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Abstract We consider a reaction—diffusion—advection equation of the form: u; = uy, —
Buy + f(t,u) for x € (g(t), h(t)), where B(t) is a T-periodic function representing
the intensity of the advection, f (¢, u) is a Fisher—KPP type of nonlinearity, T -periodic in
t, g(t) and h(t) are two free boundaries satisfying Stefan conditions. This equation can be
used to describe the population dynamics in time-periodic environment with advection. Its
homogeneous version (that is, both 8 and f are independent of ¢) was recently studied by
Gu et al. (J Funct Anal 269:1714-1768, 2015). In this paper we consider the time-periodic
case and study the long time behavior of the solutions. We show that a vanishing—spreading
dichotomy result holds when 8 is small; a vanishing—transition—virtual spreading trichotomy
result holds when § is a medium-sized function; all solutions vanish when g is large. Here
the partition of 8(¢) depends not only on the “size” § := % fOT B(t)dt of B(t) but also on its

“shape” B(t) := B(t) — B.
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1 Introduction

The study of spreading processes by using reaction diffusion equations traces back to the
pioneering works of Fisher [13], and Kolmogorov et al. [23]. They introduced the equation
Uy = uyy + u(l — u) to model the spread of advantageous genetic trait in a population, and
studied traveling wave solutions of the form u(¢, x) = ¢(x — ct). In 1970s’, Aronson and
Weinberger [2,3] gave a systematic investigation on the Cauchy problem of u; = uyx + f ().
In particular, when f is a monostable type of nonlinearity like # (1 — ), they proved the so-
called hair-trigger effect, which says that spreading always happens (i.e. lim; oo u(, x) = 1)
for the solution starting from any nonnegative and compactly supported initial data (no matter
how small it is). Furthermore, they showed that the traveling wave with minimal speed can
be used to characterize the spreading of a species.

In this paper we consider the population dynamics in time-periodic advective environ-
ments, which means that the spreading of a species is affected by a time-periodic advection.
In the field of ecology, organisms can often sense and respond to local environmental cues by
moving towards favorable habitats, and these movement usually depend upon a combination
of local biotic and abiotic factors such as stream, climate, food and predators. For example,
some diseases spread along the wind direction. More examples can be found in [17] and
references therein. From a mathematical point of view, to involve the influence of advection,
one of the simplest but probably still realistic approaches is to assume that species can move
up along the gradient of the density. The equation u; = u,, — B(t)u, + f(t, u) is such an
example. Note that, in a moving coordinate frame y := x — fot B(s)ds, this equation reduces
to one without advection: w; = wyy + f (¢, w) for w(z, y) = u(t, x). Hence, for the Cauchy
problem, there is nothing new in mathematics to be studied.

This paper considers the equation in a variable domain with free boundaries. In most
spreading processes in the natural world, a spreading front can be observed. In one space
dimension case, if the species initially occupies an interval (—ho, hg), as time ¢ increases
from 0, it is natural to expect the end points of the habitat evolve into two spreading fronts:
x = g(t) on the left and x = h(¢) on the right. To determine how these fronts evolve with
time, we assume that they invade at a speed that is proportional to the spatial gradient of the
density function u there, which gives the following free boundary problem

Uy = uxy — Buyx + f(t, u), g(t) <x <h(), t>0,
u(t,g) =0, g'(t) =—p@uc, g), t>0,

u(t,h(t)) =0, W' (t) = —pu@ux(, h()), t>0,

—g(0) = h(0) = ho, u(0,x) =up(x), —ho < x < ho,

(P)

where 1, B and f are T-periodic functions in time ¢, 7o > 0 and u is a nonnegative function
with support in [—ho, hg].

The free boundary condition in (P) is actually a Stefan one. Such kind of conditions
appear not only in physical problems, but also in some biological problems such as wound
healing, tumor growth and population dynamics, etc. (cf. [6,7,14,15]). This condition can
be derived from the Fick’s diffusion laws as in [6]. Furthermore, the whole problem (P) can
be deduced directly as a spatial segregation limit of some competition systems (cf. [22]).
Namely, when we take the singular limit as the competition parameter goes to infinity in
certain competition systems, free boundaries will appear which separate a competitor from
another and evolve according to a law like that in (P).

When 8 = 0, that is, there is no advection in the environment, Du and Lin [9] studied
the problem (P) for the case where () = const. and f(t,u) = u(a — bu) (a, b > 0 are
constants). They proved that, if 4 is small, then spreading happens (i.e., h(t), —g(t) — o0
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andu(z,-) — a/bast — oo locally uniformly in R) when p is large, and vanishing happens
(i.e., h(t) — g(t) is bounded and u(¢, -) — O uniformly as + — oc0) when p is small. The
vanishing phenomena is a remarkable result since it shows that the presence of free boundaries
makes spreading difficult and the hair-trigger effect can be avoided for some initial data with
narrow support. Later, some authors considered the problem in time dependent environments.
Among them, Du et al. [8] considered the time-periodic problem, and Li et al. [24] considered
the almost time-periodic problem, both for the environments without advection (i.e., 8 = 0).

When S # 0, that is, there is an advection in the environment, some special cases of (P)
were studied by some authors. Among them, Gu et al. [17] gave a rather complete description
for the long time behavior of the solutions to the homogeneous version of (P). When f is a
Fisher—KPP type of nonlinearity like f(#) = u(1 — u), they found that, besides the minimal
speed co := 2./ f'(0) of traveling waves, there is another important parameter 8* > c¢g
which affects the dynamics of the solutions significantly. More precisely,

(1) Insmall advection case B € [0, cp), there is a dichotomy result (cf. [17, Theorem 2.1]):
either vanishing or spreading happens for a solution;

(i) In medium-sized advection case S € [co, B*), there is a trichotomy result (cf. [17,
Theorem 2.2]): either vanishing happens, or virtual spreading happens (which means
that, as t — 00, g(t) = goo > —00, h(t) — oo, u(t,-) — 0 locally uniformly
in (800, 00) and u(t, - + c;t) — 1 locally uniformly in R for some ¢; > B — cop),
or the solution is a transition one in the sense that, when 8 € (co, B*), u(z, - + o(t))
converges to a tadpole-like traveling semi-wave V(- — (8 —co)t), and that, when 8 = co,
u(t,-) — O uniformly in [g(¢), h(?)] with k() — oo;

(iii) In large advection case B > B*, vanishing happens for all the solutions (cf. [17, Theo-
rem 2.4]).

In this paper we study the problem (P) with time-periodic coefficients. Throughout this
paper, we assume that 7 > 0 is a given constant and use the following notation:

P = {p(t) € CY2([0, T) : p(0) = p(T)} for some v € (0, 1);
for each p € P, denote p := %for p(t)dt and p(t) := p(t) — p;
Pl={peP:p=0}, Pr:={peP:pt)>O0foralltel0,T]}.

Our basic assumptions is the following

BePwithf >0; wePy; f(t,0)=0;

f(t,u) € CV/>1H/2([0, T] x R) for some v € (0, 1), T-periodic in ¢;
a(t) = f,(t,0) € P4; andforany ¢t € [0, T], f(t,u) <Oforu > 1,
f(t,u)/u is strictly decreasing in u > 0.

(Hop)

This condition implies that f (¢, u) is positive for small u, negative foru > 1 and f (¢, u) <
a(t)u. Hence f(t,u) is a Fisher—KPP type of nonlinearity. Typical example of such f is
f =u(a(t)—b(t)u) for some a, b € P,. Note that the assumption B > (s not an essential
one, since this assumption is used only to indicate that the advection makes the rightward
motion easier than the leftward one. In the converse case: B < 0, all the conclusions in this
paper remain valid as long as the right and the left directions are exchanged.

We now sketch the influence of the advection intensity 8 on the spreading of the species.
For this purpose we need three special solutions (see details in Sect. 3). (1) The unique
positive T -periodic solution P(t) of the ODE u; = f(t, u). (2) The periodic traveling wave
Q(l, X +ct — fot ,B(S)ds) of (P); (hereafter, we use (P); to denote the equation in (P),
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where ¢ := 2+/a and Q(t, z) denotes the unique solution of

{Ut =wv,, —¢v, + f(t,v) fort,z € R, (1.1

v(t, —00) = 0, v(t,00) = P(r) and v(0, 0) = L min,epo, 71 P (1)

(see, for example, [4,18,20]).
(3) Periodic rightward traveling semi-wave U (z, R(1) —x) , which s defined by the solution
to the problem

U =U,+[B—rlU,+ f(t,U), tel0,T], z>0,
U(,0)=0, U(t,o0) = P(1), t [0, T],
U@©,2) =U(T,z), Uft,z) >0, te€[0,T], z=0,
r(t) = p®U.(,0), tel0,T].

(1.2)

In Sect. 3, we will see that when 8 € P satisfies 8 > 0, the problem (1.2) has a unique
solution pair (r, U) with r = r(t; B) € P4+. Then, with R(¢) := f(; r(s; B)ds, the function
u(t,x) = U(t, R(t) —x) satisfies (P)1, u(t, R(t)) = 0and R'(t) = —u(t)u,(t, R(¢)). Asin
[10], we callu = U(t, R(t) — x) a periodic rightward traveling semi-wave since it is defined
only for x < R(¢) and U(t, z) is periodic in ¢.

