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1. Introduction and main results
Consider the second-order nonautonomous Hamiltonian systems
li(t) — L(t)u(t) + VW (t, u(t)) =0 (1.1)

wheret € R,u € R",L € C(R, R™") is a symmetric matrix valued function and W : R x R" — R. As usual we say that a
nonzero solution u(t) of (1.1) is homoclinic (to 0) if u(t) — 0 and u(t) — 0 as [t| — +o0.

Recently the existence and multiplicity of homoclinic orbits for (1.1) have been extensively studied in many papers via
critical theory (see [1,3-9,11-20]). For (1.1), the case where L(t) and W (t, x) are either independent of t or periodic in t is
studied by several authors (see [7,9,16,17]). Rabinowitz [ 16] has shown the existence of homoclinic orbits as a limit of 2kT-
periodic solutions of (1.1). By the same method, several results for general Hamiltonian systems were obtained by Felmer
et al. [7], Izydorek and Janczewska [9], Tang and Xiao [19]. The related results can be referred to in [15] for the case where
L(t) and W (t, x) are either independent of t.

If L(t) and W (t, x) are neither autonomous nor periodic in t, the problem of existence of homoclinic orbits for (1.1) is
quite different from the one just described, because of the lack of compactness of the Sobolev embedding. In [ 17], Rabinowitz
and Tanaka studied system (1.1) without a periodicity assumption, both for L and W. More precisely, they assumed that the
smallest eigenvalue of L(t) tends to +o00 as |t| — 00, using a variant of the Mountain Pass theorem without the Palais-Smale
condition, and proved that system (1.1) possesses a homoclinic orbit.
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Theorem A (See [17]). Assume that L and W satisfy the following conditions:

(L) L(t) is positive definite symmetric matrix for all t € R and there exists an | € C(R, (0, oo)) such that I(t) — +oc as
|t| = oo and

(L%, %) = () |xI?

forallt € Randx € R";
(W1) W e C(R x R*, R) and there is a constant y > 2 such that

0 < uW(t,x) < (x, VW(t,x))

forallt € Randx € R\ {0};
(W2) [VW(t, x)| = o(|x|) as |x| — O uniformly with respect to t € R;
(W3) thereisa W € C(R", R) such that

(W(t,x)| + [VW(t, x)| < W)
forallt € Randx € R".
Then system (1.1) possesses a nontrivial homoclinic solution.

Motivated by the above papers [8,9,13,14], we will obtain a new criterion for guaranteeing that (1.1) has one nontrivial
homoclinic solution without any periodicity or coercivity condition, especially, W (t, x) satisfies a kind of new superquadratic
condition which is different from the corresponding condition in the known literature. We prove the existence of one
homoclinic solution as the limit of solutions of a certain sequence of boundary-value problems which are obtained by the
minimax methods. The main results are the following theorems.

Theorem 1.1. Assume that L and W satisfy assumption (L) and the following conditions:

(H1) W(t,0) =0, W e C'(R x R, R) and [VW (¢, x)| = o(|x]) as |x| — O uniformlyint € R;
(H2) there are two constants ;u > 2 and v € [0, £ — 1) and B € L' (R, R") such that

(VW(t, %), X) — uW(t,x) = —v(L(D)X, X) — B(t)

forallt € Randx € R" \ {0};
(H3) there exists Ty > 0 such that

. . W(tv X) Trz l]
liminf —— > — -
xl—oo  |x|2 2T 2

uniformly int € [—Ty, To], where 1, is the biggest eigenvalue of L(t) on [—Ty, To].

Then system (1.1) possesses a nontrivial homoclinic solution.

Remark 1.1. For system (1.1), Theorem 1.1 gives a new criterion for the existence of homoclinic solutions by relaxing
condition (W1) and changing condition (W3).

