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Abstract. This paper studies a small-gain theorem for nonlinear stochastic equations driven by
additive white noise in both trajectories and stationary distribution. Motivated by the most recent
work of Marcondes de Freitas and Sontag [SIAM J. Control Optim., 53 (2015), pp. 2657-2695], we
first define the input-to-state characteristic operator K(u) of the system in a suitably chosen input
space via a backward It6 integral, and then for a given output function h we define the gain operator as
the composition of output function h and the input-to-state characteristic operator K(u) on the input
space. Suppose that the output function is either order-preserving or anti-order-preserving in the
usual vector order and the global Lipschitz constant of the output function is less than the absolute
of the negative principal eigenvalue of the linear matrix. Then we prove the so-called small-gain
theorem: the gain operator has a unique fixed point; the image for the input-to-state characteristic
operator at the fixed point is a globally attracting stochastic equilibrium for the random dynamical
system generated by the stochastic system. Under the same assumption for the relation between
the Lipschitz constant of the output function and the maximal real part of the stable linear matrix,
we prove that the stochastic system has a unique stationary distribution, which is regarded as a
stationary distribution version of the small-gain theorem. These results can be applied to stochastic
cooperative, competitive, and predator-prey systems, or even others.
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1. Introduction. The present paper is concerned with the classical small-gain
theorem, which was first proved by Zames [37] in 1966. It has been widely used
as a powerful tool to investigate the robust stability of interconnected control sys-
tems. More precisely, in [37], a sufficient condition for input-output stability of a
feedback loop is that the system gain is smaller than one. It is noticed that in the
original research, most of them discuss systems with linear finite gain from input
to output. For the case of nonlinear gain functions, it was first considered by Hill
[15] and Mareels and Hill [27], where the notions of monotone gain were proposed
and a nonlinear version of the small-gain theorem was developed. Since then, more
and more researchers have focused on extending the small-gain theorem to nonlinear
feedback systems. In [33], Sontag introduced the concept of input-to-state stabil-
ity, which was developed by Jiang, Teel, and Praly in [20], and a nonlinear ISS-type
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small-gain theorem was obtained. Inspired by the excellent works [20, 33], many
other nonlinear small-gain theorems have been extensively and intensively studied
(see [1, 2, 7, 11, 18, 19, 25, 27, 28, 33, 34, 35]), which led to new applications in
the design and analysis of nonlinear control systems [23, 24] and various systems in
mathematical biology for the robust stability of the feedback connection.

So far, there has been a well-developed theory of the feedback analysis for deter-
ministic systems. However, several of the small-gain theorems mentioned above are
highly undesirable in the application of interconnections and stabilization for more
realistic models with noise disturbances, which may arise from its surrounding envi-
ronmental perturbations, measurement errors, or intrinsic uncertainties of a coupling
system due to high complexity. Due to the limitations of the deterministic control
theory, it is natural to investigate the stochastic nonlinear control, which has been
a research topic in recent years; see [8, 9, 10, 31]. Recently, Marcondes de Freitas
and Sontag [12, 13, 14] have initiated the study of random dynamical systems (RDSs)
with inputs and outputs whose parameters are perturbed by so-called real noise, which
generates a metric dynamical system if it is stationary and helps one to solve random
differential equations pathwisely (see [3, p. 57]). Their approach is divided into two
steps: the first is for a given stationary input u, to define the so-called input-to-state
characteristic operator K(u); and the second is for a given output function, to define
gain operator K" (u) by the composition of the output function and the input-to-state
characteristic operator K(u) on the space of stationary inputs. Then they transformed
the problem of obtaining a small-gain theorem into the existence of a fixed point for
the gain operator. If it does exist in a manner of the Banach fixed point theorem, then
the image for input-to-state characteristic operator IC(-) at the fixed point is a ran-
dom equilibrium, which is globally asymptotically stable for interconnected random
systems. Such a small-gain theorem can be applied to random competitive systems,
which is new as far as the authors know.

It is well known that control of stochastic differential equations, which cannot be
pathwise differential equations, is a classical field (see [3, p. 68]). Motivated by the
work of Marcondes de Freitas and Sontag [14], the main purpose of this paper is to
carry out Marcondes de Freitas and Sontag’s idea developed in RDSs with inputs and
outputs accompanying real noise parameters in stochastic control of interconnected
control systems so that we can provide small-gain results for nonlinear stochastic
systems driven by additive white noise in both trajectories and stationary distribution.
First, we consider a linear stochastic system driven by additive white noise with inputs
and define the input-to-state characteristic operator K(u) of the system in a suitably
chosen input space via a backward Itd integral. For a given output function h, we
then define the gain operator as the composition of output function h and the input-
to-state characteristic operator C(u) on the input space. Suppose that the output
function is either order-preserving or anti-order-preserving in the usual vector order
and the global Lipschitz constant of the output function is less than the absolute of
the negative principal eigenvalue of the linear matrix. Then we prove the so-called
small-gain theorem: the gain operator has a unique fixed point uw by the Banach
fixed point theorem, and the input-to-state characteristic operator K(u) at the fixed
point u is a unique, globally attracting stochastic equilibrium for the RDS generated
by the stochastic system. Under the same assumption for the relation between the
Lipschitz constant of the output function and the maximal real part of the stable
linear matrix, we prove that the stochastic system has a unique stationary distribution
by the Khasminskii theorem [22], which may be regarded as a stationary distribution
version of the small-gain theorem. Our result can be applied to stochastic cooperative,
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competitive, and predator-prey systems, or even others with additive white noise to
obtain a globally stable stochastic equilibrium, which, illustrated in Examples 5.1-5.3,
are new to us. What we will process is much more concise than that of Marcondes de
Freitas and Sontag in [14].