The long time behavior of the solutions of (P) is quite different when § is a small, or a
medium-sized, or a large function. The partition for 8(¢), however, is much more complicated
than the homogeneous case (cf. [17]) since not only the “size” B but also the “shape” B is
involved. According to our study we find that 8 and 3 should be considered separately. In
fact, for each given “shape” @ € PV, if we consider only B with the “shape” 6 (namely,
consider B = b + 0 for b € [0, c0), hence B = b and 5 = 6), then we will show in Sect. 3
that there exist two critical values for b. The first one is ¢ := 2+/@ (independent of the
“shape” 0), and ¢ + 6 is the function partitioning small 8 and medium-sized § in the set
{8 = b+ 6 :b > 0}. The second critical value for b is B(f), which depends on 6 and is
bigger than ¢, and 8* := B(0) + 6 is the function partitioning medium-sized B and large
Binthe set {8 = b+ 6 : b > 0}. Here B(0) is the unique zero of the increasing function
y(b) :=b—c¢ —r(t; b+ 0) in [0, 00). Therefore, with ¥ = r(¢; 8), we have

B—¢<Fwhenp < B(B), B—¢=rwhenB =B(B)and —¢ > 7 when > B(f)

(see Lemmas 3.11 and 3.12 for details). Furthermore, from Sect. 3 we see that 7 (so does the
sign of 7 — ¢) depends not only on S but also on p. In fact, even for homogeneous problem,
it was shown in [16] that7 — c+ 8 >casu — oo,and7 — 0 < casu — 0.

The long time behavior of the solutions to (P) depends on the signs of B —cand ,3_ — B(,é).
Case 1: B € [0, ¢). In this case the periodic traveling wave Q(t, x+ct— fot ,B(S)ds) moves
leftward. This indicates that spreading of the solution on the left side is possible for solutions
starting from large initial data. Therefore spreading (i.e.,u — P(t) ast — 00) may happen
in this case (see Theorem 2.1 below).

Case 2: B > ¢. To explain the influence of 8 intuitively, we consider a solution of (P) with a
front (i.e., a sharp decreasing part) on the right side and a back (i.e., a sharp increasing part)
on the left side. As can be expected, when ¢ > 1 the front ~ U (¢, R(t) — x) and it moves
rightward with speed ~ r(t; B), the back ~ Q(t, x + ¢t — [; B(s)ds) and it also moves
rightward with speed ~ B — ¢. The latter indicates that u — 0 in Ly topology.

Subcase 2.1: ¢ < ,3 < B(ﬁ). In this case we have B — ¢ < r(t; B), that is, the front moves
rightward faster than the back. Hence the solution have enough space between the back and
the front to grow up. In fact we will show that, in L} topology, u(t, x + c1t) — P(t) as
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t — oo for some ¢; > B — ¢, though u(t, x) — 0 locally uniformly. We will call this
phenomenon as virtual spreading.
Subcase 2.2: B > B(B). In the special case where § > B(B) we have B — ¢ > r(t; B),
that is, the back moves rightward faster than the front. So the solution is suppressed by its
back, and u — 0 uniformly. This is called vanishing phenomenon. In the critical case where
B = B(f) we have the same conclusion by a more delicate approach.

Finally we remark that, if the equation in (P) is replaced by a more general one:

up =dOuxx — BOux + f(t,u), g) <x <h(), 1 >0,

where d € P, then by taking a new time variable t = D(¢) := fot d(s)ds, we see that the
function v(t, x) := u(D~1(v), x) solves a problem like (P). In particular, the coefficient of
the diffusion term in the equation of v is 1. Therefore the argument in this paper applies for
such a general equation.

This paper is organized as the following. In Sect. 2 we present our main results. In Sect. 3
we construct several kinds of traveling waves and give an equivalent description for the set
{B(®) + 6 : 6 € PO} of the second critical functions. In Sect. 4 we study the long time
behavior for the solutions and prove Theorems 2.1, 2.2 and 2.3. In Sect. 5 we consider the
asymptotic profiles for (virtual) spreading solutions and prove Theorem 2.4.

2 Main results

Throughout this paper we choose the initial data u( from the following set.

2 (ho) := [¢ € C*([—ho, hol) : ¢(—ho) = ¢(ho) =0, ¢(x) =, £ 0in (—ho, ho).}
(2.1)

where ho > 0 is a real number. By a similar argument as in [9, 10], one can show that, for any
ho > 0and any initial dataug € 2 (ho), the problem ( P) has a time-global solution (u, g, h),
with u € C1T/224v((0, 00) x [g(1), h(1)]) and g, h € C'*Y/2((0, 00)) for the number v in
(Ho). Moreover, it follows from the maximum principle that, when ¢ > 0, the solution u is
positive in (g(¢), h(t)), ux (¢, g(t)) > 0 and u, (¢, h(t)) < 0, thus g’(r) < 0 < K/(¢) for all
t > 0. Denote

800 = lim g(t), heo = lim h(t) and Ix = (800, hoo)-
11— 00 11— 00
Now we list some possible situations on the asymptotic behavior of the solutions to (P).

e Spreading : Ioo = R and lim,_, o, [u(¢, -) — P(¢)] = 0 locally uniformly in R;

e Vanishing : I is a bounded interval and lim;_, oo |l (t, -)|| Lo ([g(1),n()]) = 03

e Virtual spreading : gooc > —00, hoo = +00, lim;_, 5 u(t, -) = 0 locally uniformly in
(800, 00) and, for some c; > 0, lim;—,  [u(t, - + c1t) — P(t)] = 0 locally uniformly in
R.

Our first main result deals with the small advection case.

Theorem 2.1 Assume (Hy) and 0 < B < . Let (u, g, h) be a time-global solution of (P)
with uy = o¢ for some ¢ € Z (ho) and o > 0. Then there exists 0™ = o*(ho, ¢, B) €
[0, oo] such that vanishing happens when o € [0, o *] and spreading happens when ¢ > o*.

When the advection is a medium-sized one we have the following trichotomy result.
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Theorem 2.2 Assume (Ho) and ¢ < B < B(f). Let (u, g, h) be a time-global solution of
(P) with ug = o ¢ for some ¢ € Z (hg) and o > 0. Then there exist o, = o4 (hg, ¢, B) and
o* =0o*hg, ¢, B) with0 < o, < o™ < 00 such that

(i) Vanishing happens when o € [0, 0y);
(ii) Virtual spreading happens when o > o*;
(iii) In the transition case 0 € [0y, 0*]: goo > —00, hoo = 00, u(t,") — Oast — o0
locally uniformly in (g, 00), and virtual spreading does not happen.

In the transition case, it is clear by the values of g and /o that neither vanishing nor
spreading happens. In fact, in the homogeneous case (that is, all the coefficients in (P) are
independent of ¢), Gu et al. [17] proved that o, = o* and any transition solution converges
to V(x — (B — o)t + o(t)), where V(x — (B — ©)t) is a tadpole-like traveling semi-wave
whose profile has a big head and a boundary on the right side and an infinite long tail on the
left side. We guess that in the transition case in our theorem, we also have o, = o™ and the
solution converges to such a traveling wave V, with time-periodic tadpole-like profile and
with average speed 8 — ¢. This problem remains open now. The main difficulty is to prove
the existence of V itself whose profile is time-periodic in # and non-monotone in the space
variable.

When the advection is large, the long time behavior of the solutions is rather simple under
an additional condition:

a(t) == P(t)- fu(t, P(t)) — f(t, P(t)) <0 fort e]0,T], (Hy)

where P(t) is the periodic solution of u; = f(t,u). A typical example of such f is
f(t,u) = u(a(t) — b(t)u) with positive and periodic functions a and b. When f = f(u)
is a homogeneous Fisher—KPP type of nonlinearity with zeros 0 and 1, the condition (Hy)
reduces to f/(1) < 0.

Theorem 2.3 Assume (Hy), (H1) and B > B(B). Let (u, g, h) be a time-global solution of
(P) with initial data ugy € Z (ho). Then vanishing happens.

Finally we consider the asymptotic profiles and speeds for the solutions when (virtual)
spreading happens as in Theorems 2.1 and 2.2. Roughly speaking, near the right boundary
x = h(t), both the spreading solutions and the virtual spreading ones can be characterized by
the periodic rightward traveling semi-wave U (¢, R(t) — x). Near the left boundary x = g(¢),
however, the behavior of a spreading solution is different from that of a virtual spreading
one. The former can be characterized near the left boundary by a periodic leftward traveling
semi-wave ﬁ(t, x + L(t)), where L(t) := f(; I(s; B)ds for some [ € P, and (/, L7) solves
the following problem

Uy =U..— [B+1U. + f(t,U), te[0,T], z>0,
Ut,0)=0, U(t,o0)=P(t), tel[0,T]
U@©,2) =U(T,z), U.(t,2) >0 te[0,T], 20,
1(t) = p(OU,(t, 0), telo,T).

2.2)

Theorem 2.4 Assume (Hp) and (Hy). Assume also that spreading happens for a solution
of (P) as in Theorem 2.1 or virtual spreading happens as in Theorem 2.2. Let (r, U) be the
unique solution of (1.2).
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(i) When0 < B < ¢, let(l, [7) be the unique solution of (2.2). Then there exist Hy, G| € R

such that
tl_ijlc}o[h(t) — R(®»] = Hy, ,i‘{}o[h’(f) —r(t; B =0, (2.3)
lim [g() + L] = Gy, tgrgo[g’(t) +1(1; )1 =0, (2.4)

where R and L are the integrals of r and , respectively. In addition, if we extend U, U
to be zero outside their supports we have

Mm flu(e, ) = U@, RO + Hi = lleqonmy =0, (2.5)
and R
Jim {Jucz, ) = U(t. -+ L@ = G1) | oo g .0 = O- (2.6)
(ii) When c < ,B_ < B(,3~), then (2.3) holds and
tl_i)ITolo llu, ) = U, R(@) + Hi — iz qey1,n0) = 0, 2.7

for any ¢ satisfying B — ¢ < c1 < r(t; p).

