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A New Approach to Stability Analysis for
Stochastic Hopfield Neural Networks
With Time Delays

Xiang Lv

Abstract—This article is devoted to the existence and
the global stability of stationary solutions for stochastic
Hopfield neural networks with time delays and additive
white noises. Using the method of random dynamical sys-
tems, we present a new approach to guarantee that the
infinite-dimensional stochastic flow generated by stochas-
tic delay differential equations admits a globally attracting
random equilibrium in the state-space of continuous func-
tions. An example is given to illustrate the effectiveness
of our results, and the forward trajectory synchronization
will occur.

Index Terms—Random dynamical systems, stability,
stationary solutions, stochastic delay neural networks.

[. INTRODUCTION

HE analysis of stability in artificial neural networks plays
T an important role in the control theory, due to its many
applications in physics, ecology, biology, and engineering, such
as image recognition and stock market prediction. During the
past 35 years, the study on the dynamics of neural networks
has advanced greatly. Among the existing works, one of the
most popular models was proposed by Hopfield [28], which can
be described by the following ordinary differential equations
(ODEs):

dai(t) zi(t) |~ .
@ :_TiJFZTijgj(wj(t))Jth i=1,...,n
ey

on t > 0, where n > 2 is the number of neurons. Here, the
variable x;(t) represents the voltage on the input of the ith

Jj=1
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neuron; C; > 0 and R; > 0 are the input capacitance and re-
sistance associated with the 7th neuron, respectively; I; is the
constant external input; the matrix T = (7; i )nxn shows the con-
nection strengths between neurons; and g; are neuron activation
functions. Motivated by [28], Hopfield neural networks have
been widely studied and applied to many areas, such as signal
processing, pattern recognition, combinatorial optimization, and
associative memory; see, for examples, [13], [15], [34], [38],
[51].

In the pioneer work [28], neurons are assumed to communi-
cate and feedback instantaneously. With the in-depth research,
time delays are introduced in various models, due to the finite
switching speed of amplifiers, the axonal signal transmission
time, and the distance between neurons, which may lead to
some undesired dynamical behaviours of neural networks, such
asinstability and oscillation. Therefore, the global stability prob-
lem for delayed neural networks has attracted a lot of attention;
see [2], [3], [8], [9], [11], [12], [17], [20]-[23], [25], [27], [37],
[40], [41], [44], [45], [52], [53]. They mainly considered the
following system of delay differential equations (DDEs):

c, dri(t) _  wi(t)

dt R;

+ZTijgj(l‘j(t—7‘j)) +L,i=1,...,n.
j=1

2

Besides the effect of time delays, Hopfield [28] pointed out
that “...the time evolution of the state of such systems should
be represented by a differential equation (perhaps with added
noise)” (p. 3088). Actually, in real nervous systems, the synaptic
transmission between neurons is a noisy process due to random
fluctuations from the release of neurotransmitters and other
causes, see [26]. Contrary to intuition, in some nonlinear systems
driven by weak inputs, noise generated externally or intrinsically
may have beneficial effects to spontaneous activity [19] and
stability of neural networks [4], [5], [39]. Therefore, one of the
main concerns in the study of neural networks is to consider the
presence of the noise and the global stability of stochastic neural
networks, which has received considerable attention in the past
few years, such as [4], [5], [7], [10], [29]-[31], [39], [48]-[50].

In [6], [29], the authors pointed that the external drive can
be decomposed into a constant input and a white noise term,
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such as (14) and (52) in [6]. Moreover, evidence for such ran-
domly fluctuating inputs has been found in experimental studies
of oscillations in the olfactory bulb [24]. Motivated by their
works, this article is devoted to investigate the global stability
of stochastic Hopfield neural networks with time delays

(1) <
Cidx;(t) = %()JFZTijgj(xj(t 7)) + I; | dt
1 j=1
+Zaijdwj(t), i=1,...,n (3)

j=1
where the external input /; in (2) is perturbed by the Gaussian
noise /; — I; + 377, 0:;W;(t). Ttis well known that in the ex-
isting literature, the analysis of the global stability for stochastic
functional (or delay) differential equations is mainly based on the
construction of Lyapunov functions; see [35], [42]. Especially,
for various stability of trivial stationary solutions for stochastic
delay neural networks, there have been a lot of related results;
see [4], [5], [10], [30], [31]. The main purpose of this article is to
study the existence and the global stability of nontrivial station-
ary solutions for (3), based on the theory of random dynamical
systems (RDS). Therefore, there are two main difficulties. One
is that the method of constructing suitable Lyapunov functions
cannot be applied here. The other is that the fundamental theory
of the infinite dimensional random dynamical systems generated
by (3) is incomplete. To the best of our knowledge, up to now,
there are no results on the existence and the global stability of
nontrivial stationary solutions for (3). The main contributions of
this article are summarized as follows.

1) Motivated by our recent works [32], [33], the main pur-
pose of this article is to further develop the methods pre-
sented in [32], [33], and apply them to consider the global
stability of stochastic DDEs (SDDEs). However, this is
not an easy job. The main reason is that the classical theory
of random dynamical systems established by Arnold [1]
is mainly for processing stochastic ODEs, which is finite
dimensional. In this article, we shall first develop the
theory of infinite dimensional random dynamical systems
generated by (3), such as the continuity of the pull-back
trajectories, the measurability, and the compactness of
some random sets; see Appendix A. Moreover, since the
state-space (' is an infinite dimensional Banach space,
we need to deal with the compactness and the positive
cone CF is not a strongly minihedral cone.