The rest of this paper is organized as follows. In section 2, we will formulate
the discussed problem, review some preliminary concepts and definitions, introduce
some notation and known results needed in the subsequent content, and define the
input-to-state characteristic operator. Section 3 describes the asymptotic behavior of
stochastic solutions, establishes some auxiliary lemmas, and presents the definition
of gain operator and its properties. In section 4, a stochastic small-gain theorem is
proved and the global convergence to a unique stochastic equilibrium is presented.
Section 5 presents three examples utilizing our results for stochastic cooperative,
competitive, and predator-prey systems, respectively. In section 6, we summarize
the small-gain theorem in trajectories and discuss proving a small-gain theorem in
stationary solution or measure.

2. Formulation of the problem and preliminaries. We start with a bio-
chemical model which contains three chemical species X7, X2, and X3 interacting
with each other, as shown in Figure 1. In the study of molecular biology, biochemical
reaction systems are usually modeled by ordinary or partial differential equations.
Furthermore, we notice that the nonlinear dynamics of biochemical reaction networks
on the order of a cell is stochastic. Let us consider a nonlinear stochastic control
system as shown in Figure 1, which consists of three elements in a feedback loop as
follows:

dr; = [aixi + hi(ﬁifl)]dt + Uithi, 1=1,2,3,

where Wi(w) = (Wi(w), W2(w), W2 (w)) is a three-dimensional standard Brownian
motion with Wi (w) =0, i =1,2,3, w € Q. Here and below, the indices of x are taken
modulo 3. This type of system can be modeled in the study of finance, statistics,
engineering, and multiagent systems, where a1, as, and as are negative constants and
h1, ha, and hs are decreasing functions of feedback.

Xy
Xy3<=——"—"—X>

F1G. 1. Biochemical circuit. The symbol “X; — X;” means that species X; represses the
production of species X, 1,7 =1,2,3.

uy hi(zy1) U ha(x2) us hs(x3)

X1 Xo X3

F1G. 2. Decomposition of the feedback loop into input-output modules. In each partition, u;
indicates the input into the element X; and hi(x;) indicates the subsequent output—feedback of the
current state.

Motivated by [14], we can open up the closed loop as shown in Figure 2, rewriting
the model as a stochastic system with inputs

dw; = [aix; + ug)dt + o:dW, 1=1,2,3,
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together with outputs
ui(t) = hi(ﬁifl(t)), 1= ]., 2, 3.

In view of the above analysis, we can rewrite the form of stochastic solutions by the
variation-of-constants formula of stochastic differential equations (SDEs), which is
very important in the present work.

In general, we consider the following nonlinear stochastic system in this paper:

where Wi (w) = (W} (w), ..., W™(w)) is a two-sided time Wiener process with values
in R™ on the canonical Wiener space (92, .%#,P), i.e., .% is the Borel o-algebra of
QO = Cy(R,R™) = {w(t) continuous, w(0) = 0, t € R}; P is the Wiener measure,
A = (a;j)axa is a (d x d)-dimensional matrix, b : R? — R, and 0 = (0ij)axm is a
(d x m)-dimensional matrix.

Let us first present the assumption for linear matrix A. Consider the correspond-
ing linear ordinary differential equations:

(2.2) dX, = AX,dt.

Denote by ®;(t) = (®1;(t),...,Pq(t))T the solution of equations (2.2) with initial
value 2(0) =e;, j =1,...,d. Define the d x d matrix

O(t) = (P1(2),..., Pa(t)) = (Pij(t))axa-

Then ®(t) is the fundamental matrix of equations (2.2) and ®(t + s) = ®(¢) o D(s)
for all £, > 0. Assume now that A is stable in the sense that all real parts of its
eigenvalues are negative:

(2.3) Re p <A <0 for all eigenvalues p of A.

It follows from [30, Chapter 2, Proposition 2.10] that there is a basis of R? such that
the norm | - | satisfies that

< Az,z> < Az |? forallz € R? and
le(®)] < e, t>0.

Now we propose the assumptions on A as follows.
(A) A is cooperative in the sense that a;; > 0 for all 4,5 € {1,...,d} and i # j,
which is stable such that (2.3) and

(2.4) [@(t)]| := max{|®;;(t)| : 4,5 =1,...,d} < e, t >0,

hold. In this paper, we use the norm |z| := max{|z;| : i =1,...,d}.
Concerning the existence and uniqueness of stochastic solutions and the stability
of SDEs (2.1), we make the following hypotheses:
(Hy) h € CHRY,RY), ie., the function h and its derivatives are both bounded, and
h is order-preserving, i.e.,

h(xz1) SRi h(z2) whenever x; SRi T2,
or anti-order-preserving, i.e.,
h(xy1) ZRd h(x2) whenever z; <gd T2.

Here, z <« y means that y — z € R4 for all z,y € R%.
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_ Ohi(z)| » - _ Ld?
(Hz) Let L = max{sup,cpa | pre |,i,j =1,...,d} such that —== < 1.
In cellular neural networks, h can be regarded as input-output sigmoid characteristics
with identical neurons; see [4, 16]. By the fundamental theory of SDEs [26, 29], we can
obtain the existence and uniqueness of solutions for equations (2.1) with the initial
value (0) = o € RY.
Let ¢(t,w)x = z(t,w,z) be the unique solution of equations (2.1). Then, using
the variation-of-constants formula [26, Theorem 3.1], we have

o(t,w)r = (t)x + @(t)/o O (s)h(p(s,w)x)ds + @(t)/o O (s)odW,
(2.5) =d(t)x + /t O(t — s)h(p(s,w)x)ds + /t O(t — s)odWs, P-as., t>0.
0 0

Before stating our main results, we will introduce some basic concepts and notation
related to the theory of random dynamical systems (RDSs), which can be found in
[3, 5] for more details.