As we have mentioned above, [8,12,17,24,26] etc. considered some special cases of
(P). Compared with their results, there are some new difficulties and breakthroughs in our
approach caused by the temporal inhomogeneity and the advection.

1. Problems in advective environments. In [8,24,26] the authors considered the problem
(P) without advection (with f (¢, u) being periodic or almost periodic in ). They all presented
similar results as our Theorem 2.1. But the analogue of Theorems 2.2 and 2.3 is not obtained
since the advection is not involved in their problems.

2. Partition of B(t). In [17], the authors considered the homogeneous version of (P),
which is a problem with advection. Two critical values ¢ and * with 8* > ¢ > 0 were
found such that, ¢ is the first partition point of B separating the small and medium-sized
advections, and B* is the second partition point of 8 separating the medium-sized and large
advections. In our problem (P), however, §(¢) is a periodic function, whose partition is much
more complicated since this is related not only to the “size” 8 but also to the “shape” B.In
particular, the description for the second critical functions separating the medium-sized and
large advections is far from trivial, it is based on some additional properties like: r(¢; ) and
B — r(t; B) are increasing functions of 8 (cf. Sects. 1 and 3).

3. Construction of periodic solutions and periodic traveling waves. In our approach we
need several kinds of periodic traveling waves. For homogeneous problems, these traveling
waves can be obtained by a simple phase plane analysis (cf. [17]). But for our inhomogeneous
problem (P), we prove the existence of such traveling waves by a totally different approach
inspired by [8,21].

4. Precise estimate for the spreading speed and the asymptotic profile for a (virtual) spread-
ing solution to time-periodic problems. When (virtual) spreading happens for a solution, the
asymptotic profile and the asymptotic speed of the solution are interesting problems in applied
fields. As far as we know, it is the first time that our Theorem 2.4 gives out a sharp description
for temporal inhomogeneous case. Before it, only a rough estimate: lim; , o k() /t = k (for
some k > 0) was obtained.
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3 Preliminaries
3.1 Positive solutions on bounded and unbounded intervals

In this part we present several kinds of positive solutions to (P);, which will be used to
construct traveling waves in the next subsection. Recall that we write a(t) := f,(t,0)
throughout this paper.

First, for any given k € P and £ > 0, we consider the following T -periodic eigenvalue
problem:

Lo =@ — @z —k(Dp; —a()p =rp, 1€][0,T], z€(0,0),
@(t,0) = (1, £) =0, t€[0,T], (3.1)
QD(O, Z) = (P(T’ Z)7 z € [O, Z]

On the sign of the principal eigenvalue A (£) there is a well known result.

Lemma 3.1 ([8,21]) If k € P satisfies |k| < ¢ = 2/a, then there exists £* = €*(k,a) > 0
such that the principal eigenvalue A1 (€) of (3.1) is negative (resp. 0, or positive) when £ > £*
(resp. £ = 0%, or £ < *).

If k € P satisfies |k| > ¢ then 21 (€) > 0 forany £ > 0.

Using this lemma and using the standard method of lower and upper solutions one can
easily obtain the T -periodic solutions of the following problem:

vy = v, + k(v + f(t,v), tel0,T], z€(,%),
v(t,0) =v(t,£) =0, te[0,T], (3.2)
U(O! Z) = U(Ta Z)v Z € [0, Z]

Lemma 3.2 ([21,25]) Assume that k € P satisfies |k| < & Then there exists a real
number €* = (*(k,a) such that, when € > €* the problem (3.2) has a unique solu-
tion v = Uy(t, z; k, £) which satisfies 0 < Uy(t,z; k,£) < P(t) in [0,T] x (0, £) and
Up)(t,0;k, ) > 0 fort € [0, T]. Moreover, Uy(t, z; k, £) is strictly increasing in £ and
Uo(t,z +€/2;k, €) — P(t) as £ — oo in L, (R) topology; when £ < £, the problem
(3.2) has only zero solution.

Assume that k € P satisfies |k| > . Then for any £ > 0, the problem (3.2) has only zero
solution.

Next we consider the problem (3.2) with different boundary condition at z = £, that is,

v = vy H k(v + f(2,v), t€[0,T], z€(0,0),
v(t,0) =0, v(t, £) = PO := maxo<,<7 P(t), t€[0,T], (3.3)
U(O’ Z) = U(T, Z)7 z e [O, @]

Lemma 3.3 For any k € P and any £ > 0, the problem (3.3) has a maximal solution
v = U\(t, z; k, £), whichis strictly increasing inboth z € [0, £]andk € P, strictly decreasing
int > 0.

If k € P satisfies k > —¢, then there exists § > 0 independent of £ such that
Uy);(t,0;k, ) =S fort €0, T].

Proof Consider the equation and the boundary conditions in (3.3) with initial data v(0, z) :=

PO. X10,¢1(z), where x[o0,¢)(2) is the characteristic function on the interval [0, £]. This initial-
boundary value problem has a unique solution v(¢, z; k, £). Using the maximum principle
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we see that v(t, z; k, £) is strictly increasing in z € [0, £] and in k € P, strictly decreasing
inf > 0andv(t,z; k, £) < PY. Using the zero number argument in a similar way as in the
proof of [5, Theorem 1]' one can show that |v(z, -; k, £) — Uy(t, -; k, Olec2qo,ey — 0 as
t — oo, where Ui (t, z; k, £) € C'TV/22+v([0, T] x [0, £]) is a time periodic solution of
(3.3). By the maximum principle again, we see that U; has the same monotonic properties
asvingz, kand .

We now assume k > —¢ and show the existence of the positive lower bound for
(U1, 0; k, £).
Case 1. |k| < ¢.In this case, by Lemma 3.2, there exists a positive number £*(k, a) such that
the problem (3.2) with £ = €1 := £*(k, a) + 1 has a time periodic solution Uy(z, z; k, £1)
which satisfies 8 := mingg,<7(Up);(t,0;k,£1) > 0. By the comparison principle we
have v(¢, z; k, £) = Uo(t, z; k,£1) for all t > 0 and z € [0, min{¢, £;}]. Taking limit as
t — oo we have U;(t, z; k, £) > Uy(t, z; k, £1) forall t > 0 and z € [0, min{¢, £,}], and so
U1),(t,0;k, £) = & fort € [0, T].
Case 2.k > ¢. Setk := k — k, then by Lemma 3.2 again, there exists a positive number
£*(k, a) such that the problem (3.2) with k replaced by kand € = ¢, := ¢*(k,a) + 1 has a
time periodic solution Uy (%, z; k, £5), which satisfies §, := mingg;<7(Uo), (¢, 0; k, ) > 0.
Let £ be the width of the interval in the problem (3.3) and set 79 := £/ k, then for any t > 1,
the function v(, z) := Uy(t, z + k(t — T); k, £>) solves the following problem:

v = kv + f(1,2), k(t—1)<z<b+k(z—1), t>0,
v(t,k(t —1t)) =v(t, b +k(t—1) =0, t>0.

We will compare v(, z; k, £) and v(¢, z). When ¢ € [0, T — 10), there is no need to compare
them since their spatial domains have no intersection. When ¢ € (t — tp, T] we have 0 <
k(t — 1) < ¢, and so they have common spatial domain J(¢) := [k(t —¢), min{€, + k(t —
t), ¢}]. By the comparison principle we have v(¢, z; k, £) > v(t,z) for all z € J(¢) and
t € (t — 10, t]. In particular, at t = t we have v(z, z; k, £) > Up(z, z; IE, £r)in z € J(7).
Therefore, v,(t,0; k,£) > (Up),(z,0; IQ,ZZ) > 8. Since T > 719 is arbitrary we have
(U1)(t,0;k, ) = & fort € [0, T]. O

Finally, let us consider the problem on the half line

v =V, +k(t)v, + f(t,v), tel[0,T], z>0,
v(t,0) =0, t [0, T], (3.4)
v(0,z) = (T, 2), z>0.

Lemma 3.4 For each k € P, the problem (3.4) has a bounded and nonnegative solution
U(t, z; k). Moreover,

() ifk > —¢, then
U.(t,z;k) >0in[0,T] x [0,00), U(t,z;k) — P(t) - 0asz — oo; 3.5)

I'In [51, f € C?isassumedand v — U istakenin Hz([O, £]). Note that for our problem (3.3), the assumption
for f and k is sufficient to guarantee that the omega limit set of v(z, -) in the topology C2([0, £]) is not empty,
and then a similar zero number argument as in [5] gives the convergence v — Up in C 2([0, £]). Moreover, the
zero number properties we used here are those in Angenent [1], where the coefficient k() of v; is assumed to
be in WI’OO([O, T1). We remark that for our problem, the condition k € C v/ 2([0, T1) is sufficient to proceed
the zero number argument. In fact, denote K (¢) := fé k(s)ds,y :==z4+ K(t) and w(t, y) :=v(t,y — K(1)),
then the equation of v is converted into wy = wyy + f(z, w). This equation has no the first order term, though
it is considered in a moving frame K (1) < y < K(t) + ¢, the zero number properties as in [1] remain valid
(cf. [11,17]). In Sect. 5.2, we use the zero number properties in the same way.
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U (t, z; k) is the unique solution of (3.4) satisfying (3.5); U, (t, 0; k) has a positive lower
bound § (independent of t), and. it is strictly increasing ink: U,(t,0; k1) < U, (¢, 0; k)
forky, ky € P satisfying k1 <, # ky and ki, ko > —¢; U.(t, 0; k) is continuous in k in
the sense that, for {ky, ka, ...} C P satisfying ki>—-ci=12,..), U,(t,0; k) —
U, (t,0; k) in C*?([0, T)) ifky, — k in C¥/*([0, T)).