2) For SDDEs with additive white noises, we will give a new
program to prove the existence and the global stability of
nontrivial stationary solutions (random equilibria) in the
space of continuous functions. In contrast, we do not need
to construct some proper Lyapunov functions.

3) Some explicit conditions are given to guarantee the global
stability of (3), which are easy to verify.

Notations: Throughout this article, R™ denotes the n-
dimensional Euclidean space, R’/ denotes its non-negative or-
thant, and R™*"™ denotes the set of all n x m-dimensional real
matrices. For any vector € R and matrix A = (a;;)nxm €
R™ ™ define the Euclidean norm |z|:= (37, |z;?)'/2

and [|A|l = (3271, D00 la;;j|?)}/2. For all z,y € R", x>
y means that x —y € R}, X denotes a complete separable
metric space (i.e., Polish space) equipped with the Borel o-
algebra #(X). Let 7 = maxj<;<, 74, Cr := C([-7,0];R")
denote the Banach space of continuous functions £ : [—7,0] —
R™ equipped with the norm ||{|lc, = sup_,<,<q|&(s)|. Let
W (t) = (Wi(t),...,Wn(t))" be an m-dimensional two-sided
Brownian motion on the canonical probability space (2, . %, P).
Here, .7 is the Borel o-algebra of 2 = Co(R,R™) = {w =
(Wi, wa, ..., wm,) € C(R,R™), w(0) = 0}, which is equipped
with the following metric:

— ’fl—l—kaw)
where

o (w,w”) = Jnax |w(t) —

w'(t)]
and P is the corresponding Wiener measure.

[I. PROBLEM FORMULATION AND PRELIMINARIES

In this section, we consider the following SDDEs with addi-
tive white noise:

il "
Cld:vl(t) = _"E]%() + ZTijgj ((L’j(t — Tj)) +IZ dt
T le
+ oudW(t),  i=1,...n @)
j=1

with the initial condition x(s) = £(s) for all s € [—7, 0], where
T =max<;<, 7; and { € C([—7,0]; R™). System (4) can de-
scribe the evolution of a neural network under stochastic per-
turbations, where the time delay of information transmission
between neurons is supposed to be independent of the state and
the time. Define

L ST/ A )
ai*CiRiv bz]*Civ Uzyfcia difcl
and then system (4) can be rewritten as
da(t) = [—Ax(t) + h(x,)|dt + odW (1) (5)
where ©; = {z(t + s) : =7 < s < 0},
A= diag(alv R an)a l’(t) = (xl(t)a ce wrn(t))T
B = (bij)nxnv g(l') = (91(1'1)7 cee agn(xn))T
f(x) = Bg(x) + d, h(x;) = fl(@1(t = 1), .., @n(t = 70))"]
o= (6ilj)n><m; d= (dl? ) dn)T
W) = (Wi(t), ..., W ()T

Before stating our main results, we present some basic defi-
nitions; see [1], [14].
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Definition 1: A quadruple (Q, 7, P, {6;,t € R}) is called a
metric dynamical system if 6 is a measurable flow

HIRXQHQ, eo:id, 9t206t1 :9t1+t2

for all ¢1,t2 € R, which is (ZA(R) ® %, .#)-measurable. In
addition, we assume that 6, = IP for all t € R.

Definition 2: An random dynamical systems (RDS) on
the state-space X induced by a metric dynamical system
(Q,7,P,{0;,t € R}) is a mapping

PR XxOXx X=X, (tw,z)— o(t,w, )

whichis (B(R;) ® F @ B(X
for any w € €,

1) ¢(0,w,-) is the identity on X

2) p(t1 + to,w, ) = @(ta, O, w, p(t1,w,x))  for  all
t1,to € Ry and z € X;

3) the mapping ¢(t,w, ) : X — X is continuous for all ¢ €
R+.

Definition 3: A family {D(w),w € Q} of nonempty subsets
of the state-space X is said to be a random closed (respectively,
compact) set if for each w € €Q, it is closed (respectively, com-
pact) and w — d(z, D(w)) is measurable for each x € X . Here,
d(x, B) is the distance in X between point z and the set B C X.

Definition 4: A random variable v : @ — X is said to be
an equilibrium of the RDS (0, ¢) if for all ¢ > 0 and w € €,
o(t, w)u(w) = u(Grw).

Definition 5: Let X be a Banach space with a closed convex
cone X, which gives a partial order relation on X viax <y
if y—x € X,. An element x € X is called an upper bound
for a subset A C X if y <z for all y € A. An upper bound
xo is called the least upper bound (or supremum), denoted by
xg = sup A, if g < x for any other upper bound x. Moreover,
lower bound and the greatest lower bound (or infimum) can be
defined similarly.

In this article, we assume the following.

1) fi :R™ = R is globally Lipschitz continuous with
Lipschitz constant L;, monotone (or anti-monotone),
|fi(z)] < M;, Yo € R™ for some constant M; > 0 and
VAL 1, where L = \/nmax; <<, L; is the global Lip-
schitz constantfor h : C'; — R™and A = minj<;<,, a; >
0.