Let (2,.%#,P) be a probability space and (X, p) be a separable complete metric
space equipped with the Borel o-algebra #(X).

DEFINITION 2.1. A family of transformations {0 : Q — Q,t € R} with a proba-
bility space (Q, F,P) is called a metric dynamical system if
1. it is a one-parameter group, i.e.,

O =id, 61005 =0:s forallt,seR;
2. (tyw) — b is (BR) @ F, F)-measurable;
3. P =P for allt € R, i.c., P(6;B) =P(B) for all B € % and all t € R.
DEFINITION 2.2. An RDS with the state space X over a metric dynamical system
0= (Q,F P {0,tcR})isa(BR:)®F QAB(X), B(X))-measurable mapping
iRy xOx X=X, (tw,z)— o(t,w, )

such that
1. p(t,w, ) : X = X is continuous for all t € Ry and w € Q;
2. the mappings p(t,w) := o(t,w,-) form a cocycle over 0

90(07 W) =id, Sp(t =+ s, W) = go(t, 6‘50.)) © cp(s,w)

forallt,s € Ry and w € Q. Here o means composition of mappings.

DEFINITION 2.3. A set-valued mapping D : Q — 2X\{@} is called a random set
if, for every x € X, the mapping w — distx (x, D(w)) is measurable, where distx (v, B)
is the distance in X between the element x and the set B C X. A random set D is
called a random closed (resp., compact) set if D(w) is closed (resp., compact) in X
for each w € Q. A random set D is said to be bounded if there exist xyg € X and a
random variable r(w) > 0 such that

D(w) c{z e X : o(z,x0) < r(w)} for all w e Q.

Combining the theory of SDEs and RDSs, we can see that the solution of equations
(2.1) generates an RDS (6,¢) in RY; see [3, Chapter 2], [5, Chapter 2], where
is connected with the Wiener process, i.e., yw(-) := w(t + ) — w(t). Let BT :=
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{B}|Bf =W, :t>0}and B~ := {B;|B; = W_;:t>0}. Then BT and B~ are
two independent Brownian motions with one-sided time R, , which can be used to
define the forward and backward It6 integrals (see Arnold [3, p. 97]) as follows.

For a continuous adapted process f of finite variation and t > 0, the forward Ité
integral is defined by

t n—1
W = Tim + +
/0 fls)d™ W, := Alino in Pr. kE:O f@)(BY, ., — By,)

for any partition A = {0 =tg < t1 < --- < t, = t}; and for t < 0, the backward Ité
integral is defined by

0 n—1
/t fls)d™ W, := iigbin Pr. kZ:O fQtr1)(BZ,, ., — BZ,,)

for any partition A ={t =to <t; < --- < t, =0}.
By definitions, we can prove that

0 —
(2.6) /t f(s)dWs = _/0 t f(=s)dB; for any t <0,

(2.7) ’ fl=s)d™W, = /t flt —s)dTW,(0_4w) for any t > 0.
0

—t

Now we are in position to introduce the concept of input-to-state characteristic
operator. By the definition of 8, we can obtain the pull-back trajectories of solutions
of (2.1) as follows:

(2.8)

o(t, 0_tw)x = <I>(t)x+/

—t

0 0

<I>(—s)h(<p(t+s,9,tw)x)ds+/ O(—s)odWs, P-as., x € RY,

—t

where we have used (2.7) for the stochastic integral term. Returning the output
function term to input function, we define the input-to-state characteristic operator

K:

0 0

(2.9) K(u)](w) = / D (—s)u(bsw)ds —|—/ O(—s)gdWs, weQ,

—0o0 — 00
where u is a tempered random variable with respect to 6, i.e.,

sup {e*”w |u(9tw)|2} <oo forallweQandy >0,
teR

where |z]y = (Z?Zl |z;|2)2, € R% We denote [|®]|y := (Z'ij:l |®;;]2)2 in what
follows, where @ is a (d x d)-dimensional matrix.

Remark 1. It is noticed that the operator K is well defined. In fact, for any
tempered random variable u, since || ®(¢)|| < e, t > 0, we have | ®(¢)||2 < d||®(t)| <
de*, and so
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‘/OOO O(—s)u(fsw)ds

0 0
S/ |®(—s)u(fsw)|,ds < d/ Mol u(0,w)|2ds
2 —o0 >

0
< dsup {e%‘tl |u(9tw)|2}/ e2lslds < 00, weQ,
teR oo

which implies that lim;_, . fi)t D (—s)u(fsw)ds exists for all w € Q. For any t1 > to >

0,
‘/ s)odW, — / s)odWs
tl t2

—E [ " fo-s)ol3ds
2

7t1

d m —ty
<3k [ el
i=1 j=1 —t

which together with assumption (A) shows that [~ 0 ®(—s)odW, converges in L? as
t - oo. By ( f ®(—s)odWs is a continuous martingale. Hence, it follows
from [21, Problem 3.20 in Chapter 1] that f ®(—s)odW, converges P-a.s. to an

integrable random variable X, f ®(—s)odWy as t — oo. Furthermore, by the
boundedness of h (see hypothe51s (Hl)), we obtaln that {p(t,0_yw)z : t > 0} is a
bounded set for P-a.s. w €  and x € R%.

3. Asymptotic behavior of RDS generated by Ité6 SDEs. In this section,
we will give some preliminary propositions and lemmas to describe the dynamics of the
pull-back trajectory which will be used in the proof of our main result. To make the
paper self-contained, we begin with a known result in [14] which provides convenience
for reading.