(ii) when k < —¢, (3.4) has only trivial solution 0.

Proof Let Uj(t, z; k, £) be the solution of (3.3) obtained in the previous lemma. Since it
is decreasing in ¢, by taking limit as £ — oo we see that U (¢, z; k, £) converges to some
function U (¢, z; k), whichis non-decreasing in z and in k since U is so. By standard regularity
argument, U is a classical solution of (3.4).

() In case k > —¢, Lemma 3.3 implies that U,(¢,0; k) > 6 > 0. Using the strong
maximum principle to U, we conclude that U, (¢, z; k) > 0in [0, T] x [0, oo). Thus P (¢) :=
lim,_, o U(t, z; k) exists. In a similar way as in the proof of [8, Proposition 2.1] one can
show that Pi(¢) is nothing but the positive periodic solution P(¢) of u; = f(t,u). The
uniqueness of U (¢, z; k) and its continuous dependence in k can be proved in a similar way
as [8, Theorems 2.4 and 2.5]. Since U (¢, z; k) is non-decreasing in k we have U, (¢, 0; k1) <
U.(t, 0; k) when k1 < kp. The strict inequality U, (¢, 0; k1) < U,(t, 0; k) follows from the
Hopf lemma and the assumption k| <, # k.

(ii). The conclusion can be proved in a similar way as in the proof of [8, Proposition 2.3].

O

Let Uy(t, z; k, £) and U (¢, z; k) be the solutions obtained in the above lemmas, denote
Aglk, £](2) := n(@)(Uo)(t,0; k, £), A[kI(t) :== n(@)U,(t, 0; k),

where (¢) is the function in the Stef_an conditionin (P). From Lemma 3.4 we see that A[k](?)
is strictly increasing in k € P whenk > —c. We now show the convergence Aglk, £] — A[k]
as { — oo.

Lemma 3.5 Assume thatk € P satisfies |12| < ¢. Then Aylk, £]1(t) — A[k](t) in L*°([0, T])
norm as £ — oQ.

Proof 1t follows from Lemma 3.2 that the problem (3.2) admits a unique solution
Uo(t, z; k, £) when £ > £*(k,a), and Uy is strictly increasing in £. Hence Uy(¢, z; k, £)
converges as £ — oo to some function Us(t, z), in the topology of L7> ([0, T] x [0, 00)).
(The convergence is also true in the topology of Cllo’f([O, T1] x [0, 00)) by the parabolic esti-
mates.) Moreover, U (f, 00) = P(t) by Lemma 3.2. Then a similar argument as in the proof
of [8, Proposition 2.1] shows that U, is nothing but the unique positive solution U (¢, z; k) of
(3.4) as in Lemma 3.4(i). Consequently, [|(Uo)(t, z; k, £) — U, (¢, z; k) |l co,T1x[0,1) — O
as £ — oo. This proves the lemma. O

3.2 Periodic traveling waves

Based on the results in the previous subsection, we now construct several kinds of traveling
waves of (P);.

(I). Periodic rightward traveling semi-waves In this part we construct a traveling semi-
wave which is periodic in time and is used to characterize spreading solutions near the right
boundaries. First we present a lemma.

Lemma 3.6 Assume B € P satisfies f > 0. If r; € Py satisfies; < B+ ¢ (i = 1,2,3),
ri < A[B—ri1l, AlB—rl=ryand A[B —r3] <3, thenry <ry <r3.
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Proof We only prove r; < rp since r < r3 can be proved in a similar way. If r{ = r,, then
there is nothing left to prove. In what follows we assume r| # r, and prove r; < r2 by using
a similar idea as in the proof of [8, Theorem 2.5].

Step 1 First we show that r; > r; is impossible. Otherwise, 8 — r; <, % B — r2 and so
r1 < A[B —r1] < A[B — r2] = rp by the monotonicity of A, contradicting the assumption
r1 = rp. Therefore ri # rp and so

r1(sg) < ra(sg) for some sg € [0, T). 3.6)

Now we prove r; < o and suppose by way of contradiction that 7| (s,) > r2(sy) for some
sx € [0, T). Then

s* = sup{t € (54,54 + T) : r1(t) > ra(t) fort € [s4, 7)}
is well-defined by (3.6). So we have
r1(t) > ra2(t) fort € [sy,5™), ri(s*) =r(s*). (3.7)

Denote
t t s*
R () ::/ ri(Hdt, Ry(t) ::/ ro(t)dt + X with X ::/ [r1 —rpldt.

Then R (t) < Ry(¢) fort € [s4, s*) and Rl(s_*) = Ry(s*) (denoted it by x*). Fori = 1 or 2,

the problem (3.4) with k = 8 —r; (note that 8 —7; > —c¢ by our assumption) has a maximal

bounded solution U (¢, z; B — ri), which is positive for z > 0. To derive a contradiction, let

us consider the functions u; (¢, x) := U(t, R;(t) — x; B — r;). It is easy to check that
{un = Uixx — BOuix + [t u;), X < Ri(1), t € [s4,5%],

ui(t, Ri(t)) =0, u;(t,—00) = P(t), t € [s4,5"], (3.8)

and, for t € [s4, s*],

ri(t) < —u@uix (@, Ri(1)) = A[B—r1]@), r2(1) = —pu(@usx(t, Ra(1)) = A[B —r2](0).

(3.9)
Set W(t, x) := ua(t,x) —ui(t,x) for (t,x) € Q := {(t,x) : x < R|(t), t € [54,5"]}. In
the next step we will prove a claim: W (¢, x) > 0in Q\{(s*, x*)} and W, (s*, x*) < 0. Once
this claim is proved, we have uy,(s*, x*) > up,(s*, x*). Combining with (3.9) we derive
r1(s*) < ra(s*), contradicting (3.7). This completes the proof for r; < rp.

Step 2 To prove the claim: W (¢, x) > 0 over Q\{(s*, x*)} and W, (s*, x*) < 0.
For each fixed t € [s4, s*], since R () < R»(¢) and since u;(t, —00) = P(t), we have
uy(t,x) > puy(t, x) for x < Ry(¢) provided p > 0 is sufficiently small. So

p*i=sup{p > 0:ux(t,x) > puy(t,x) forx < R(t), t € [s«, s*]}
is well-defined, and 0 < p* < 1. Using the Fisher—KPP property in (Hp), one can show that
(P ur)r — (P u)xx + B u)x — f(t, p"u1) <0, x < R1(1), 1 € [54,57],

that is, p*u; is a lower solution of (3.8). By the strong comparison principle and the Hopf
lemma we have

W*(t, x) == up(t, x) — p*u(t, x) > 0in Q\{(s*, x*)} and W] (s*, x*) <O.
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The claim is proved if p* = 1. Suppose by way of contradiction that 0 < p* < 1. Then
by the definition of p*, for any sequence of positive numbers &, — 0, there exists (f,, x,)
with #,, € [s«, s*] and x,, < R|(#,) such that

uz(ty, X)) < (;0* + eui(ty, x,) forn > 1. (3.10)

By passing to a subsequence, we may assume that t, — f € [sy, s*]. We show that x,, has
a lower bound that is independent of n. Otherwise, by passing to a subsequence we may
assume that x, — —oo0 as n — o0. Then Ry(t,) — x, > Ri(t,) — x, — 00 and hence
ui(tn, x,) — P(f) asn — oo. It follows from (3.10) that P(f) < p*P(f), contradicting
our assumption p* € (0, 1). This proves the boundedness of x,, and so we may assume
without loss of generality that x,, — X as n — o00. This, combining with (3.10) again, leads
to W*(7,%) < 0. Since W* > 0 in Q\{(s*, x*)}, we necessarily have (7, %) = (s*, x*),
W*(f, Ri(f)) = 0 and Wi (f, Ri(f)) < 0. By continuity we can find positive constants €]
and &1 such that

Wi, x) < =8 forx € [Ri(t) — €1, R1(?)], t € [s* — €1, 5]
This implies that
W*(tn»xn) > W*(IVH Xp) — W*(tn» R1(ty)) = 61[R1(ty) — x,] for all large n.

On the other hand, it follows from u (¢, R1(t)) = 0 and —u1. (¢, x) = U,(t, R1(¢) — x;
B —r1) < C (for some C > 0) that

w1 (tn, xXpn) = u1(ty, xp) — u1(ty, R1(ty)) < C[R1(t,) — x,] for all large n.

Thus for large n we have

81
u(ty, xp) 2 p*ul(tn» xXp) + 81[R1(ty) — xn] 2 (:0* + E)ul(tm Xn),

which contradicts (3.10). This proves p* = 1 and so the claim is true. O

Remark 3.7 There are two simple consequences following from the previous lemma, one
isr] <, # rp whenry <, # A[B —r1] and A[B — r2] = rp; another one is 71 = r, when
ri = A[B — ri] (i = 1,2), which implies that, for each 8 € P with B > 0, the equation
r = A[B — r] has at most one solution r.

On the existence and the properties of the solution of r = A[8 — r] we have the following
key result.

Proposition 3.8 Assume B € P satisfies B > 0. Then there exists a unique function
rt; B) € Prwith0 < r(t; B) < B + ¢ such that u(t,x) = U(t, R(t; B) — x; 8 — r)
(with R(t; B) = fotr(s;ﬂ)ds) solves the equation (P)1 fort € R, x < R(t), and
r(t; B) = —pu(Dux(t, R(t; ) = Al —r].