Here, monotone means that

), #(X))-measurable such that

r<gry = f[f(z)<ry fly), Va,yeR"
and anti-monotone means that
r<gyry = [f(@)2re f(y), Vz,yeR”

where x <r» ¥ stands for y — 2z € R’}. Moreover, f can be
seen as sigmoidal functions, which have been widely used in
the engineering literature; see [16], [18].

Next, set y(t,w,xg — 20(w)) = z(t,w, x¢) — z(fw) for all
w € Q, where z(t,w, x() is the solution of (5) with the initial
value zo € C; and
t

z(t,w) = z(biw) = / exp{—A(t — s) }adW (s)

is the Ornstein—Uhlenbeck process, i.e., the stationary solution
of SDEs

dz(t) = —Az(t)dt + odW (t).

Here, the shift operator 6 is defined by 6;w(e) = w(t + o) —
w(t) forallt € R andw € . Using the standard method, define
p(t,w,x0) : Ry x Q x Cp — C; by

p(t,w,xo) := x(w, z9) = Yt (w,:co - zo(w)) + z(w)  (6)

where z(w, zo) = {x(t + s,w,x0) : —7 < s < 0}, yr(w,yo)
={y(t+s,w,y0) : =7 < s <0} and z(w) = {z(Orysw):
—7 < s < 0}; itis easily seen that y satisfies the corresponding
random functional differential equations

d
d—zz = —Ay+ h(yt + zt(w)) (7
with the initial value
Yo(w) = T — 20(w) ®)

and then ¢ is an RDS generated by (5) in C..
For ¢t > 7 and —7 < s < 0, using the variation of constants
formula [42, Th. 3.1], one can have that

So(tv W, 1’0)[8]

= e A 20 (0) + e

t+s
= e A0 2 (0) + / eiA(HS*“)h((p(u,w, 0))du
0

t+s
+ / e AUt WadW,, t+s>0 9)
0

where x(s) := z(s). Combining the definition of 6 and (9), it
follows immediately that for all ¢ > 7,

o(t, 0w, xq)[s]

:e—A(t+s)x<O)+/ e—A(S‘“)h(@(u—i—t,H,tw,xo))du

—t

+/ e A edW,, t+s>0. (10)

t
At the end of this section, motivated by the recent work [32],
we will define an important characteristic operator associated
with (10), which is defined by

S

K )s0)= [

S

e A=W aqw,

(11)
forall -7 < s < 0andw € Q. Here, r : 2 — R"™ is a tempered
random variable with respect to the ergodic metric dynamical
system 0, i.e.,

e—A(S‘“)r(Guw)du 4 /

o0 —00

sup {e‘wl |r(9tw)|} < oo forallwe Qand~y > 0.
teR
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By (Al), it is easy to see that the operator K is well defined
and [K(r)](s,w) is continuous with respect to s € [—7, 0] for
all tempered random variable r and w € €.

[ll. MAIN RESULTS

In this section, we will use the approach of random dynamical
systems to establish some useful inequalities in the sense of
partial order, which play the key role in the presentation of the
dynamical behavior of stochastic flow ¢ generated by (5). For
our purpose, we introduce the partial order <+ in the way

§§CT+77 77_660;'_

where Cf ={¢|€ € Cr,&(s) > 0,i=1,...,n,Vs€[-T,0]} is
a solid normal minihedral cone in the Banach space C';.

Lemma 3.1[43, LemmaA.2]: Let (x¢).er, isanetinanormed
space X associated with a solid, normal cone X | C X. Suppose
that the net converges to a point z € X, and that

—

x; i=inf{zy : ' >t} and z; :=sup{ay :t >t}

exist for every ¢ € R... Then, the nets (z; )ser, and (z;)scr,
also converge to x.
Lemma 3.2: For any t > 7, let

ol (w) = inf {h ((u,0_yw,x0)) : u >t}
= inf{h (o(u,0_,w,xz0)) : u >t}

and

By (w) = sup {h (p(u, 0w, 20)) - u > t}
= sup{h (¢(u, _yw,x0)) : u >t}

where xg € C; and w € Q. Then, af (w) and B! (w) are F_-
measurable random variables forallt > 7, where #_ = o{w —
Wi(w) : t < 0} is the past o-algebra.

Proof: For any t > 7, by (Al) and Proposition 1 in the Ap-
pendix, it is clear that {h(¢(u, 0_,w, x0)) : u > t} is a compact
set in R”, it follows that o’ (w) and 3}(w) are well defined for
all w € Q and t > 7. Here, we use the fact that inf A = inf A
andsup A = sup A, where A is abounded setin R™; see Lemma
A.1 in [43]. Moreover, by Proposition 2 in the Appendix, it is
easily seen that

u > h(p(u,0_,w,x0)) is continuous

from R into R™ for all w € Q2 and 2y € C;. The rest of the

proof can be followed by the same arguments in [33, Proposition

3.5]; we omit it here. The proof is complete. |
Lemma 3.3: Assume that (A1) holds, we have

[K(limgh(e))](e,w) < [limgep](e,w)

< [im’ ] (e, w) < K k()] (e, w)
(12)

for all w € €. Here, < means <+

[limyp](e,w) := th—>nc>10 inf{p(u, 0_yw,x0)[0] : u >t}

[E%](.,w) = tlirglc sup{¢(u, 0_yw, xo)[e] : u >t}

limgh(p))(w) := lim inf{A(p(u, 0-uw, z0)) : u >t}
and
[mah(go)](w) = tli_)nolc sup{h(e(u,0_,w,xz0)) : u >t}

forallw € Qand zq € C..