LEMMA 3.1 (see [14, Lemma A.2]). Suppose that (zq)aca is a net in a normed
space X, partially ordered by a solid, normal cone X1 C X. Suppose, in addition,
that the net converges to an element xo € X, and that the infima and suprema

r, :=inf{zy 1’ >a} and ) :=sup{ze :d >a}
exist for every a € A. Then the nets (x)aca and (x})aca so defined also converge

to Too-

PROPOSITION 3.2. For each 7 > 0, let

a(w) = inf {h(p(t,0_w)z) : t > 7}

and

b (w) = sup {h(p(t,0_w)x) : t > 7}, zeRY weq,

where inf and sup mean the greatest lower bound and the least upper bound, respec-
tively. Then a*(w) and b(w) are random variables with respect to the o-algebra F
When h = id, we use the notations a' and bid.

Proof. First, we show that a”(w) and b”(w) are well defined. By Remark 1, it
is clear that D(w) := {h(¢(t,0_w)z) : t > 7} and Did(w) := {p(t,0_w)z : t > 7}
are two bounded sets for fixed 7 > 0, w € Q, and x € R?, which implies that D" (w)
and Di4(w) are order-bounded. Since R% is strongly minihedral [5, Definition 3.1.7],
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al(w) and b (w) exist. Let 77 (w) := U, {h(¢(t,0_w)z)} be the tail of the pull-back
trajectory emanating from z. It is noticed from Remark 1.5.1 in [5] that

(t,z) — p(t,0_w)x is a continuous mapping

from R, x R? into RY; then, by Proposition 1.3.5 in [5], we have that

w e 7@ = J{hle(t 0—w)e)}

t>T1

is a random compact set with respect to .%. Together with Theorem 3.2.1 in [5], we
can conclude that a’(w) and b?(w) are #-measurable random variables in R%. When
h = id, we can obtain the same result from Remark 1. The proof is complete. ad

LEMMA 3.3. Assume that conditions (H1) and (A) hold. Let o(t,w)x be a solution
of stochastic system (2.1) with initial value x € R%. Then we have

(3.1)  K(0—lim h(p)) < 0 —lim ¢ < 0 —Tim ¢ < K(0 — im h(p)), P-a.s.,
where
[0 — lim ¢](w) = li_{n inf{o(t,0_w)z:t>7}, zeRY weQ,

and

[0 — lim ¢](w) := li_>m sup{p(t,0_w)z:t>7}, xR weq.

Analogously, we can define 6 — lim h(p) and 6 — lim h(yp).

Proof. Here, we only prove the first inequality for the sake of convenience and the
rest of the inequalities can be proved analogously. First, in view of the fact that

inf{p(t,0_w)x:t > 7} =inf {p(t,0_w)x : t > 7}

and

inf{h(o(t,0_w)x) : t > 7} = inf {h(p(t,0_w)x) : t > 7}

by Lemma A.1 in [14], similar to Proposition 3.2, we can easily get that 6 — lim h(y)
and 6 — lim ¢ exist, which are also two (.#, Z(R?))-measurable random variables.
Then K(0 — lim h(y)) is well defined and (%, 2(R%))-measurable by (2.9) and the
Fubini theorem. It is noticed that

[0 —lim h(p)](w) := lim inf{h(p(t,0_w)z):t>7}, xR we,

T—>r00
and by Lebesgue’s dominated convergence theorem, we have (6 — lim h(p)) =

lim, o K(a.), where a,(w) := inf{h(p(t,0_iw)z) : t > 7}. Therefore, we can choose
an increasing sequence {7, }nen such that 7, T 0o and it is enough to prove that

K(a,, ) <6 —1limep, P-as.forallneN.
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By the definition of K, for fixed 7,, > 0, we have

0 0

K(ar,))(w) = / O(—s) inf{h(p(t,0_8)x) : t > 7, }(fsw)ds —l—/ O(—s)adW (s)

— 00 — 00

0 0
= / O(—s)inf{h(p(t,0_t1sw)x) : t > 7, }ds —l—/ O(—s)adW (s)

— 0o — 0o

0
= lim {@(f)x —|—/ O(—s)inf{h(p(t,0_t1sw)x) : t > 7, }ds
t—o00 T i
>,

+/O @(—s)adW(s)}

—

n—1

0
= lim inf {Cb(f)x —|—/ O(—s)inf{h(p(t,0_11sw)x) : t > 7 }ds
T>Tn Tn—t

+/0~<I>(—s)crdW(s) > T}

—t

0
< lim inf {@(f)x —|—/ B(—s){h(p(t + s,0_jw)x)}ds

T>Th n—t

—l—/o O(—s)odW (s):t > ’7'}

—t

0
< lim inf {@(t)x —|—/ ®(—s){h(p(t + s,0_jw)z)}ds

T—>00 _E

—I—/_Z(b(—s)crdW(s) ot > 7'}

= [0 — lim ¢](w),

where the fourth equality has used Lemma 3.1, while the second-to-last inequality has
applied the positivity of ®(¢) [32] and h. The proof is complete. d

LEMMA 3.4. Assume that conditions (H1) and (A) hold. Let o(t,w)x be a solution
of (2.1) with initial value x € RY. Then we have the following:
(i) If h is order-preserving, then

(32)  h(f—lim ¢) < 0 —lim h(p) <0 —Tim h(p) < h(f —Tim ¢), P-a.s.
(ii) If h is anti-order-preserving, then
(3.3)  h(0—Tim ) < 6 —lim h(p) < O —lim h(p) < h(0 — lim ), P-a.s.