2. Proof of theorems

By the similar idea of [8], we approximate an homoclinic orbit of (1.1) by the following problem

i(t) — L(u(t) + VW(t,u(t)) =0, fort e [-T,T] 2.1)
u(—=T) =u(T) =0. :
Let
T
Er = {u e W' ([-T,T1, R”)l/ [l + (L©)u), u®))]dt < +oo}
-T
where

W([-T,T1,R") = {u : [T, T] —> R"| uis absolutely continuous, u(—T) = u(T) = 0, i € L*([—T, T], R")}

and for u € Er, let

T 2
Jull = { | 1P + (oue. uo)] dt} ,

T
then Er is a Hilbert space on the above norm.
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We consider a functional I : E — R, defined by

1 T
() = 5||u||2 —/ W (t, u(t))de. (2.2)
—T
Then we can easily check that € C'(Er, R) and
T
(I'w), v) = / [@(@0), v(t)) + LOut), v(D) — (YW(t, u()), v(t))] dt (2.3)
-T

for all u, v € Er. Furthermore, it is well known that the critical points of I in E are classical solutions of (2.1) (see [2,10]).
We will obtain a critical point of I by using a standard of the Mountain Pass theorem. It provides the minimax
characterization for the critical value which is important for what follows. Therefore, we state this theorem precisely.

Lemma 2.1 (See [16]). Let E be a real Banach space and I € C'(E, R) satisfy the Palais-Smale condition. If I satisfies the following
conditions:

(i) 1(0) = 0;
(ii) there exist constants p, & > 0 such that I|3p,0) > o;
(iii) thereexistse € E \ Bp (0) such that I(e) < 0,

then I possesses a critical value ¢ > « given by

c = inf max I(g(s)),
gel s€[0,1] (g( ))

where B, (0) is an open ball in E of radius p about at 0, and

r ={gec(0,1],E) : g(0) =0,g(1) =e}.

Lemma2.2. [eta > Oandu € Wl’z([—T, T1, R”). Then for every t € [—T, T], the following inequality holds:

1 t+a % a t+a %
lu(t)] < (2a)~2 (/ |u(s)|2ds) +\f§</ |i1(s)|2ds) ) (2.4)
t—a t—a

Proof. Fixt € [-T, T].Foreveryt € [T, T],

/ u(s)ds

Since u can be extended by zero in R\ [T, T], integrating (2.5) over [t —a, t + a] and using the Holder inequality, we obtain

t+a t+a t
2alu(t)] < / ju(z)] dr + / / ii(s)ds
t T

—a t—a
t+a t t t+a t+a
5/ |u(t)|dr+/ / |u(s)|dsdr+/ / [t(s)| dsdt
t—a t—a Jt—a t t
1 t+a % t+a
< (2a)2 (/ |u(s)|2ds) +a/ lii(s)| ds
t—a t—a

1 t+a % 1 t+a %
< (2a)2 (/ |u(s)|2ds> + aa)2 </ |i1(s)|2 ds) s
t—a t—a

which implies (2.4) holds. The proof is complete. ®

lu@®)| < lu(x)| + . (2.5)

dr

Corollary 2.1. Letu € W”([—T, T1, R”). Then for every t € [—T, T, the following inequality holds:

t+1 1
lu()| < U (1(s)1> + lu(s)?) dS] - (2.6)
t

-1
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Proof. Leta = 1in(2.4). Then we have

t+1 % t+1 %
ww|s%? (/ IM$F$> +<f |M9F$) ,
t—1 t—1

which together with the inequality (v/a + Vb) /2 < 4/(a+ b)/2 implies that (2.6) holds. The proof is complete. H
Lemma 2.3. For u € Er,

1
2

F{f [lu(s)> + (L(s)u(s),u(s))]ds} , (2.7)

lull =

1
lullge, <
VOIV/R

where I, = inf;c [(t).

Proof. Since u € Er,sou € W?([—T, T], R"), then there exists a t* € [T, T] such that
|u(t*)| = max |u(t)]. (2.8)
te[-T,T]

We choose two sequence {t;} and {t_,} such that

T<-.<tz<ty<tyg<ti<tfi<thy<tz<- ---<T,
limt, =T, lim t_, = —T,
k—o00 k—00

and then

lim |u(ty)| = lim |u(t_;)| = 0.
k— o0 k— o0

Note that
tk
|u(t*)|2 = lu(t)|* — 2 / (u(s), u(s))ds, (2.9)
and
t*
u(e)|* = Jue_p)? + 2/ (u(s), i(s))ds. (2.10)
Lk