Proof: In order to show that (12) holds, we need to prove three
inequalities. For simplicity, we only prove the first inequality
in (12), and others can be obtained similarly. By Lemma 3.2,

we can immediately have that lim,h () and mﬁ’h(@) exist,
which are two .#_-measurable random variables. Moreover,
using Proposition 1 and 2 in the Appendix, it is clear that
{o(t,0_4w,x0) : t > 7} is a compact set in C and for any
we Nand zg € C;

u > o(u, 0_,w, ) is a continuous mapping

from R4 into C, which together with Proposition 1.5.3 and
Theorem 3.2.1 in [14] implies that limyp : Q@ — C' is a well-
posed .%_-measurable function, and the same conclusion holds
for M%. Besides, combining (11), Proposition 3.3 in [33], and
Fubini’s theorem, we can show that [[C(limyh(p))] : Q@ — C;
is also an .%_-measurable function. Here, the well-posedness of
[K(limyh(e))] is based on the assumption that i : C; — R™ is
bounded, and so limyh () is uniformly bounded with respect to
all w € Q. According to Proposition 3, it follows immediately
that

[K(limgh(e))](e,w) =

t

Lm [K(a!)](e,w) in C;.
This implies that we only need to prove that for any ¢ > 7, the
following inequality

[K(ai)](e,w) < [limyp](e,w) in Cr (13)

is true for all w e ). At the same time, by (Al), it is
evident that h(§) € [-M, M] for all £ € C;, where M =
(My,...,M,)" € intR’} . Now, let us begin to prove (13). By
Proposition 4, it is obvious that for any ¢ > 7, we have

[K(af)](e,w)

= / e AW inf{h (o(v, 0_y0,20)) : v > t}(Ouw)du

.

= lim
t—o0
t>t+7

{h (@(Ua 97U+uw7x0)> +M:v> t}du

- / e AT M du + / ~ef“<'“>aqu}
—t —t
e—A(o—u)

:I;e:T: lim inf{e_A(Z"")x(O) +/ i

t—00 t—t
t>t4r

{h (p(v,0_piuw,z0)) + M : v > thdu

e A=W gqw,

{e—A(t~+o)x(0) + / e—A(o—u) inf
t—t

inf
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Sl
+n

—/ eiA('fu)Mdu—F/ e AW adW, 1L > }

t

t

S AR
o0 t—t
t>t471

[h (‘P(E‘f' u, 0_jw, xo)) + Mldu — / e~ A=) M du

—t

N

+/~67A('7“)aqu ot > }

t

< lim inf{eA<f+'>a:(o)+ / e~ Al

t—o0 i
t>t471

[h (ot + u,0_jw, x0)) + M]du — /~e_A('_“)Mdu

—t

+/ e A Wgdw,, 1> t:}
7

= lim inf {go(f, 0_;w,x0)[e] : t > g} = [limyp](e,w)

t—o0

for all w € ), where the second-to-last inequality holds due
to that e A4tz >0 for all t >0 and z € R?. The proof is
complete. |

Remark 1: In this lemma, we remove the positivity of h, which
is weaker than that in [32].

Lemma 3.4: Assume that (A1) holds. It follows that for all
w e Q,

1) If f is monotone, then

h(limgep) < limyh(p) < Tm’h(p) < h(m’p). (14)
2) If f is anti-monotone, then
h(im’ ) < limgh(p) < Tm' h(p) < h(limgp). (15)

Proof: By Lemma 3.3, it is easy to check that lim,¢ and

M% are well defined for all w € . The rest proof is similar
to Lemma 3.4 in [32]; we omit it here. [ |
Lemma 3.5: Assume that (A1) holds. Define the operator X"
to be h o KC, which means that [IC"(r)](w) = h{[K(r)](e,w)}
for any tempered random variable 7, thus
1) If f is monotone, then forall ¢t > 7,w € Qand k € N,

[(K")* (a)](w) < [limgh(p)](w)

< [fim h(p)) (@) < [(K")*(81)] ().
(16)

2) If f is anti-monotone, then forall t > 7, w € Q and k €
N,

(K" (a)](w) < [limph(p)] ()
< fim n(p)) (@) < (K" (80)](w)-

(17)
Proof: The proof is similar to Lemma 3.5 in [32]; we omit it
here. [ |

Lemma 3.6: Assume that (Al) holds. Furthermore, let
M (Q;[—M, M]) be the space of all .Z_-measurable func-

tions 7 :Q — [-M, M], where M = (My,...,M,)T is a
strongly positive vector in R’ such that h(§) € [-M, M] for
all ¢ € C,. Next, we define a metric on MY, (Q;[—M, M]) to

be

d(ri,m9) = |r1 — ra|e = sup |11 (w) — ro(w)]
we

where 71,72 € MY (Q;[—M, M]). Therefore, we have that
(Mf’%, d) is a complete metric space and the operator K" :=
hokK : MY% — MY isacontraction mapping.

