) and hence u is a
homoclinic solution of (HS) by Lemma 2.2. The proof is complete. O

IA

(2.12)

IA

In the next argument, the following variant fountain theorem will be used to prove our main results. Let E be a Banach
space with the norm ||| and E = @y X; with dimX; < co for any j e N. We write Y = @’j:l Xj and Z; = @;_ X;. The
C'-functional &, : E — R is given by

O, (u) :=A(u) —AB(u), Xrell,2].

Theorem 2.7 ([22], Theorem 2.2). Assume that the functional ®; defined above satisfies

(F1) @, maps bounded sets to bounded sets uniformly for A € [1, 2]. Furthermore, ®, (—u) = &, (u) for all
(A u)e[1,2] x E
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(F2) B(u) > 0; B(u) — oc as ||u]| — oo on any finite dimensional subspace of E;
(F3) There exist p, > r, > 0 such that

ag(A):= inf &, () >0>b(A):= max D), VAiell,2]
ueZ, ||ull=px uey, llull=r
and
dy(A) ;= inf &, (u) - 0 ask— oo uniformly for A €[1,2].
ueZy, |lull<px

Then there exist An — 1, u,,, € Yn such that
@) Iy, () =0, @, (u;,) = ¢ € [d(2), b ()] as n— oo

In particular, if {u,, } has a convergent subsequence for every k, then ®; has infinitely many nontrivial critical points {1}
€ E{0} satisfying @1 (uy) — 0~ as k — oo.

In order to make use of Theorem 2.7, we consider the functionals A, B and @, on the working space defined E =
7(|A|"?) by

1 1
AW = 31w, B = 5w [P+ [ W (213)
and
1 1
®; (1) = A(u) ~ AB(w) = o [u*]|? - /\(illu*IIZ + /RW(t, u)dt) (2.14)

for all u=u=+u%+ut cE and A e [1, 2]. By Lemma 2.6, it is clear that ®; € C'(E,R) for all A € [1, 2]. Let X, :=
Re; =span{e;}, j € N, where {e;, j e N} is the system of eigenfunctions and the orthogonal basis in L2 below Lemma 2.2.
Furthermore, it is evident that ®; = ®, where ® is the functional defined in (2.4).

3. Proof of theorems

Lemma 3.1. Let (L1), (L2) and (W) hold, then B(u) > 0. Moreover, B(u) — oo as ||u|| — oo on any finite dimensional subspace
of E.

Proof. By definitions of the functional B and (W), B(u) > 0 holds obviously. Next we will prove that B(u) — oo as ||u|| —
oo on any finite dimensional subspace of E. First we claim that for any finite dimensional subspace F C E, there exists € > 0
such that

meas{t e R: a(t)|u)|” = ¢|lu||’} = e, VueF\{0}. (3.1)
The proof of (3.1) is very similar as that of [18]. We omit it here. Now, let

Qu={teR:a®)u®)|’ =>e¢lull’}, VueF\{0}, (3.2)
where ¢ is given in (3.1). From (3.1), we can obtain that

meas(2,) > €, VY ueF\{0}, (3.3)

Combining (W) and (3.3), for all u € {0}, we can see that
B(u) = %Hu‘llz—s—/W(t,u)dt
R
> [ @) G4
Q

> g||ul["meas(Qy,) > £2||ul|”.

This implies B(u) — oo as ||u|| — oo on any finite dimensional subspace of E. If ;& = co, similar to the case of 2 < u < oo,
by the standard procedure, we can prove that there exists £; > 0 such that

meas{t e R:a(t)|u(t)|” = e1|lull"} = &1, VY ueF\{0}. (3.5)
Therefore, by (3.4), we can conclude that B(u) — oo as |[u|| — oo on any finite dimensional subspace of E. The proof is
complete. O

Lemma 3.2. Under the conditions in Theorem 1.1, then there exists a sequence p, — 0% as k — oo such that

aX):= inf &,u)>0, Viell,2], k=n+1,
ueZy |lull=px

and
de(A):= inf &, (u) -0 ask— oouniformly for A €[1,2].

uezy. |lull=px
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where Z; = B;_ X; for all k e N.

Proof. By the definition of i1 below the Lemma 2.2, we can know that Z, c E* for all k > 71 + 1. Therefore, for all k> n+1,
from (W) and (2.14), it follows that

1
0w = 5l =1 [ Wit.ude
R
1
> 5lulP =2 [ Wit wde (36)
2 R
1
= 2l _2[ a©)lul’dt. ¥ (u) e [1.2] x Z.
R
If2 < p<oo letn:= sup |ully, where %+ % = 1. By Lemma 2.1, we can conclude that n, — 0 as k — oo.
ueZ.||ull=1
Therefore, combining (3.6) with (W), we have
1 1
D, (u) = EIIUII2 = 2[lallxllully,- = EIIUII2 =2 llallullull”, ¥V (w) e [1,2] x Z. (3.7)

Let oy := (81, ||a||ﬂ)1/(2’”), the rest of proof is very similar as that of [18]. We omit it here. For the case of y = oo, similar
to the above procedure, the same result can be obtained. We omit it here. The proof is complete. O

Lemma 3.3. Assume that (L1), (L2) and (W) hold, then for the sequence {py}icy Obtained in Lemma 3.2, there exists a sequence
{re}ken Such that py > r, > 0 for V k e N and

by(A):= max &;(u) <0, Viell,2] (3.8)

ueYy, [|ull=ry
where Y}, = @’j:l Xj =span{ey,.... e} for V keN.