For u € Er, we have by (2.9) and (2.10),

1 e
u@) = 5 (@ + lue o) / w9m9¢+/(mgmmm
1 2
< 5(|u(tk)| + [ut-01?) / |u(s)] li(s)| ds
1 1
< §(|u(tk)| + [u(t-01?) 5/ l(s (1()1* 4+ 1(s) |u(s)[*) ds
t_k
1 1
< §(|u(tk)| + [u(t_01?) 5/ \/—_ [1u(s)* + (Ls)u(s), u(s))] ds
1 2 2 1 . 2
< 5(|u(tk)| + u(t-1?) + ST Lk[lu(S)l + (L(s)u(s), u(s))]ds, ke N.

Let k — oo in the above, we can get

Ju(e”)|?

| Y
< N /;T [l()1* + (L(s)u(s), u(s))] ds

which implies that (2.7) holds. The proofis complete. H

Lemma 2.4. Under the conditions of Theorem 1.1, problem (2.1) possesses a nontrivial solution for all T > T,.
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Proof. Step 1. I satisfies the Palais—Smale condition, i.e., for every sequence {u,} C Er, {ux} has a convergent subsequence
if I(uy) is bounded and I’ (u;) — 0 as k — oc.
Assume that {u,} C Er, I(u) is bounded and I’ (1) — 0 as k — oo, then there exists a constant My > 0 such that

Iw) <M, Il <My (2.11)
for every k € N. We first proved that {u}rey is bounded. By (2.11) and (H2),
2 T
luell® < 21w + m / [(VW (£, ug (D)), ue(t)) 4+ v (LEOu(E), ue(t)) + B(6)] dt. (2.12)
-T

From (2.12) and (2.3), we obtain

2 5 2, 2v [T 2 [T
(1 - —) el ™ = 21(u) — —I'(w)ue + —/ (L) (t), uye () dt + —/ p(t)dt. (2.13)
2 12 L § HJ-1

Combining (2.13) with (H2) and (2.11), we have

2 L 5 2 2 T
(1 - —) / i (£)|% dt + (1 - — = —) / (L(E)ug(t), u(t)) de
M —T M M —-T

2 2
— —Mr|lukll = 2Mr — — Bl ;1 gr+) < O. (2.14)
w 5

Since u > 2 and v € [0, % — 1), (2.14) shows that {uy}xcn is bounded in E7. Going if necessary to a subsequence, we can
assume that there exists ur € Er such that uy — ur as k — oo in Ey, which implies uy — ur uniformly on [—T, T]. Hence
(I"(w) = I'(ur)) (we = ur) — O, |lug — urllz | — 0and

T
/ (VW(t, ue(®)) — VW(t, ur(t)), ue(t) — ur(t))dt - 0, ask — oo. (2.15)
-T
Moreover, from (2.3), an easy computation shows that
T
(I'(we) — 1 (up)) (e — ur) = [l — ur || — / (VW(t, u(t)) — VW (t, ur(t)), we(t) — ur(t)) dt. (2.16)
-T

This shows that u, — ur in Er. Hence I satisfies the Palais—Smale condition.
From (H1), it follows that there exist 0 < gy < %, po > 0such that

W (t, x) < &lx|? (2.17)

forall |x|] < ppandt € R.

Step 2. There are p > 0, o« > 0 such thatI|s > o, where S = {u € Er||ju|| = p}. Choose p = po - v/2+/I,, by Lemma 2.3
it is easy to prove that forallu € S, ||[u]loc < po, thatis |u(t)|] < po forallt € [T, T], which together with (2.17) implies
that

1 T
Iw = SJull> = [ W, wde
2 -T

%

1 T 1 T T
5/ Iﬂ(t)lzdt+5/ (L(t)u(t),u(t))dt—/ eolu(t) |* dt
—-T —

T =T

1 T ) X 1 T
> —/ ()] dt+—/ (L(Oyu(t), u(t))de
2 ) g 4 )

1 2 1 2
> —l|\u = — =
> Slul? =55

foreveryu € S. _
Step 3. There exists e € Er \ B, such thatI(e) < 0.By (H3), there exist &; > 0 and r > 0 such that

W(t, x) - 72 + &
Ix|2 — 212

l
+ 51 forall |x| > randt € [—Ty, To].