Proof: Using the same arguments in [32, Lemma 4.1], it
is easy to see that (Mbyi,d) is a complete metric space. In

order to prove the conclusion, we first need to show that the
operator K" := h o K : M% — MY is well defined. For any

re ./\/lbgi, it is clear that [KC(r)](e,w) = {[K(7)](s,w), —7 <
s <0} € C, for all w € Q2. Moreover, set

KOMew) = [ Ao+ [

—00 —00

t t

e A=Y G qw,

(18)
for all w € ), which is also continuous with respect to
t € R_. Note that 0 : R_ x Q+— Q is (BR_) @ F_,.7_)-
measurable; see Proposition 3.3 in [33]. Combining this and
Fubini’s theorem, we can easily have that [KC(r)](¢, ) is .7_-
measurable for all t < 0 and r € MY, ~, which together with
Lemma I1.2.1 in [46] implies that the mapping

wr— [K(r)]e(o,w) = {[K(r)](t + s,w),—7 < s <0}

is .%_-measurable from € into C, for all ¢t <0, where
[K(r)](t + s,w) is defined as (18). Let t = 0, it follows that

w— [K(r)]o(e,w) = {[K(r)](s,w), =7 < s <0}

is (.Z_, B(C;))-measurable. Furthermore, since i : C; — R"
is continuous, then it is immediate that K" : M% — MY is
well defined.

Finally, we will show that the operator K" : M% — MY

is contracted. For any 71,75 € MY, , we have that
(K" (r1) — KM (ra)|
= sup [R{[K(r)](s, )} = A{[K(r2)](e, @)}

< Lsup [[[K(r1)](e, w) = [K(r2)](e, w)l|c.

we

= Lsup sup

weN —17<5<0
S
<L sup /’|wﬂ“*@n-v1—rﬂwmz
—7<s<0.J -

S
—7<5<0 /—oo

/j ‘e’A(S’") [r1(0,w) — ro(Oyw)]du

U du - |y — o)

< +/nL sup

0
:\/EL/ eMdu - |11 — oo
L L
:\/f |11 — 7200, Where\/f < 1.
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The proof is complete. |
Theorem 3.1: Assume that (A1) holds. It follows that there
exists a unique fixed point r € /\/lbga for the operator K" :

MY — MY , which satisfies that

lim (10w, a0)e] = K] (0.)  (19)
in C, for all zpe€C, and we€ Q. In addition,
o(t,w, [K(r)](e,w)) = [K(r)](e, fw), t>0. That is,

[£(r)](e,w) is a random equilibrium in C for the stochastic
flow ¢, which generates the stationary solution [K(7)](e, 6;w)
for (5).

Proof: Using Lemma 3.5, whether f is monotone or anti-
monotone, we can always get that

(K" (o)) (w) < [limph())(w)

—
< [im” h(e))(w) < [(K")**(81)](w) (20)
forallt > 7,w € Q and k € N. Moreover, by Lemma 3.2, it is
clear that o} and 3 belong to the complete metric space MY,

forallt > 0. Note that " is a contraction mapping on MY, , see
Lemma 3.6, which together with Banach’s fixed point theorem
yields that there exists an .%_-measurable random variable r :
Q — [~ M, M] such that [K"(r)](w) = r(w) and

lim (") (o)) = r(w) = lim [(K")*(81)](w)

forall t > 7 and w € . Using this and (20), we have that

limgh(9))(w) = [’ h(p)] (w) = r(w). @21
Combining (21) and Lemma 3.3, it follows easily that
limge)(e,w) = [T’ ¢](e,w) = [K(r)](0,w).  (22)

By Proposition 1 and definitions of inf and sup in C, it is clear
that

inf{o(u, 0_,w,zo)[e] : u >t} < @(t,0_1w,x0)[e]
and

(1, 01w, 20)[o] < sup{ip(u, 0_ 0, x0)[o] : u > 1}

for all t > 7 and w € ), which together with (22) implies that
(19) holds. Furthermore, by the definition of the cocycle ¢,
we conclude that [[C(r)](e,w) is an %_-measurable random
equilibrium in C. The proof is complete. |
Remark 2: By Theorem 3.1, for the global stability of (5), we
do not need to construct Lyapunov functions and condition (A1)
is easy to verify. Furthermore, the boundedness of the nonlinear
term h may be restricted. Actually, we believe that the global
Lipschitz assumption is enough, which yields that the proofs in
Appendix A will be more complex and the well-posedness of
the operator K should be checked.
Corollary 3.1: Assume that (A1) holds. It follows that
}LHJCH@@,W,«IO) - @(t’wvy())HCT =0 (23)
in probability, for any different initial values xo, yo € C. Thus,
we have that

lim [a(t,, 70) = (1, w, y0)| = 0 4

k
W\Wﬂm

t

Fig. 1. Numerical simulation for x!(t) of (26) with differential initial
values ¢ = (sint,2sint,3sint)” and yg = (4cost,5cost, 6cost)” for
allt € [-1,0].

in probability, z(t,w, zg) = ¢(t,w, x0)[0] is the solution of (5)
with the initial value z¢ € C..
Proof: By (19), it is obvious that

}ggo H(,O(t, e—twa .130) - Qp(ta a—twa yO)”C’.r =0 (25)

for all w € (2. Since ;P = P for all t € R, (25) gives that (23)
and (24) hold. The proof is complete. |

IV. EXAMPLES

In this section, we will present an example to illustrate the
effect of Theorem 3.1 and Corollary 3.1.