Proof. For V k e N, it is clear that Y} is a finite dimensional subspace of E. Therefore, for VA € [1, 2], from (W), (3.2),
(3.3) and (3.5), let ¢g = min{e, &1}, we have

1 1
@) =5l =2l P+ [ W)
1||u||2f/w<r,u>dt
2 A
sf||u||2—/ a(t)|ul dt (39)
2 Qu

1
illull2 — &olull"meas ()

IA

1
55”“”2—8(2)”“”“, YueY,keN.
2
For V k € N, we choose 0 < 1, < min{py, &5 }. From (3.9), an easy computation shows that

2
by(A) := max QA(u)g—%<0, V keN.

ueYy, [lull=ry
The proof is complete. O
Next we will present the proof of our main result.

Proof of Theorem 1.1. Combining Remark 1.2 and (2.14), it is clear that the condition (F1) in Theorem 2.7 holds obviously.
By Lemma 3.1, 3.2 and 3.3, we can easily see that conditions (F2) and (F3) in Theorem 2.7 hold for all k > 1+ 1. Conse-
quently, from Theorem 2.7, for all k > n+ 1, there exist A, — 1, u, € Yy such that

@;Jyﬂ (uk") = O, q))u,, (U;L") — Ck € [dk(Z), bk(l)] as n — oo. (310)

In what follows, the fist step is to show that {u; } is bounded in E. For the case of 2 < u < oo, since q);n|yn (u,,) =0,
by (2.6) and (2.14), we have

@4, s uf, = Nt 1P = [ (Walt, )5 )t =0 (3.11)
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Therefore, using (W) and the Hélder inequality, it follows that

[ C— / (Wat.w,). uf )dt
R

<2 [ Jao)ljus, " uj, lde
[R n

=2 |a<t)|ﬂdt)%( [ 1w,

vl

<2 2de) * (] |uf |
=2vlallu( [ lus,l |uy, |77

_ “1[p+

= 2vllallllw, 1 Mg e

< Mallallllu;, 1Y

u*(v—1)|uj\r
n

1
* nr
: dt) (3.12)
24+p*—p*v
2

for some M; > 0, where %-ﬁ- % =1, % > 1 and the last inequality holds because of (2.1). Furthermore, combing

(2.6) with (3.10) and the Hélder inequality, we have

1
-P,(wy,) = ECD/A,JY,. (U, )5, — P, (uy,)

Vv
(1= ) [l at
1
z—,1xn<1—3)/ la(t)|ju; +ud |“dr—xn<1—3>/ la(t)|u; |Vdt
2])2 2 R n n 2 R n

& Vv _ %
= o (1= )l + 1, I = A1 = 2) |

(3.13)

vV
v

where the last inequality holds by the fact that dim(E~ @ E9) < oo and (3.1). Note that 1 < v < 2, then (3.12) and (3.13) im-
plies that {||uj{n I} is bounded. Next, we just have to show that {||u;m + ug’m [I} is also bounded. Consequently, from (3.13) and
(2.1), we get

lluy, +ud 1" < ~Ma®;, (uy,) + Ms]|u |

v <= —Ma®; (u;,) + Malluy |1 (3.14)

for some positive constants M,, M3 and M,. Notice that {||uxrl I} is bounded, by (3.10), we can conclude that {||u;n + u(>)»,1||}
is also bounded. Therefore, there exists Ms > 0 such that |Ju;_||? = IIUL 12 + ||an + ugn I < Ms, ie. {uy,} is bounded in E.
Finally, we prove that {u, } has a strong convergent subsequence in E. The proof of this assertion can be accomplished
as that of [20]. We omit it here.
Now by the last conclusion of Theorem 2.7, we obtain that ® = ®; has infinitely many nontrivial critical points. Conse-
quently, (HS) possesses infinitely many homoclinic solutions by Lemma 2.6. The proof of Theorem 1.1 is complete. O

Remark 3.4. In this paper, we have considered the existence of infinitely many homoclinic solutions for a class of sub-

quadratic second-order Hamiltonian systems, where 1 < v < % is allowed. We view this result as merely one first step in

the theory for the case of 1 <v < % there are still many problems to pursue. For example, when 1 < v < % the upper

bound of © whether can be oo, what we will discuss in the future study.
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