Let § = maX;e[—r,,7,1,1x1<r IW (£.X)], hence we can have

72+ &
2T

I
W(t,x) > ( + 51) (x> —12) — 8 forallx € Rand t € [—Ty, Tol. (2.18)
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Let

& Isin(wt)| eq, t e [Ty, Tol,
“0—{, Ce(~T.TI\ [~To. Tol.

where v = %,el =(1,0,...,0). Then by (H1) and (2.18) we obtain

1 T -l T T
I(e) = 5/ |é(t)|2dt+5/ (L(t)e(t),e(t))dt—/ W(t, e)dt
-T =T

To To
= %gsz/ |cos(wt)|? dt + — / (L(t)e(r), e(t))dt — W(t, & |sin(wt)| e;)dt
—To —

To —To

IA

1 I To
—gzaﬂ/ |cos(wt)|? dt + —152/ |sin(wt)|? dt
2 1 27 ),

JT2+S] l] 2 To 2 7T2+81 11
- + = sin(wt) | dt + 2T, — + + 4
< 217 2)5,/m' @) °<( 212 2) >

2
&1 .9 n+e I,
= ——Lg&2 40T, )45
T °<( 212 +2) *

— —0o0 asé& — oo.

So forall T > Ty, we can choose a large enough & such that |le|| > p and moreover I(e) < 0. And from (H1), we can easily
have I(0) = 0. Thus by the Lemma 2.1, there exists a critical point ur € Ey of I such that I(ur) > « > Oforall T > Ty. This
shows that problem (2.1) has at least one nontrivial solution forallT > T,. R

Remark 2.1. In Lemma 2.4, Step 1 and Step 2 still hold true for any T > 0.
Furthermore, if we define the set of paths

= {g(t) : [0, 1] — Er|g(0) = 0,g(1) =}, (2.19)

then there exists a solution uy of (2.1) at which

inf I =N 2.20
glenI‘T 52}(? )1(] (g (S)) T ( )

is achleved Let now T > T.Then It C Iy, since any function in Er can be regarded as belonging to E5 if one extends it by
zero in [— T T] \ [T, T]. Hence for T the set of competing paths in (2.19) is greater than that for T, which implies that

NTSNTSNTW fOfallTZTZTO
Hence for the solution of (2.1)

-1 T
I(ur) = E||uT||2 — / W(t, ur(t))dt < Ng,, uniformlyin T > T,. (2.21)
T

Lemma 2.5. uy is bounded uniformly in T > T,

Proof. It is clear that

I'(ur) =0, forT > T,. (2.22)
By (2.21) and (2.22), we obtain
I(ur) < Ny, II'(ur)|| = 0.

The following proof is the same as the Step 1in Lemma 2.4, then we can obtain that ||ur || is bounded uniformly inT > T,. ®

Proof of Theorem 1.1. Take a sequence T, — o© and consider the problem (2.1) on the interval [—T,, T,]. By the
conclusions of Lemmas 2.4 and 2.5, it has a nontrivial solution u,, and ||u,|| is bounded uniformly in n.
Arguing like for Theorem 2.1 in [8], from the fact that

ty ) %
[un(t1) — up(t2)| < / [u, (D) dt < A/t — 1 (/ |t (0| dt)

f
we conclude that the sequence {u,} is equicontinuous and uniformly bounded on every interval [—T,, T,] and we can select
a subsequence {up, } such that it converges uniformly on any bounded interval to a function u. And since ||u,|| is bounded
uniformly in n, we can conclude that u € W2(R, R") and
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/[|a(t)|2 + (L(Ou(D), u(t))] dt < +oc. (2.23)
R