Moreover,

(i) Bothr(t; B) and B — r(t; B) are increasing in B in the sense that r(t; B1) < r(t; B2)
and B1 —r(t; B1) <, # Bo—r(t; B2) if Bi, B2 € P satisfy Bi, B2 = 0and B <, # pa;

(ii) Let & € P° be a given function and consider B with “shape” 0, that is, consider
B :=b+06 forb > 0. Then minseo,7)7(t; b +0) — occandb —r(t; b+ 60) — oo as
b — o0.
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Proof By Lemma 3.4, for any r € P, the problem (3.4) with k = B — r has a maximal
(bounded and nonnegative) solution U (¢, z; B —r), and A[B — r](t) = u(t)U.(¢,0; B —r)
is non-increasing in r.

Since B > 0,whenr =r, :=0wehave A[B —r.] = A[B] = n(@®)U,(t,0; B) > 0 = r,.
Whenr = r* := f+c+A[] wehave f—r* = —¢—A[B] < —c. Itfollows from Lemma 3.4
that A[B — r*] = u(@U,(t,0;8—r") =0 < r*.SetS :={r e P :r. <r <r¥},
then as in the proof of [8, Theorem 2.4] one can show that the mapping A[S — -] maps S
continuously into a precompact set in S. Using the Schauder fixed point theorem we see
that there exists r(¢; 8) € S such that r(¢; B) = A[B(t) — r(t; B)]. Clearly, r(t; B) =, % 0
and so A[B(t) — r(t; B)] = u()U,(t,0; B —r) =, # 0. This implies by Lemma 3.4 that
B—7 > —cand U,(t,0; 8 —r) > O for all t € [0, T]. This yields r(¢; 8) € Py. The
uniqueness of r follows from Remark 3.7. Finally, a direct calculation shows that the function
u=U(, R(t;B) —x;B—r) with R(t; B) := fot r(s; B)ds solves the equation (P); in
R x (—o0, R(t; B)).

(i). Assume B, B> € P satisfy B, B2 > 0 and By <, # Br. Denote r; 1= r(t; B;) (i =
1, 2) for convenience. Then ri = A[B; — r1] < A[B2 — r1]. The strict inequality follows
from Lemma 3.4. This, together with Remark 3.7, implies that the unique fixed point r, of
the mapping A[B> — -] satisfies r| <, # rs.

Similarly, since for 73 := > — 1 +r1 wehave A[Br — 3] = A1 —nl=r1 <, #r3,
by Lemma 3.6 and Remark 3.7 we have rp <, # r3, which implies that 81 —r| <, & B2 — 1.
Using Lemma 3.4 again we have A[f; — ri] < A[B2 — r2], thatis, r| < rs.

(ii). For any given # € P° we consider B with the form b + 6. Under the assumption
(Hp), we can construct a Fisher—KPP type of nonlinearity fy(u) such that fo(u) < f(¢, u)
(te€[0,T],u > 0), f(;(O) = agp := min[o,r1a(t) > 0 and f(0) = fo(so) = O for some
so € (0, Py) with Py := mins¢(o,7] P(t). Take by > Olarge and 0 < § < 1/2 small such that

w(®)(1 —268)so > 8, 8bp+06(t) >0 fort €[0,T]. 3.11)
From now on we consider b satisfying b > bg. Consider the problem
Gzz + (1 =28)b q: + folg) =0(z>0), ¢0) =0, g(00) =s0andg;(z) >0 (z>0).

By the phase plane analysis as in [17] we see that this problem has a unique solution ¢.
Denote ¢ := ¢, then
dq fo(q)

L =25s—1b- 22
dq q

< (28— b, g €][0,s0).

Integrating this inequality over g € [0, so) we have
q:(0) = q(0) > (1 —28)b so. (3.12)
For sufficiently large ¢ > 0, consider the problem

Vv =v,+(b+0—-38b)v, + f(t,v), z€(0,0),1>0,
v(t,0) =0, v(r, &) = PO, t>0,
v(0,2) = P° - x10.0(2), z€[0,4].

Thanks to (3.11), we have b 4+ 60 — §b > (1 — 2§)b. It follows from the comparison principle
that v(r + nT, z) > q(z) forall z € [0, £], ¢ > 0 and integer n > 0. Taking limit as n — oo
we have

Uit,z;0+60 —6b,8) > q(z), z€l[0,€], te[0,T].
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Taking limit again as £ — oo we obtain
Ult,z;0+60 —6b) > q(z), z=20,1tel0,T].
This, together with (3.11) and (3.12), implies that
Alb+60 —8b] = u(@)U,(t,0; b+ 6 — 8b) > u(t)q;(0) > wu(@)(1 —28)b sy > 8b.

In other words, r4 := b satisfies r4 < A[b + 0 — ry4]. Since rs := r(t; b + 0) satisfies
rs = A[b + 6 — rs5], by Lemma 3.6 we have

rt;b+60)=rs >r4 =38b—> o0 as b — oo. (3.13)
Finally, let us employ an indirect argument to prove
yb):=b—r(t;b+60) — co as b — oo. (3.14)

When by > by > 0, it follows from (i) that by +60 —r(t; b1 +6) <, # by +0 —r(t; by +0).
Taking average over t € [0, T] we have by — r(t; b1 +60) < by — r(t; bo + 0). Hence y(b)
is a strictly increasing function. Assume that, for some constant C; > 0, y(b) < Cj for all
b > 0, we are going to derive a contradiction. Set

01(1) == 0(t) —r(t;b+0) +r(t; b+ 60) € PO, ©1(1) := [ 01(s)ds,
and vi(t,2) :=U({t,z—0O1(t);b+0 —r(t;b+06)).

Then v; satisfies

vir =vigz + (b —rG b+ 0)vi, + ft,v), 2> 0O1(1), 1 €[0,T],
v1(t, ©1(1) =0, t>0,
v1(0,2) = vi(T, 2), viz(t,2) >0, 7>01(), tel0,T].

Assume 7| = minse[o,7] ©1(¢) is attained at t = #; € [0, T). Since ©;(¢) is a C'! function
we have ®/1 (t1) = 01(t1) = 0. Combining with min,cjo, 717 (t; b 4+ 6) — 00 (b — 00) we
have

r(t;;b+60)=0(t1)+r(t;b+60) > 00 as b — oo. (3.15)

For large ¢, we compare v; with the solution v of the following problem

vt:vZZ+Cle+f(tav)7 ZE(Z[,("‘Z[), t>0,
v(t,z1) =0, v, L+2z1)=P° >0,
v(0,2) = PO+ X2y 0421 (2), zelz, L+ z1].

Using the comparison principle we have
vi(t+nT,z) <v(t+nT,z)for®1(r) <z< €+ 2z, t €[0,T]and any integer n > 0.
Taking limit as n — oo we have
vi(t,2) <U(t,z—21;C1,0), ©1(1) <z<Ll+2z,t€[0,T]
In particular, at r = #; we have z; = ®((#;) and
Uiz(11,0; C1, €) > viz(t1, 21) = Uz (11, 0: b+ 60 —r(t; b+ 6)),
which implies that
r(f;b+0) = p(@)U (11,0, + 60 —r(t; 0+ 0)) < w(t) Ui (11, 0; Ci, £) < 00,
contradicting (3.15). Thus (3.14) holds and the proof is complete. O
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Remark 3.9 This proposition is a key result in the following argument. We remark that the
assumption a(t) > 0 in (Hp) is only used to ensure that aqg = mina(¢) > 0 in the above
proof for (ii). All the conclusions which are not related to this proposition (to say, for small
advection problems) can be extended to some cases where a(t) changes sign buta > 0.

(I). Periodic leftward traveling semi-waves

Proposition 3.10 Assume 0 < B < . Then there exists a unique function [(t; B) € Py with
0 < I(t; B) < c—pP suchthat, with L(t; B) = fé I(s; B)ds,u(t,x) =U(t,x+L(t; B); —B—
1) solves the equation (P)| fort € R, x > —L(t; B), and I(t; B) = n()u,(t, L(t; B)) =
Al-B —1].

Proof Note that A[—f — -] mapsthesetS; :={l € P:0 <1 < —B+c+ A[-B]}
continuously into a precompact set in S;. The rest proof is similar as that in Proposition 3.8.0

(I1). Periodic traveling wave O, x + ¢t — [y f(s)ds). It is known (cf. [4,18,20]) that the
equation u; = uy, + f (¢, u) has many periodic traveling waves of the form ¢ (t, x+cit; cl),
where for any ¢ > ¢, q(t, z; 1) is the solution of

vy = vy —crv, + f(t,v)and v (¢,z) >0 forr €[0,T], z € R,
v(t, —00) = 0, v(r,00) = P () and v(0, 0) = (1/2) Py := (1/2) mingg,<r P (1),
v(0,z) = v(T, z) forz € R.

Denote Q(t, z) := q(t, z; ¢). Then Q(t, z) is T-periodic in  and Q(z, x + ¢t) is the periodic
traveling wave of u; = u,, + f (¢, u) with minimal average speed c. It is easily seen that the
function u = Q*(¢, x) := Q(t, X +ct — fot ,B(S)ds) solves the following problem

ur = uyx — Buyx + f(t,u) and uy(t,x) >0 fort,x € R,
u(t, —00) =0, u(r,00) = P(r) and u(0,0) = Py/2,
u(t+T,x)=u(t,x+ X)fort,x e Rand X := (c — B)T.

So Q* is a periodic traveling wave of (P);. We remark that Q* coincides with the defmition
for periodic traveling waves as in [4,18,20]. In fact, by setting O(r, z) := Q(r, z— [y B(s)ds)
(which is T-periodic in 7), we see that Q* can be expressed as Q(f, x + (¢ — B)1).