Example 4.1: Let W (t) = (Wy(t), Wa(t), W3(t))T be a
three-dimensional Brownian motion, [ = I = I3 =0 and
o1 = 1,09 = 2,03 = 3. We consider the following SDDEs with
additive white noise:

dz'(t) = |- (Az)(t) + % arctan(z* 1 (t — 1)) | dt +o;dWi(2)

(26)
i=1,2,3, where
200
A=1020 27
003

r = (2!, 2% 2*)T € R3 and 20 represents z°. Direct computa-

tion shows that A = % and L = @; it is clear that
V3L 2

I
w3 °

Hence, there exists a globally attracting stationary solution for
the stochastic flow generated by (26) in C. and trajectory
synchronization will occur based on Theorem 3.1 and Corollary
3.1; see Figs. 1 — 3.

Remark 3: Example 4.1 and Figs. 1— 3 show that there is no
trivial stationary solutions for (26) and the forward trajectories
can only be synchronized, which implies that the method of
constructing Lyapunov functions is invalid here. However, by
Theorem 3.1, we prove that all the pull-back trajectories will
converge to a globally attracting random equilibrium in the
infinite dimensional Banach space C;.
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where M = (My,..., M,)T and the last inequality holds due
to that limy_, . [ eA*odW, = 0and [~ e*“odW, is con-
tinuous with respect to t > 0, see [36, Problem 3.20 in Ch. 1].
This shows that {¢(t, 0w, x0) : t > 7} is a bounded setin C';
forallw € Q and zg € C.

Next, we will prove that the family of functions
{o(t,0_1w,x0) : t > 7} is equicontinuous for all w € Q and
xg € C;. Given any —7 < s1 < s < 0, it is easy to see that

|p(t; 01, o) [s2] — (¢, 04w, x0) [s1]]

' At CA(t+
< [le A=) — em AT | (0)]
Fig. 2. Numerical simulation for z2(t) of (26) with differential initial

values = — (sint.2sint. 3sint)” and yn — (4cost. 5cost. 6 cos )T for s2. - s1 B
e [ﬂiol 0}(511rl ,2sint, 3sint) Yo = (4cost,5cost, 6 cost) i ‘/ o Als2=u) A gy — —AG1-0) | Ay,
o —t _

t

So S1
+ ‘/ e A2 gqw, —/ e AT G W,
—t —t

where A = h(p(u+t,60 4w, x0)). For the convenience, the
o m‘! 1 proof will be divided into three steps. First, it is clear that

le=A052) — =AU a(0))

oo < [l D] - fa(0) - e A7) T

nxn |

| < V- [2(0)] - V|1 — e ) (28)

N where A = maxi<j<, a; > 0 and I,,,,, = diag(1,...,1). Sec-
ond, let & = sup_, g ||e~*||, we observe that

Fig. 3. Numerical simulation for z3(¢) of (26) with differential initial

values xo = (sint, 2sint,3sint)” and yo = (4cost,5cost,6cost)T for 52 N st B
allt e [—1,0}(. ) ( ) e~ Als2=u) LA dy — e~ AG1=u) | Adu

APPENDIX A
PROOFS OF THE COMPACTNESS AND CONTINUITY OF THE
PuLL-BACK TRAJECTORIES

<

So S2
e~ As2 / e Ndu — e A5 / A Adu

t -t

Proposition 1: Suppose that (A1) holds. For any initial value *

xo € C; and w € , the pull-back trajectory {¢(¢,0_;w, q) : o

t > 7} is a relative compact set in C.;. < alM|- / e du - ||€*A(52781) — Lwa|
Proof: The proof will be divided into two parts. First, we will -

show that {¢(t, 0_sw, zo) : t > 7} is uniformly bounded in C. sz,

By (10), it is obvious that for all w € Q and xy € C, we have +alM]- / [ (| du

S1

0 —_
L R e T S
=sup sup |[p(t,0 1w, x0)[s]| —00

t>17 —17<s<0 + ﬁa|M| N |82 - 81|' (29)

S92 S1
e A% / e Adu — e A5 / e Adu

t -t

o0

sup [|¢(t, 0w, o) c,
t>1

0 . . .
< sup |e*A"33(O)\+ sup ||e*ASH-\M|-/ ||eA"Hdu Finally, direct calculation shows that

0<u<oo —7<s5<0 So S1
‘/ e~ A=W aqw, —/ e AT G qW,
—t —t

o0

S
+ sup |le”?*|-sup sup /eA“Uqu
—7<s<0 t>17 —17<s<0 |J —¢ 59 o
0 < efASQ/ eA"Uqu—efAsl/ Ao dW,
< Vala(O) + valM| - sup e [ e » .
—7<5<0 —00 S2 S1
; o / eModW, — e 4 / eModW,
+2 sup He’AS||~sup/ eA“Jqu’ - o
—7<s<0 t>0 |J -0 —t
< 2asup / eAodW,| - |‘€7A(52751) — Lxnl|
<0 sz —00
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+ «

s
/ eAodW,

S1

—i
/ eAtadw,

o0

< 2acsup . \/ﬁ|1 _ e—X(sQ—sl)|

>0

S2
/ eAadw,

S1

Note that ffoo eAgdW,, is continuous with respect to s < 0
and then it is uniformly continuous on [—7, 0]. This together
with (28)—(30) implies that {(t, 6 1w, x0) : t > 7} is equicon-
tinuous for all w € Q and zy € C;. Using the Arzela—Ascoli
theorem, we complete the proof. |

Remark 4: Note that C/ is a solid normal minihedral cone,
which together with the compactness of the pull-back trajecto-
ries can guarantee that inf and sup in C; exist; see Theorem
3.1.2 and Theorem 3.2.1 in [14].