Proof. Indeed, the proof of the first inequality in (3.2) is adequate and the rest
of the results of this lemma can be obtained analogously. Observe that h is order-
preserving for fixed 7 > 0 and = € R<: then for all ¢t > 7, we have

h(inf{p(t,0_w)x : t > 7}) < h(p(t, 0_w)x)
and

(3.4) h(inf{p(t,0_w)x : t > 7}) < inf{h(p(t,0_w)x) : t > 7}.
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Let 7 — oo in (3.4). Then
h(f —lim ¢)(w) = lim h(inf{p(t,0_w)x :t > 7})
T—00
< ILm inf{h(p(t,0_w)x):t > 7} =6 —lim h(p)(w).

The proof is complete. O

LEMMA 3.5. Assume that conditions (H1) and (A) hold. Then, for stochastic
system (2.1), let o(t,w)x be a solution of (2.1) with initial value x € R?; then we have

(3.5) K(a") <0 —limy <0 —Tim ¢ < KO"), P-as., 7>0,

where al(w) and b (w) are as defined in Proposition 3.2. Furthermore, define K" :=

hoC as a gain operator. Then we have the following:
(i) If h is order-preserving, then for fized T > 0,

(3.6) (K")*(al) < 6 — lim h(g) < 8 — T h(g) < (KM)F(PY), P-as., keN.
(ii) If h is anti-order-preserving, then for fized T > 0,
(3.7) (K" (ap) <6 —lim h(p) < 0 —lim h(p) < (K")** (b)), P-a.s., k€N,
Proof. By the definitions of a” and b”, it is evident that
a <0 —1lim h(p) <6 —Tim h(p) <V, 7> 0.

Observe that ® is monotone based on assumption (A); then K is also monotone with
respect to u, and consequently

K(a") < K(6 —lim h(p)) < K(0 —Tim h(p)) < K@), P-as., >0,
which together with Lemma 3.3 implies
K(a") <6 —1lim ¢ <6 —Tim ¢ < K(b"), P-as., 7>0.

That is, (3.5) holds.

In what follows, we claim that (3.6) and (3.7) hold. We consider two cases as
follows:

Case (i). If h is order-preserving, then it deduces that h preserves the inequalities

in (3.5):

K@) < h(6 —lim ¢) < h(0 —lim @) < K" (b)), P-as., 7> 0.
As a consequence of Lemma 3.4, it follows that

K™(a) < 6 —lim h(p) < 6 —Tim h(p) < K"(BL), P-as., 7>0.

This proves that (3.6) is true for k = 1.
Next we assume that, for some k& € N, we have obtained

(KME(al) <6 —lim h(p) < 0 —Tim h(p) < (KM, P-as., 7> 0.
From the monotonicity of K and h, and Lemmas 3.3 and 3.4, we can have

K[(K")*(ak)] < K(0 — lim h(p)) < 0 — lim ¢
<0 —Tim ¢ < k(0 —Tim h(p)) < K[(K")*@L), P-as., > 0.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/23/16 to 140.114.6.110. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

SMALL-GAIN THEOREM FOR STOCHASTIC SYSTEMS 2393

Acted both sides by h in the above inequalities, we get that

(M) (al) < (6 — lim ) < 6 — lim h(gp)
<0 —Tim h(p) < h(0 —Tim @) < (K" 10", P-as., 7> 0.

Therefore, we conclude that (3.6) holds by mathematical induction.
Case (ii). Assume that h is anti-order-preserving, similar to Case (i); we deduce
that
K" (b2) < h(0 —Tim ) < h(0 — lim ¢) < K"(al), P-as., 7> 0.

Using (3.3) in Lemma 3.4, we have
Kr(b) < 6 —lim h(p) < 0 —Tim h(p) < K"(a"), P-as., 7>0.
Combining the monotonicity of K and Lemma 3.3, it shows that
KIKM®M)] < 6 —lim ¢ < 0 —Tim ¢ < K[K"(a?)], P-a.s., 7> 0,
which together with the antimonotonicity of h and (3.3) in Lemma 3.4 implies
(K™M2(ah) <0 —1lim h(p) < 0 —Tim h(p) < (K")2(b"), P-as., 7> 0.

The rest of the proof of (3.7) can be obtained analogously to Case (i) by mathematical
induction. The proof is complete. a

4. Main results. In this section, we will state our main result on the stability
of nonlinear stochastic system (2.1) and present its proof. We begin with a lemma.

LEMMA 4.1. Assume that conditions (H1), (Ha), and (A) hold. Let M%,(£;[0, N])
be the space of F-measurable functions f : Q — [0,N], where N = (Ny,..., Ng),
N; = sup,cga [hi(z)], i = 1,...,d. We introduce a metric on M% (%[0, N]) as fol-
lows:

p(f1, f2) = |fi = foloo = sup |fi(w) = f2(w)| for all f1, fo € M%(9:]0,N]);

then (./\/lbg, p) is a complete metric space and the gain operator K" :== ho K : ./\/lf’g —
/\/lbg is a contraction mapping, where the definition of input-to-state characteristic
operator KC can be chosen as an R-valued version for all w € €.

Proof. Tt is clear that (MY, p) is a metric space. Now we will show that the
metric space /\/lbg,; is complete with respect to p. To prove this, we can choose a
Cauchy sequence {f,,n € N} in (M%, p); we denote a function f as follows:

flw):= nh_)ngo fn(w) € [0,N] forall we Q,

which holds based on the fact that {f,(w),n € N} is a Cauchy sequence in R? for
fixed w € Q. It is noticed that the limit of a family of .#-measurable functions is an
F-measurable function [6]. This shows that f € MY ([0, N]).