3.3 The set of critical advection functions

When B > ¢, the periodic traveling wave Q* moves rightward with average speed 8 — ¢,
which can be used to characterize the motion of the back of the solution u (that is, the sharp
increasing part of the solution, cf. [17]). On the other hand, the periodic traveling semi-wave
U(t, R(t; B) —x; B—r(t; B)) also moves rightward with speed r (¢; 8), which can be used to
characterize the propagation of the front (that is, the sharp decreasing part of the solution, cf.
[9,10,17]). A natural question is: whether v(B) := r(¢t; B) — [B —¢]is positive or negative.
For homogeneous problem, it was shown in [17] that v(8) is strictly decreasing in 8 and it has
aunique zero B* (> ¢). This is another critical value for 8 (the first one is ¢) which partitions
the medium-sized and the large advections. For time-periodic problem (P) we show that
such critical advection functions also exist, but the situation is much more complicated since
it depends on the “shape” 5. We will prove that the set of such functions can be expressed
by the following equivalent sets.

B:={BO)+60:0eP’, #B ={Alc+owl+c+w:weP’. (3.16)
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Lemma 3.11 Forany given 8 € PO, there exists a unique B(0) € R such that B(0) > ¢ and

b—c<r(t;b+0)when0<b<B@®), b—c=r(t;b+60)whenb = B(0),

- 3.17
b—c>r(t;b+6)whenb > B(0). ( )

Proof For 6 € P, define a function y : [¢, o0) — R by
yb):=b—c—r(;b+6) forb=>c. (3.18)

By Proposition 3.8, y(b) is a strictly increasing function in b € [c, 00), y(¢) < 0 and
y(b) > 0 for all large b. The proof is complete once the continuity of y(b) is established. In
fact, for any b, € [c, 00), assume that b,, decreases and converges to b, as n — oo. It then
follows from the monotonicity of b — r(¢; b + 6) with respect to b in Proposition 3.8 that
by —r(t; by +0) < b, — r(t; b, + 0), which means that

O0<r(t;b,+0)—r(t;by +6) < b, — b,.

This proves the continuity of 7 (¢; b + 6) on the right side of b,. When b,. > ¢, the continuity
of r(t; b + 60) on the left side of b, is proved similarly. Thus r(¢; b 4 ) is continuous in
b € [c, 00), so is y(b), as we wanted. The proof is complete. ]

From this lemma we see that the function B(6) and the set 4 are well defined. To under-
stand further properties of % we now give another description for it.

Lemma 3.12 Assume that f* := A[¢ + w] + ¢ + o for some w € P°. Then

B —¢ <r(t; B) when B < B*, B —c=r(t; B) when g = B*,

B —¢C >r(t; B) when B > B*. (3.19)

Proof Denote r := A[¢ + w]. By the definition of 8* we have f* — rj = ¢ + w, and so
A[B* —r1] = A[¢ + w] = r1. Thus r(¢; B*) = r by Proposition 3.8. Moreover, f* — 7] =
B* — r(t; B*) = ¢. This proves the equality in (3.19).

Now we consider the case 8 < g*. It follows from Proposition 3.8 that 8 — r(¢; B) <, #
B* —r(t; B*). Hence B—r(t; B) < B* —r(t; B*). This, together with the equality in (3.19),
yields that

Bt < B —r@p)+r@p) —é=rp),

which proves the first inequality in (3.19). The last inequality is proved similarly. O
Lemma 3.13 Let # and %' are defined by (3.16), then 8 = %'.

Proof We first prove %' C 2. For any given w € PY, set
ro:=Alc+w], 0:=w+ry, B":=7+cand B* = Alc+w]+C+w=DB"+0.

Then ry is a fixed point of A[8* — -], and so r(t; B*) = r(¢t; B* +6) = r¢. Thus the function
y(b) defined by (3.18) satisfies

y(B*) = B* —¢—r(t; B*+60) =0,

that is, B* = B(6). Thus * = B(0) + 0 € A.
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Next we show that Z C %'. For any given 0 € PO denote B« = BO) +0,r(t) =
r(t; By) and @ := 6 — 7. It follows from Lemma 3.11 that B(9) — ¢ = 7y, then

Bi=BO)+0=c+rn+0=c+rn+o+f=Cc+w+ri,

which implies that 8, — r; = ¢ + w and thus r; = r(t; Bx) = A[B« — r1] = Alc + w].
Consequently wehave B, =c+w+ri=c+w+ A[lc +w] € B |

Remark 3.14 Lemmas 3.11 and 3.12 explain the constructions of % and %', respectively.
The equivalence in Lemma 3.13 implies that, for any 6 € P, there exists w € P° such that
B) 4+ 6 = A[c + w] + ¢ + w, and vice versa. The notation in % is convenient when we
regard B(0) + 6 as an analogue of the second critical value 8* for homogeneous problems.
Namely, for any given “shape” 6 we have a critical value B(6) which corresponds to the
second critical function B(6) + 6. The notation in %', however, is convenient to estimate the
spreading speed r(¢; B*) of the periodic rightward traveling semi-wave (which equals to the
speed B* — ¢ of the periodic traveling wave Q* when 8 = 8*). It turns out that this speed is
nothing but A[¢ 4 w] for some w € PY.

It is natural to ask whether % or %’ can be defined as an equivalence class with the same
average, like {8 : B = A[¢] + ¢} or {8 : B = B(0)}. At the end of this subsection we show
that the answer is generally negative. The main reason is that A[c +w] = u(t)U, (¢, 0; ¢+ w)
depends not only on w, but also on ().

Lemma 3.15 For any given w € P°, there exists some . € Py such that B*(w) # B*(0),
where B*(w) := A[C + w] + ¢ + w and B*(0) := A[c] + C.

Proof Denote &(t) := U,(t, 0; ¢) and & (¢) := U, (¢, O0; ¢ + w), then A[C] :L(t)élﬁand
A[c 4+ w] = u(t)é&(t). Clearly, to prove the lemma it suffices to show that u&; # ué, for
some . For clarity we divide the proof into three steps.

Step 1 We claim that & (¢) # &(¢).
Suppose by way of contradiction that & (1) = & (¢). Denote O () := fot w(s)ds, then the
function 0(z, z) := U (¢, z — ©(t); ¢ + w) satisfies v,(r, O(t)) = & (¢) = &(¢) and

Uy =0+ 0, + f(t,0), z>0(@), re[0,T],
(¢, 0()) =0, tel0,T],
(0, z) = 0(T, 2), z20(@),tel0,T]

Set zp := min,efo, 7] © (¢). For large ¢ we compare 0 with the solution v of

Vr = Uz + Cvz + f(2, V), 7z € (z0, £+ 2z0), t >0,
u(t,z0) =0, v(t, £ +z0) = PO, t>0,
(0,2) = PO Xz0.04201(2). z € [20. £ + z0].

It follows from the comparison principle that
v(t+nT,z) 20 +nT,z), O@) <z<Ll+2z0,t €[0,2T] and any integer n > 0.
Taking limit as n — oo we have
Uit,z —z0;¢,0) 2 0(t,2), O@F) <z< L4z, te€][0,2T].
Taking limit again as £ — oo we have

U(t,z —z0;¢) =2 0(t,2), z=0(), t €[0,2T].
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Choose # € [0, T) such that ®(z;) > zo. Then the strong comparison principle yields that
U(t,z—20;0) > 0(t,z), z=0@), t €, b)),

where ) ;== max{r € (t;,t1 + T) : ©(t) > zo fort € (¢1, v)}. Att = 1, by the comparison
principle and the Hopf boundary lemma we have

U.(12,0; ¢) > 1;(t2, z0) = &2(t2) = &1(12) = U, (12, 0; ¢).
This contradiction proves &1 (t) # & (t).

Step 2 We shall show that when & = &, there exist some 1 € P, such that u&; # ué.
In fact, it follows from Step 1 that there is a closed interval J € [0, T'] such that £, () <
& (t). Hence &1 (1) + § < &»(¢t) for some small § > 0. Define a function 1o by

N 2,tel,
RO =11 4 e 0, TI\J.

Then

T T
fo mo()[&2(1) — §1(1)]dt = fj[%‘z(t) —&1(1)]dt +/0 [62() — &1(n)]dt > 8] J].

Let  be a function in P obtained by smoothenning jo(¢) slightly, then

__ 1 [T
nér — pé) = ?/0 w@®&(@) —&1(1)]dt > 0.

This completes the proof of Step 2.

Step 3 Finally we consider the case where &| # &,. In this case it is clear that €| # &)
for any constant .
The proof of the lemma is complete. O

3.4 Traveling waves with compact supports

In this subsection we present some periodic traveling waves with compact supports, which
will be used to support the solution of (P) from below so that spreading happens. This
subsection can be regarded as a supplement to Sect. 3.2.

Proposition 3.16 Assume that 8 € P and p > 0.

(1) For any small § > 0, when £ > 0 is sufficiently large, the function u = W(t, x) =
Uo(t, Ri(t) —x; B—r1, &) (withry := B—C+8and Ri(t) := fot ri(s)ds) solves (P)
inR x (R1(t) — ¢, R1(2)).

(ii) Assume further that 0 < f < B(B). Then for any small € > 0, when £ > 0 is large
enough, the functionu = W€(t, x) := Uy(t, R€(t)—x; B—r€, ) (withr® :=r(t; f)—¢
and R¢(t) = f(; ré€(s)ds) is a lower solution of (P) in the sense that, it solves (P)| in
R x (RE(t) — £, R°(1)), and r¢ < —pu(@)WS(t, R(1)) = Aol —r€, £].