Proposition 2: Assume that (A1) holds. It follows that the
mapping

t— o(t,0_ 4w, x0)

is continuous from R into C forallw € Q and z¢ € C;.
Proof: By (6), it is clear that

Q(t, 0w, x0) = yi (0w, 10 — 20(0—sw)) + 2 (0_4w)
=1y (H,tw, Ty — z,t(w)) + zo(w).

This shows that it is enough to prove the continu-
ity of y;(0_yw,z0 — 2—(w)) = y¢ (0_4w,yo(—w)) for any
fixed weQ and z9€C,. Let y* (t,w,a:o - zo(w)) =
y"(t,w,yo(w)) be the Picard approximations of the solution
for (7) and (8), i.e.,

Yo (w, 20 — 20(w)) = yo(w) = g — 20(w)
and
Y0 (t,w, o — 20(w)) = [yo(w)](0) = [z — 20(w)](0)

for all ¢ > 0. Moreover, for each k > 1, y§ (w, g — 20(w)) =
yo(w) = xo — 20(w) and

4 (0, 90()) = [yo(@))(0) / Ay (w0, 40 (@) du

+ /0 h(yi ! (w, yo(w)) + 2zu(w)) du.

It follows that for any ¢ > 0 and w € 2, we have

Y0 (010, Yo (0-1w)) = yo(0-4w) = o — 2-4(w)
and

y° (u, 010, y0(0-1w)) = [yo(0-w)](0) = w0 (0) — 2(~t, w)

for all uw > 0. Analogously,

Y6 (01w, 50 (0-w)) = yo(0_w) =m0 — 2_¢(w)
and

yk (U, Gftwa Yo (Q,tUJ))

— [yo(0—w)](0) — A (3, 010, yo (0—0) ) i

+ / h (y%’l (0-1w,y0(0-w)) + 2z (0_w)) du  (31)
0
where u > 0. Now, we claim that

sup |y (u, 0w, 9o (0-4w)) — yF (u, 04w, yo(0_4w)) |
N(Lu)*
k!

for all k€ N and @,t € [0,7], T > 0, where L = ||A| + L
and N = N(T,w) will be defined below. For k = 0, direct
computation shows that

< (32)

sup ‘yl (U, eftw> Yo (G,tw)) - yO (U, eftw7 yo(eftw)) |

0<u<T

< sup / | Ay (@, 01, yo(6—w)) | dii + T sup [h(€)|
0<u<T JOo £eCr

<T sup |Alzo(0) — z(—t,w)]| + T|M|
0<t<T

= N(T,w) (33)
which implies that (32) holds for k£ = 0. Next, we assume that
(32) holds for some k& € N. Then, we have

sup ‘yk+2 (’LL7 Q,tw, yo(eftw))

0<u<u

_yk+1 ('LL, Hftwa yo(aftw)) ‘

< sup / Ly (0, yo(0-0)

0<u<u Jo

— yk (0-1w, yo(6-w)) |l c, dui

~ ["N(Lu)* _  N(La)kt
< L =
- /0 o T

This yields that (32) holds for k£ + 1. Consequently, by induction,
we conclude that (32) holds for all £ € N. Next, we will prove
that for any w € (2, the mapping

(uy t) — y¥ (01w, yo(0_w)) (34)

is continuous from R x R into C; forall k£ € N. The proof of
this property can be divided into two parts. Let (u, t) € [0,7] x
[0,T], T > 0. First, from (32), it is easy to check that

sup |y (u, 0_sw, yo(0_w))|

—7<u<T
k
< . 0 B B ;
< s |y” (1, 010, 30 (0-4w)) | + ; s

|y (u, 04w, o (0—sw)) — y" " (u, O_pw, yo(f_ew)) |

k
= sup |y0(u,9—twvy0(9—tw))|+z Sup

—7<u<T . 0<u<T
=1

’yl (ua 9,“,07 yo(eftw)> - yi_l (U, H,tw, Yo (Q,tW)) ’
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> N St o) ()
+ sup |zo(0) — z2(—t,w)|
0<t<T
< Nesp(@T) + sup feo(w)|+ sup |z(u.w)
—7<u<0 —T—7<u<0
T sup Jrol0) — 2(—t,w)| = K(T,w)

0<t<T

forallw € Q,k € Nandt € [0, T]. Therefore, forany 0 < uy <
us < T, we have that

lyt, (01w, y0(0-4w)) — y& (0-4w, yo(0-w))|lc,

sup ‘yk (uz + 5,0 4w, yo(tﬁ),tw))

—7<5<0

—y" (U1 + 5,0 4w, yo(ﬂ_tw))|

Uu2+s
[ (A4 @0, 0(6-)|
—7<5s<0 Jui+s

IN

sup

+ ’h (yg_1 (H,tw, yO(G,tw)) + ij(ﬁ,tw)) ’) du

IN

[A[[K(T,w) + sup Ih(f)ll g —
geCy

which induces that forallw € Q and k € N,
u—s yk (0—sw,yo(0_w)), u€[0,T] (35)

is continuous uniformly with respect to ¢ € [0, T']. The remain-

ing task is to show that
t— Y (0_sw,yo(0_w)), t€0,T] (36)

is continuous for any u € [0, T],w € Q and k € N. For k = 0,
choose 0 < t; <ty < T, it follows that

||y2 (H*tQWa yO(G*tzw)) - yg (eftlwa yO(G*tlw)) ||Cq—
= Sup ‘yO(u+ 8,9,t2w7y0(9,t2W))