In what follows, we will prove that |f — fu]ooc — 0 as n — oo. Observing that
{fn(w),n € N} is a Cauchy sequence, we know that for all ¢ > 0, there exists Ny =
No(e) € N such that for n,m > Ny,

sup [ fm(w) — fu(w)] <e.
weN
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Let m — oo; then
sup |f(w) — fa(w)| <e for all n > Ny,
weN

which implies that |f — fn|e — 0 as n — oo. Thus (MY, p) is a complete metric
space.

Next we claim that K" : /\/lfg — /\/lbg is a contraction mapping. First, we should
show that K" : MY — MY, is well defined. From (H;), it follows that & : RY — [0, N].
By the definition of K, the measurability of #, and the Fubini theorem, it is evident
that K(u) is an .#-measurable function, which yields K" : M% — MY,

Finally, we prove that K is a contraction mapping. By (H;) and (Hz), we can
have

sup || Dh(z)| < L,

z€R4
where Dh(z) is the Jacobian of h. Let f; and fa be two elements in (MY, p). By the
fact that |®z| < d||®| - |z| for all # € R? and ® € R¥*?, we get

K™ (f1) = K" (f2)loe = [RIC(f1)] = AIK(f2)] 0
= [DAIK(f2) + u(K(f1) = K(f2)] - [K(f1) = K(f2)]|oo
<d sup [ Dh(z)[| - [K(f1) = K(f2)]o

0 0
< 1d / B(—5) f1 (Ouw)ds — / B(—5) fo(Buw)ds

—o00 —o0 00

0
< L& / 1D(=5)[ - | f1 — foloods

— 00

0
< Ld?/ e Mds|f1 — fa|so

Ld?
= —T|f1 — faloos

where 0 < p < 1, —Lsz < 1, and the second-to-last inequality holds due to condition
(A). The proof is complete. O

THEOREM 4.2 (small-gain theorem). Assume that conditions (Hy), (Hs), and
(A) hold. Then the gain operator K" := ho K : ./\/lf’g — ./\/lbg POSSESSES 4 UNIque
nonnegative fized point u € M% (; [0, N|) such that for all x € RY,

(4.1) tli)m o(t, 0_w)x = [K(u)](w), P-a.s.
Moreover, p(t,w)[K(u)](w) = [K(u)](fiw), P-a.s., t > 0; i.e., the image [K(u)](-) at
the fixzed point u for the input-to-state characteristic operator is a random equilibrium.

Proof. In view of Lemma 3.5, regardless of the monotonicity or antimonotonicity
for h, for fixed 7 > 0, we have

(4.2) (K" (a2) <0 —lim h(y) < 0 —Tim h(p) < (K")?*(d), P-as., keN,

where a” and b? are as defined in Proposition 3.2. By Proposition 3.2, a” and b" are
bounded .Z-measurable functions in (M, p). Since K" is a contraction mapping on
the complete metric space MY, by the Banach fixed point theorem [36], there exists
a unique nonnegative random variable u : 2 — [0, N] for K such that

(K" (u)](w) = u(w) for all w € O
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and

(4.3) lim [(K™)2*(a")](w) = u(w) = lim [(K")2* (")) (w) for all w € Q.

k—o00 k—o0

Moreover, u is evidently independent of 2 € R?. Combining (4.2) and (4.3), we can
have

16— lim h(¢))(w) = [0 — T h(@)](w) = u(w), P-as.

which together with Lemma 3.3 implies that
16— lim ¢)(w) = [0 — Tm ] (@) = [C(w)](w), P-as.

In order to prove (4.1), it remains to show that
(4.4) [0 — lim ¢](w) = [0 — lim ¢](w) = Jim o(t,0 w)z, Pas., x€ RY.
By the definitions of infimum and supremum, it is clear that
inf{o(t,0_w)x : t > 7} < (1,0 w)z < sup{p(t,0_w)r:t > 7}, P-as., zc R
Let 7 — oo in the above inequality; then (4.4) holds, and so (4.1) holds.

Furthermore, by (4.1) and the property of continuity and cocycle for (6, ), one
can show that for fixed t > 0 and = € R?,

p(t,w)[K(w)](w) = ¢(t,w) lim ¢(s,0_sw)z

hm p(t,w) o p(s,_sw)x
= hm ot + s,0_sw)z
= hm ot +5,0_(145) 0 Oiw)x

§—00

[K(u)](biw) P-a.s.

The proof is complete. O

Remark 2. Since (t,7) — ¢(t,0_;w)x is a continuous mapping from Ry x R? into
R? [5, Remark 1.5.1, p. 34], we can have an undistinguished version of the stochastic
process {¢(t,0_w)z, t € Ry} for fixed z € R, which leads us to believe that all
conclusions presented in this paper would hold for all w € Q.

Remark 3. It is worth pointing out that we cannot obtain our main results di-
rectly from Theorem 4.4 in [14]. To be more precise, the perfection of the crude
cocycle p(t,w,z,u) is not easy and the small-gain condition (Definition 4.2 in [14])
meets some difficulties for stochastic systems. In fact, the key role of the small-gain
condition is to guarantee the existence on the unique, globally attracting fixed point
of K. In this paper, motivated by this thought, we directly consider the existence
and uniqueness of globally attracting fixed points by using the Banach fixed point
theorem. It is worth noting that the idea established in this paper has a potential
to apply to other stochastic systems with feedback interconnections, for example, to
those driven by multiplicative white noise. However, specific measurability problems,
which need to be overcome, appear while realizing this idea; see [17].
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5. Examples. In this section, we present several examples to illustrate the use of
our small-gain theorem. Note that our result can be applied to stochastic cooperative,
competitive, and predator-prey systems, or even to others. As far as the authors
know, there has been no criterion to guarantee them to be globally stable so far.
Although we can construct many higher-dimensional stochastic systems, we only give
three-dimensional systems in the following.