(iii) Assume that 0 < B < ¢. Then for any small € > 0, when £ > 0 is sufficiently large, the
function u = Wf(t,x) := Up(t,x + LE(t); =B — 1€, £) (with [ := (t; B) — € forl
given in Proposition 3.10 and L€ (t) := f(; [€(s; B)ds) is a lower solution of (P) in the
sense that, it solves (P)1 in R x (—=L€(t), £ — L€(¢)), and I < pu(t)W[ (t, —L(1)) =
Aog[—B — I, 2].
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Proof (i) Forrj ;=B —¢c+d8wehave B —7 =¢—8 € (—¢,¢), provided 8 > 0 is
small. By Lemma 3.2, the problem (3.2) with £ = B —ry has a unique positive solution
Up(t, z; B — r1, £) for each large ¢ > 0. A direct calculation shows that W (z, x) :=
Up(t, Ri(t) — x; B — r1, ) (with R (1) := fot ri1(s)ds) solves (P); in R x (Ry(t) —
£, R1(t)). This (compactly supported) traveling wave travels rightward/leftward if 7| >
0/r;y < 0.

(i) By Proposition 3.8, there exists  (¢; 8) which satisfies 0 < 7 < f+candr = A[f—r].
On the other hand, by our assumption 0 < B < B(/§) and by Lemma 3.12, we have

B —¢ < 7. Therefore | — | < ¢. Consequently, there exists €g > 0 small such that for

any r€ :=r —e (withe € (0, €p)) we have |8 —r€| < ¢. It follows from Lemma 3.2 that
the problem (3.2) with k = B — r€ has a unique positive solution Uy (t, z; B —r€, £) for
eachlarge ¢ > 0. A direct calculation shows that W€ (¢, x) := Uy(t, R€(t)—x; B—r€, £)
(with R¢(¢) := f(; r€(s)ds) solves (P); in R x (R€(¢t) — £, R¢(¢)).
Moreover, r¢ =r —e <r = A[B —r] < A[B — r€] by Lemma 3.4. This, together
with Lemma 3.5, implies that r¢ < Ag[f — r€, £] = —u ()W (t, R°(¢)) when £ is
sufficiently large. This means that W€ is a lower solution of the problem (P).

(iii) The proof is similar as (ii) by using Proposition 3.10 instead of Proposition 3.8. O

4 Long time behavior of the solutions

In this section we study the influence of B(¢) on the asymptotic behavior of the solutions.
In Sect. 4.1 we focus on the small advection case 0 < ,3_ < ¢ and prove Theorem 2.1. In
Sect. 4.2 we study the boundedness of go and ho, when 8 > ¢. Theorem 2.3 then follows
easily. In Sect. 4.3 we deal with the medium-sized advection case (i.e., ¢ < B < B(f)) and
prove Theorem 2.2.

4.1 Small advection case

We start with the following equivalent conditions for vanishing.

Lemma 4.1 Assume 0 < B < ¢. Then the following three assertions are equivalent:

(1) hoo Or g IS finite; (i) hoo — goo < ¥ (=B, a);
(i) Ju(t, Lo ey —> 0ast — oo.

Proof “(i) = (ii)”. Without loss of generality we assume g, > —oo and prove (ii) by
contradiction. Assume that hoo — goo > £*(—p, @), then for sufficiently large integer n; and
t; ;= n T, we have h(t;) — g(t;) > €*.

Now we consider an auxiliary problem:

VUt = Uxx — ﬂ([)vx + f(tv l)), > tl? X € (S(t)a h(tl))v

v(t, () =0, &@) =—pn®ve, &), 1>11, 4.1
v(t, h(t1)) =0, t >, ’
&(t1) = g(t), v(ty, x) = u(ty, x), x € [g(t), h(tD].

Clearly, v is a lower solution of (P). So &£(¢) > g(¢) and £(o0) > —oo by our assumption.
Using a similar argument as in [8, Lemma 3.3] by straightening the free boundary one can
show that

v, ) = V(t, ‘)||c2([g(;)7h(;,)]) — 0, ast — oo,
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where V (¢, x) := Up(t,x — &E(c0); —B, £) and Uy(t, z; — B, £) is the periodic solution of
(3.2) withk = —B and £ := h(t;) — &£(c0) > h(t;) — E(t;) > £*. Therefore,

litlgggfé/(t) = im inf[—p @)y (7, §(1))] = Im inf[—p (@) Vi (7, §(00))] = —&

for some § > 0. This contradicts the assumption & (c0) > —o0.

“(ii) = (i)”. When (ii) holds, (i) is obvious.

“(ii) = (iii)”. By the assumption and [21, Theorem 28.1] we see that the unique positive
solution of the following problem

V= Uxx — BV + f(t,v), >0, x €[go0, hool,
v(t, 8oo) = V(t, heo) =0, t >0, 4.2)
v(0, x) = vo(x) = 0, X € [8oos hools
with vo(x) > up(x) for x € [—ho, ho], satisfies v — 0 uniformly for x € [goo, o] as
t — oo. Then the conclusion (iii) follows easily from the comparison principle.

“(iii) = (i1)”: We proceed by a contraction argument. Assume that, for some small ¢ > 0
there exists a large integer ny such that h(z) — g(t) > €* + 3e forallt > 1, := nyT. It is
known that eigenvalue problem (3.1) with £ = £* + ¢ and k(¢) = —f(¢), admits a negative
principal eigenvalue, denoted by A, whose corresponding positive eigenfunction, denoted
by ¢, can be chosen positive and normalized by ||, || o = 1. Set

w(t, x) := 8 (t, x) for (¢, x) € [0, T] x [0, £* + €],

with § > 0 small such that
1
[, 8¢:) = a(t)dpe + Eks&pg in [0, T] x [0, £* +¢].

A simple calculation yields that for (¢, x) € [0, c0) x [0, £* + €],

1
Wy — Wyy + BOwy — [, w) = d@ela(?) + ] — f(1,0¢:) < E)LS(S(/)E <0.

Furthermore, one can see that
0 <w(0,x) =08¢:(0,x) <u(tzy,x+gltr) +¢), xel0,£"+e¢],

when § is sufficiently small, since the last function is positive on [0, £* + ¢]. By comparison
we have

u(t+tn,x+gm)+e) >wtx), (t,x)e€l0,00)x [0, +¢],
contradicting (iii).

This proves the lemma. O

Next, we give a sufficient condition for vanishing, which indicates that if both of the
initial domain and the initial function are small, then the species dies out eventually in the
environment with small advection.

Lemma 4.2 Assume 0 < B < ¢ and let (u, g, h) be a solution of (P). If hg < £*(—B, a)/2
and if |[uo || Lo ([=ho, ko)) IS Sufficiently small, then vanishing happens.

Proof We use a similar idea as in [8], but our approach is more complicated since we are not
clear about the symmetry and the monotonicity for the principal eigenfunction.

For any given hy € (hg, £*(—pB, a)/2), we consider the problem (3.1) with £ = 2A; and
k(t) = —p(t). Denote by A and ¢; with ||¢1||L~ = 1 the principal eigenvalue and the
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corresponding positive eigenfunction of this problem. Then A; > 0 by Lemma 3.1. We use
Z1(¢) and &> (7) to denote the leftmost and the rightmost local maximum point of ¢ (¢, -),
respectively. Set 1 := min;cjo,7] £1(?), N2 := maxse[o,7] £2(t),

hy
&0 := min{ min t,n1), min t, , 6 := min [A , — — 1},
0 [, min @10, min g1 L

then gy < 1, and there exists &; = &1(§) > 0 small such that

2g1 - max {té?(?,’}] [ (®)@1x (2, 2h1)], tg&?:’;][ﬂ(t)(mx(t’ 0)]} < 8%ho.

Define
w(t, x) = 80816_8t(p1 (t,x + hy) for (z,x) € [0, 00) x [—hy, hy].

A direct calculation shows that for (7, x) € [0, 00) x [—hy, h1],

W — Wy + BOws — [, w) > eoere™ oy = (1, x +hy) > 0.
If we choose u( satisfying

uo(x) < €0€191(0, x + h1) = w(0, x) for x € [—ho, hol.
then the comparison principle yields
u(t,x) < w(t,x) for (¢, x) € [0, 1) x [g(t), h(2)], 4.3)

where T := sup{r > 0 : h(t) < hy and g(¢t) > —h;}. We will prove that t = co. Once this
is proved we have [g(7), h(t)] C [—hy, hi] for all + > 0, and so the vanishing conclusion
follows from the previous lemma.

To prove T = oo, we employ an indirect argument by assuming that T < co. Without loss
of generality we may assume that #(7) = hj. Define

1)
£ == ho(14+6 = 3¢ ). v(t.x) = s1¢ Vi (1.1 = £(1) + 2h1)
fort >0, x € J,(t) :== [ + &) — 2hy, £(1)]. A direct calculation shows that

U — Uy + B — f(1,0) = e1e  [(A1 — &)1 (t, x — E(t) + 2hy)
—E'Qix(t, x —£@1) 4 2h1)]
>0, t>0, xeJ (),

since £ > 0 and ¢y, (¢, x — &(t) + 2h1) < O forr > 0 and x € J,(¢). On the other hand, by
the choice of ¢; we have

£() = e > —pu)ere ™1 (1, 2hy) = —p )y (1, £(1)).