—7<5<0
_yo (u +5,0_4w, yo(e—tlw)) |

< sup |Z(S—t2,UJ)_Z(8—t17W)|
—7<s<0

for all w € [0, T]. This implies that for k¥ = 1, we have
19 (022w, Y0 (0-1,00)) — Y (01,00, 90 (0-1,0)) [l
= sup |y (u+s,0_,w, y0(0-s,w))

—7<s<0

_yl (’LL + s, 97151(*)7 yO(eftlw» ‘

u-+s
< sup |2(s—t2,w) — z(s —t1,w)| + sup /
—7<s<0 —7<s<0J0
[Z”yg (e—tzwv Yo (9—t2w)) - yq% (0_t1w7 Yo (G—hw)) ”CT
+ Llza(0-1,w) — za(0-¢,w)llc, |du

< (LT +1) sup |z(s —to,w) — 2(s — t1,w)|

—7<s<0

+ LT sup

—7<s<T

|z(s — ta,w) — z(s — t1,w)|

<(LT+ LT +1) sup |z(s —to,w) — 2(s — t1,w)|

—7<s<T

=D sup |z(s—tay,w)— z(s — t1,w)|

—7<s<T

for all w € [0,7] and 0 < t; <ty < T. Now, we assume that
for some k£ > 1, there exists a constant D, > 0 such that

s (0-tow, 50 (0—1,w)) — Y (O—¢,w, yo (01, w)) I,

< Dj sup

—7<s<T

|2(s — ta,w) — z(s — t1,w)]

for all w € [0,7] and 0 <ty <ty <T. Similar as the above
analysis, it is evident that

||y1]j+1 (gftzw’ yo(Q,tQCd)) - y5+l (G*tlwv yo(oftlw)) ||C7—
<(LTDy+ LT +1) sup |z(s —ta,w) — 2(s — t1,w)|
—7<s<T
:=Dpy1 sup |z2(s —to,w) — 2(s — t1,w)|
—7<s<T

forallu € [0,T])and 0 < ¢; <ty < T Therefore, by induction,
it is easily seen that (36) holds for any u € [0,T], w € 2 and
k € N. Here, we use the fact that for any w € Q, z(t,w) is
uniformly continuous on [—7 — 7, T']. Combining (35) and (36),
it is obvious that

Y (0_w,yo(0_w)) : [0,T] x [0,T] — C-

is continuous with respect to (u,t) for all w € Q, k € N and
T > 0. That is, (34) holds. In view of inequality (32), we can
obtain that

Yk (0—w,y0(0-1w)) — yu (0w, yo(O—1w)

in C, as k — oo, uniformly with respect to (u,t) € [0,7] X
[0,T], where T > 0. Using Theorem 21.6 in [47, Ch. 2], it
follows immediately that

(u, 1) — yu (01w, yo(0_sw))

is continuous from [0, T] x [0,77] into C; for all w € © and
T > 0. This proves that

Ye (010, 90(0-w)) : [0, T] — C;

is continuous with respecttot € [0, T forallw € Qand T > 0.

Since T' > 0 is arbitrary, the proof is complete. |
Proposition 3: Let {r; : @ — R™,t € Ry} be a family of

uniformly bounded random variables and for all w € €2,

ri(w) = r(w) as t— oo
where |r:(w)] < |M|forallw € Qand t € R, it follows that

lim [IC(ry)] (e, w) = [K(r)](o,w) in C-.

t—o0

(37
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Proof: By the definition of I, we have that
sup |[K(re)](s,w) — [K(r)](s,w)]

—7<5<0

s
—7<s<0 /—oc

< sup e~ A= - |re(Ouw) — r(Ouw)|du

0
<n sup e 49 / e ri(0,w) — r(Ouw)|du
—7<s<0 —0

which together with Lebesgue’s-dominated convergence theo-

rem yields that (37) holds; the proof is complete. |
Proposition 4: For any initial value (0) € R™ and bounded

random variable 7 : Q — R™ such that r(w) € [—M, M] for all

w € (Q, we have that

K)o =t e A a(0) 4 [0

t

+ / eA(°u)0qu} (38)
—t
in C,.
Proof: First, it is obvious that
sup eI < /n osup [le™ ] -e =0 (39)

—7<s<0 —7<s<0

as t — 00. Second, we show that

/ e—A(sfu)r(guw)du - / efA(sfu)r(guw)du
—t -
(40)

sup
—7<s<0

tends to 0 as t — oo. It is clear that

—t
sup / e A (g,w)du

—7<s<0

< sup
—7<s5<0

—t
e / e - | M| du
-0

—t
<V sup lle |- 1M / du
—7<s<0 —00

—0 as t — oo.

Third, it is easily seen that

/eiA(sfu)Uqu—/ e A gqw,
- —00

sup
—7<s<0 t
—t
< sup e - / eModW,
—7<5<0 —00
—0 as t—

which together with (39) and (40) implies that (38) holds; the
proof is complete. |
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