Example 5.1. Consider stochastic cooperative system

(51) dr; = [(AZIJ)Z + hz(ﬂil)]dt + O’ithi, 1=1,2,3,
where
-1 1 0
(5.2) A= 1 -2 0
0 1 —1
with three eigenvalues A\ = —1, Ay 3 = ’3?/5 and
1
5.3 hi(z;) i= ————, i =1,2,3,
(5.3) (1) T i

where g;(z;) = § — arctanw; is decreasing with respect to x;, ¢ = 1,2,3. It is clear
that (5.1) is a cooperative system. By direct calculation, we obtain

5+\/5e——3;f¢5t n 57\/56‘3;\/@ ﬁe—‘"*;\/gt _ ﬁe—‘3;\/5t 0
10 10 5
—3+V5 =3-V5 —3+V5 —3-V5
d(t) = e L AP ey 5=v5 =350t | 546 =30y
() X 23+\/§5e i 3—V5 1oe3~2+\/g+ 102\/;
—e~t 4 5416/%#1: + 5_15/56 Lot x/?geft _ %eft et

It is not difficult to estimate that for any ¢ > 0,
(1) == max{[®y;(t)] : i, = 1,2,3} < ™,

that is, (2.4) holds. Moreover, it is easy to see that maxi<;<g ReA; = Ao <0, L < %.

50 9L 1
—— < —F=< 1.

A2 T 2(3—+/5)
By the small-gain theorem (Theorem 4.2), stochastic cooperative system (5.1) pos-
sesses a unique globally asymptotically stable random equilibrium; that is, (5.1) has
a unique stationary solution, which is globally attractive in pull-back trajectories.

The same conclusion holds if we replace g;(z;) by g;(x1 + x2 + x3).

Example 5.2. Consider stochastic competitive system

(54) dr; = [aixi + hi($i_1)]dt + O'ithi, i=1,2,3,
where a1 = —1,a0 = —2,a3 = —3 (zg = x3), and

1 1
(55) hi(xi,l) 5 1= 1,2,3.

T htthaig 4+ gi(zio1)

eTi—1_e~Ti-1

Since gi(ﬁifl) =1 +th Ti—1 = 1+ m
1,2,3, (5.4) is a stochastic competitive biochemical circuit. Furthermore, by (5.4) and
(5.5), letting A = —1 and L < -, it follows that

is increasing with respect to x;_1, i =

()] := max{|®s;(t)] : 4,5 = 1,2,3} =e™", t >0,
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and oL 9
< —<1
A T 16
Applying the small-gain theorem (Theorem 4.2), stochastic competitive system (5.4)
admits a unique globally asymptotically stable random equilibrium, which produces

an ergodic stationary solution for (5.4).
Note that the same result is true when g¢;(z;—1) is replaced by g;(x1 + z2 + x3).

Example 5.3. Consider stochastic predator-prey system
(56) dr; = [(Aﬂi)l + hi($i_1)]dt + O’ithi, 1=1,2,3,

where xg = x3, x4 = 21, and

-1 V2 0
(5.7) A= 0 -2 V2
V2 0 —4
with three eigenvalues A\ = =3, Ay 3 = -2+ V2 and
1 1

(5.8) hi(xzi—1) =

: . i=1,2,3.
4+ % +arctanx; 4+gi(xi_1) !

Let f(x) = Ax + h(z), * € R3. Then let a%%(x) = /2 > 0 and %(m) =

—(4+%+arlctanzi)2 - < 0 for i = 1,2,3, which implies that (5.6) is a stochastic
predator-prey system. Direct calculation of ® shows that
e 3t 4 ‘/_e( 24V2)t _ \/§e—(2+\/§)t
2
O(t) = | — A3t + \/_2 V2 o(—24+v2)t 4 \3/145\6/_6—(2-‘1-\/5)15
- ?/2_5—32 - VoE+ 2
Y23t 4 V2 o( 2+\/§)t_ 2+fe (2+V2)t
3
\/—e—3t+ V224Vt 4 \?e—(2+\/5)t
23t 4 \/_ 1 e(—2+V2)t _ \/_+1e—(2+\/§)t
Aoy \/_ Y3 (24D Q\S/ZJQr\G/_e—(Q+\/§)t

—4e—53t 4 f—\/_ (—2+f)t \3/1—5\6/_e—(2+\/§)t

2\3756731&_*_(3\61275 \/—) —242)t (3\Z275+\3/§>ef(2+\/§)t
_26731&_’_(% — V2)el= 2+V2)t (§+\/§)ef(2+\/§)t

and it is not difficult to prove that for any ¢ > 0,
[®()]| := max{|®;(t)] : 7,5 = 1,2,3} < e72FVDE = ghat
Specifically, since ®;;(t) > 0,4,5 = 1,2,3, for any ¢t > 0, due to the cooperativity of

A, it is enough to show that ¥,;(t) := ﬁ(y—)t <1,i,5=1,2,3, for any t > 0. More

precisely, for W3;(t), we have

Yoe— (VDL \/— V2 \/—+\/——2ft

Uy (t) = t>0,

and

Warll) _ 31+ va)e 02 4 VAV + VD), 12 0,
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which together with ¥%,(0) > 0 implies that there exists a unique local maximum
point tg > 0 for U3y (¢),t > 0. In fact, it is clear that ¢ > 0 is also a global maximum
point for W3y (¢),¢ > 0. By direct calculation, it follows that ¢ty > %, and so

V25 — /2
\:[131(t) < \:[131(to) < \3/56_(1+\/§)X% + q <1, t>0.