Expressing ii,, using Eq. (2.1), we conclude that the sequence ii,,, and then also ii,,, converges uniformly on bounded
intervals. Writing

t
Uy, () = f (t — $)ily, (s)ds, witha = —T,, —1,
a

we conclude that u € C2(R, R"), and iip, — i uniformly on bounded intervals. Hence we can pass to the limit in Eq. (2.1),
and we conclude that u satisfies (1.1), i.e., u is a classical solution of (1.1). Note that, by the proof of Corollary 2.1 we can
similarly have

t+1 3
lu(t)| < [/ (1) 1> + lu(s)?) ds:| , foreveryt eR.
t

-1
From (2.23), we conclude that the limits of u(t) exist as |t| — o0. The only possibility is u(+o0) = 0.
We now prove that ii(t) — 0 as |t| — oo. By Corollary 2.1, we get that
t+1

t+1
lu(t))? < / (lu()1* + [iu(s)?) ds + / lii(s)|*ds, foreveryt e R.
t

-1 t—1

From (2.23), we can easily have

t+1
/ (lu(s)I> + la(s)[*) ds — 0, as|t] — oo.
-1

Hence we only need to prove that

t+1
/ lii(s)|>ds — 0, as|t| — oo. (2.24)
t

-1
It follows from (1.1)

t+1 t+1 )
/ lii(s)|* ds = f [VW (s, u(s)) — (L(s)u(s), u(s))]" ds
t t

- _1t+1 5 ,
< 2/ <|VW(3, u@)| + |(Le)ucs), u)| )ds.
t—1

By (H1) with (2.23) and the fact that u(t) — 0 as |t| — o0, (2.24) is proved.

In the end, we have to show that u(t) # 0. Since u,, — u uniformly in E, for all A < oo, where u,, can be extended by
zeroin[—A, A]\[—T,,, T, ] or restricted to the interval [—A, A]. Hence it suffices to show thereisanA > 0 such thatu, - 0
in E4. For this purpose, at first we introduce a function Y. Let Y : [0, +00) — [0, +00) be given as follows: Y (0) = 0 and

}(VW(t, x),x)‘
Y(s)= sup _— fors > 0. (2.25)
teR,0<|x|<s |X|

Then Y is a continuous, nondecreasing, Y (s) > 0 for s > 0. As Rabinowitz, we use the properties of Y given by (2.25). Then
by (L), the definition of Y implies

Tn 1
/T (VW (t, (D)), tp(D))dE < LY (||un||L[ogrann]) lualZ, . foreveryn e N. (2.26)
Since I’ (u,)u, = 0, (2.3) gives
Tn Tn Tn
/ (VW (¢, un (D)), un(t))dt = / |t (0] dt + / (LOUn (), un(©))dt = [[unll7, - (2.27)
—Th —Th —Th
Substituting (2.27) into (2.26), we obtain
Y (Nl ) = e > 0. (2.28)
The remainder of the proof is the same as in [16]. If ””"”Lffr = 0,asn — 400, we would have Y(0) > [, > 0, a

contradiction. Thus there is ¥ > 0 such that

””"”LFST,,A,TH] >y, foreveryneN. (2.29)
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Ifu,, — 0inE, forevery A € R*, then by Lemma 2.3, we have

IA

2 1 T . 2
bl = 577 L [ O + (LOun (). un, ) | ds

1
= 5 / [|ank(s)|2+ (L(s)unk(s),unk(s))] ds
x JR

1 A
= o [ i@ + ()1, ) | s
* J—A

1

21 Jry—aa

— 0, asA k— o0

+

[|un,( (s)|2 + (L(S)tn, (5), Un, (s))] ds

which contradicts (2.29), where u,,, can be extended by zero in R\ [—T,,, T, |. Hence there is one nontrivial homoclinic orbit
of problem (1.1). m

3. Example and remark

As an application, we consider the following example for the case of n = 1:

ii(t) — (% 4+ Du(t) + VW (t, u(t)) =0 (3.1)

where

3, 1 .
X+ X7, X< 1,
W x)=14 2

KK K=

letu =4andv = % in Theorem 1.1, by the direct calculation, we can easily see that the assumptions [H1]-[H3] hold. So
by applying Theorem 1.1, we know that Eq. (3.1) possesses a nontrivial homoclinic solution.

Remark 3.1. In this example, we can have

1 3 3 2 2
——x > —=(t"+Dx°, |x| <1,
(VW (t, %), x) — AW (t, x) = % 34
Xz @+ DX, k=1,

which does not satisfy the condition of Theorem A.
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