Analogously, we can obtain that there exists a unique local maximum point ¢y > 0
for Wos(t), t > 0, which implies that Wo3(t) < 1, ¢t > 0. Moreover, for ¥14(t), we can

easily see that
1+f)t \/— \/_ —Q\ft

Uy(t) = t>0,
and
%ﬂt) = (14 V2)e V2 4 92V g ¢ > 0,
" >

which implies that ¥11(¢) < 1, ¢ > 0. By the same method, we can obtain that the
rest of the elements of ¥(t) = (V;;(t))axd, t > 0, except for Ws3(t), are monotone
with respect to ¢ and consequently smaller than one. Finally, we consider the element
W33(t); it is clear that

3 3
Wys(t) = —2e~ (V2 (5 - \/5) + (5 + \/§> SV >,

and

dWss(t
ji() :2(1+\/§) —(1+v2)t _2\/‘( +\/—) 72\/3 t>0,
which together with ¥45(0) < 0 implies that there exists a unique local minimum
point to > 0 for Wss(t), ¢ > 0. It is noticed that ¥33(0) = 1 and lim;—o Wss(t) =
5 — /2 < 1. Then we conclude that W3s(t) < 1,t > 0. Furthermore, we can choose
Lgl—lﬁ,)\_—2+\/—, and so

9
A T16(2-2)

< 1.

Using the small-gain theorem (Theorem 4.2), there exists a unique globally attractive
random equilibrium for stochastic predator-prey system (5.6).

6. Conclusion and discussion. In this paper, we have developed Marcon-
des de Freitas and Sontag’s approach in random differential equations with inputs
and outputs to control the problem of stochastic differential equations and proved a
small-gain theorem of stochastic control under the assumptions that the output func-
tion is either order-preserving or anti-order-preserving in the usual vector order and
the global Lipschitz constant of the output function is less than the absolute of the
negative principal eigenvalue of the linear matrix. For the sake of convenience, let
o = diag(o1,...,04). This means that the stochastic system (2.1) has a unique glob-
ally attracting stationary solution [/C(u)](6,w), whose probability distribution density
is the unique stationary solution of Fokker—Planck equation
(6.1)

d
Z 28 p > t —div((Az+h(z))p), z € RY ¢t >0, p(a,t) >0, /p(x,t)da: =1.
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Such a stationary solution is ergodic. This reminds us to investigate a small-gain
theorem in stationary solution or stationary measure manner for the stochastic system
(2.1). We outline this approach as follows.

Assume that the matrix A is stable with the maximal real part —\ of all its
eigenvalues and h possesses a global Lipschitz constant L with L < XA — ¢y for a
sufficiently small ¢y > 0. According to [30, Chapter 2, Proposition 2.10], without loss
of generality, we may assume that A has the Jordan normal form with blocks along
the diagonal of the form, i.e.,

Aq

where A; is one of the following two types of matrices:

g /\z IE Di

where

a; —b; e 0
Di—{bi a; ] and IE—[ 6:|,0<E<60.
Define the Fokker—Planck operator by
1,02V
LV:—Z 38 2+<<VV(A3:+h( 7)) >

=1

Here < -, - > denotes the inner product in R? and V' € C?(R%). Now let
Lo o 2
(6.2) Vix) = E(xl +az+ -+ x5

Then

d
1
LV = 52034— <Lz, Az > + <z, h(z) — h(0) > + < z,h(0) >
i=1

| /\

—ZU = (A= @)al3 + Lzl + [h(0)]2 - |]2

S

where 0 < € < €9, A = —maxi<;<q ReA; > L 4 9. This implies that there is an R
sufficiently large such that

[\D|F—‘

=—(A—e—L)fal3 + [h(0)]2 - ]2 +

1
(6.3) LV < —§(>\ —e—L)|z|2 for all |z|]; > R.
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Combining (6.2), (6.3), and the Khasminskii theorem (see [22, Theorem 4.1, p. 108]
and [38, p. 1163]), we know that there is a unique stationary solution for (6.1) under
the condition L < ), the stationary measure generated by this stationary solution
is ergodic (see [22, Theorem 4.2, p. 110]), and the transition probability function
weakly converges to the stationary measure as ¢ tends to infinity. This stationary
solution plays the same role as [K(u)](6;w) in Theorem 4.2. As maxi<;<q|0oi| — 0,
the stationary measure sequence weakly converges to a Dirac measure at the unique
equilibrium of the deterministic system without noise. This means that the stationary
measure concentrates around the deterministic equilibrium when the noise intensity
is small.

Ezxample 6.1. Consider the two-dimensional stochastic system

(6 4) dry = [—axl — bxs + h1($1, $2)]dt + 0'1th1,
' dxe = [bx1 — axs + ha(z1, 22)]dt + agde.

Here a and b are positive, and h = (h1, ho)? has a global Lipschitz constant L < a.
The above discussion shows that (6.4) admits a unique stationary solution, which is
ergodic.

It is noticed that the matrix

=[]

is not cooperative. So Theorem 4.2 cannot be applied to (6.4). This may be an
advantage of this method for investigating the small-gain theorem.

Comparing to the result presented in [14], the method used here can also be
applied to the problem (random systems) considered in [14]. It is remarkable that
the boundedness of g is not necessary for us, while the derivatives of g need to be
bounded in the present work. For example, in Example 5.1, we can let

T —x z; <0
gi(x;) = 2 Iy ’ N ’
5 —arctanx;, x; > 0.

It is easy to see that the conclusion of Example 5.1 still holds.

This result is only the first step in the study of stochastic stability, and a small-
gain theorem for the stochastic control problem with multiplicative noise will be in-
vestigated in the near future; see [17].
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