We claim that 2 (r) < &(¢) for all ¢ € [0, T]. When h(t) < 1 + £(t) — 2k the claim is true
since Ny +&(t) —2h < &(t). Assume thatthe set {0 <t <t :h(t) > na+&@)—2h1} #0
consists of some intervals and [ty, 12] is one of them. Then A(ty) = 1y + &£(t1) — 2k, and
on the left boundary x = 1y + £(t) — 2h of the domain Q := {(¢, x) : n2 + &(¢) — 2h; <
x < h(t), t € [11, T2]} we have

82hyg
2

w(t, my + &) —2hy) < w(t,m + &) — 2hy) = eoere @i (t, ma + E(1) — hy)
<epere ™ <e1e ™ oi(t, m) = v(t, m +E(t) — 2hy), 1 € [11, ©l.
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Hence v is an upper solution in 2 and by comparison we have u < v in Q and h(t) < &(t)
for t € [t1, 12]. (Note that in case Ty = 0 we need an additional condition: ug(x) < v(0, x)
for n, +&(0) —2h1 < x < ho. This is true if we choose u sufficiently small.) In summary,
we proved the claim and so h(t) < &(r) < &(o0) < hj, contradicting our assumption
h(t) = h. This proves T = 00, and the proof of the lemma is complete. O

We now present a sufficient condition for spreading.

Lemma 4.3 Assume 0 < 8 < ¢. If ho > £*(—P, a)/2, then spreading happens, that is,
—8o0 = hoo = 00, and
lim [u(z,-) — P(¢)] = 0 locally uniformly in R, 4.4)
—00

where P is the unique positive T -periodic solution of u; = f (¢, u).

Proof Since g'(t) < 0 < h'(¢) for t > 0, we have h(r) — g(¢t) > ¢* for any ¢t > 0. So the
conclusion —gso = hoo = 00 follows from Lemma 4.1. In what follows we prove (4.4).

First, using a similar argument as in the proof of [8, Lemma 3.4] one can show that, for
positive integer m,

liminf u(t +mT, x) > P(t) locally uniformly for (¢, x) € [0, T] x R. 4.5)
m—00

On the other hand, let v be the solution of the following Cauchy problem

{ V=0 — Bve + f(t,v), xR, te€(0,00), 46)

v(0, x) = vo(x), x € R,

where vg(x) = ug(x) for x € [—ho, hol, and vo(x) = O for |x| > hg. By comparison we
have
u(t,x) <v(t,x) forall (¢, x) € [0, 00) x [g(t), h(?)]. “@.7

Since 0 < B < ¢, it follows from [25, Theorem 1.6] that
llim [v(t, x) — P(¢)] = 0 locally uniformly for x € R.
—00

This, together with (4.7), yields that

limsupu(t +mT, x) < P(t) locally uniformly for (¢, x) € [0, T] x R.

m— 00

Combining with (4.5) we have

lim u(t +mT, x) = P(t) locally uniformly for (¢, x) € [0, T] x R.

m— 00

Finally, using the periodicity of P(¢) one can easily obtain (4.4). O
Remark 4.4 Consider the equation u; = uxe + k(t)uxy + f(t,u) between two variable
boundaries g(¢) and h(t) If g(t) > —ooand h(t) — oo ast — 0o, then a similar argument

as above shows that u(t, -) — P(t) — 0 ast — oo, provided k € P satisfies k| < ¢.

Proof of Theorem 2.1 Based on the previous lemmas, one can prove Theorem 2.1 easily in
a similar way as proving [10, Theorem 5.2]. O
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4.2 Boundedness of g, and 5

In this subsection we prove that g, > —oo when B > ¢, and hoo < 00 wWhen B > B(,é),
which will be used in the proof of Theorem 2.3.
First we give some estimates for the solution u of (P). Denote

M =1+ [luo |l Loo([~hg.ho])+ (4.8)

then it follows from the comparison principle that u(¢,x) < M for (t,x) € [0,00) X
[g(?), h(1)]. Define a function fy (¢, u) € C/>1+/2([0, T] x R) such that

=a(t)u for (t,u) €[0,T] x [0, 1],
Su(t,u){ >0 for (t,u) € [0,T] x (1, M),
<0 for (t,u) € [0, T] x (M, 00),

and that f)s (¢, u) is a Fisher—KPP type of nonlinearity, T -periodic in ¢,
(m)u(t, M) <Oand f(t,u) < fmu(t, u) < a(®u for (t,u) € [0, T] x [0, 00).

It is known that the equation u; = u,y + fyr (¢, u) has many periodic traveling waves. Denote
the traveling wave with minimal average speed ¢ by Qu(f, x + ¢t), then Q (¢, —00) =0,
Opm(t,00) =M, (Qpm);(t,2) >0, 0np(t, z)is T-periodic int and, without loss of generality,
we may assume that it satisfies the normalization condition: Q (0, 0) = M/2. Using the
principal eigenvalue of time-periodic parabolic operators as in [18, Subsection 1.3] or [20,
Subsection 1.4], we see that, for some positive constant C,

Ou(t,2) ~ —Cze?® asz — —oo, uniformlyin € [0, T]. (4.9)
Clearly, Oy (t, X +ct — fot ,B(s)ds) is a periodic traveling wave of the equation u; = u,, —

B(®)uy + fm (¢, u). By the comparison principle we see that the solution u of (P) satisfies

t
u(t, x) < QM(t,x tér —/ B(s)ds +x0) forr >0, x € [g(), h(D)],  (4.10)
0

where xo > 0 is a large real number depending on u.
Now we give another estimate for u. Set z := f(; B(s)ds — x and let v be the solution of
the Cauchy problem

v =+ fut, M), >0, z€R,

1
_ | auo(=2), Izl < ho,
v(©0,2) {0, Iz| > ho.

It then follows from the comparison principle that

t
u(t,x) < Mv(t,/ B(s)ds —x) for (¢, x) € (0, 00) x [g(2), h(t)]. 4.11)
0

On the other hand, it follows from [19, Proposition 2.3]% and its proof that there are positive
constants Co, C1, Ca, and #y depending on u( such that (see also [17])

3 t
v (t, ct— —1In (1 + t—) +z> < CoZ(t,z), t >0, z = ho, (4.12)
c 0

2 Note that [19, Proposition 2.3] holds for the equation u; = uyy +au witha > 0being aconstant. Ifa = a(t)

t -
is a periodic function with @ > 0, then the function w := ue™ Jola@)=alds gaiifies wy = wyyx + aw, and so
the conclusions in [19, Proposition 2.3] hold for w.
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where
2

C ¢ =zt
Z(t,z) = —lzeffz[cze“(’*’o) + &(t, z)], t>0, zeR,

NG
with &(¢, z) satisfying
c
limsup sup |§(t,2)| < =,
1200 0L <VITT 2
Thanks to (4.11) and (4.12), it is easy to check that
u(t, x) < Cze~ 12O for max{¥ (1) — V1. g()} < x < min{Y (), h(D)}, 1> 1,

(4.13)
where Cj is a positive constant and

- 3
Y(t):=pBt—ct+ —Int fort > 0. (4.14)
c
Now we consider the case 8 > ¢ and prove the boundedness of g« and the locally uniform
convergence u — 0.

Lemma 4.5 Assume 8 > ¢ and (u, g, h) is a solution of (P). Then

(1) forany K € Iy, ”M(I, ')”LOO([g(Z),KJ) — Qast — oo;
(i1) goo > —00.

Proof (i) We prove the conclusion by showing that

w(t,x) < Ct3, xelg). Kl t> 1, (4.15)

for some Cc’' > 0.
Case 1 B > c. In this case, for x € [g(¢), K] and t > 1, by (4.10) and (4.9) we have

u(t, x) < Om(t, K + ¢t — Bt + 0(1)) < C1(B — dyte2 P < /173,
provided C’ > 0 is large enough, where C; > 0 is a constant independent of z.

Case 2 B = ¢. In this case we have Y () = % Int.

Subcase 2.1 g(t) < Y (t) — &/t for some t >> 1. In this case, for x € [g(t), Y (1) — /1] £ 0
and t > 1, by (4.10) and (4.9) we have

3
u(t, ) < Qut, Y0 = Vi + 0(1) = Qu(r, Zinr - i+ o)
3 _3 ;5
< QM(t,—:lm) <Colni-t73 <Ci i)
C

provided C’ > 0 is large, where C; is a constant independent of ¢. For x € [Y(t) — +/t, K]
and t > 1, by (4.13) we have
u(t, x) < Cze V0K = 0300 473 (4.16)
Subcase 2.2 Y (t) — A/t < g(t) for some t > 1. In this case, for x € [g(¢), K]and t > 1,
the inequalities in (4.16) remain valid, and so (4.15) holds.
(ii) We now use the principal eigenfunction and the estimate (4.15) to construct a suitable
upper solution to prove go, > —o0. Since B > ¢, for any given £ > 0, it is well known
that the problem (3.1) with k(#) = —B(¢), admits a unique positive principal eigenvalue A1,
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whose corresponding positive eigenfunction is denoted by ¢ (¢, x). Let ¢;(¢) be the leftmost
local maximum point of ¢, and set

. . 0
= min 1), € := min t,0), = max t), D := max t,0),
C= a0 0 te[O,T](pl( &) 1 ,e[oﬂﬂ() IE[O’T](‘Pl)x( )

then
>0, D>0 and (¢1)x(t,x) > 0 for (¢, x) € [0, 00) x [0, ¢).

Choose an integer m such that 7y := mT > 1 + 4571 and that (4.15) holds for t > 7.
Define

p()
w(t,x) = C'e ™\ (t + 1) T g1t x + p(1) fort >0, x € [—p(1), —p(t) + .

_1
—g(t)) + ¢ +4C' 10D [r] % — (t+1) 4] fort >0,

A direct calculation yields that

5

- m) 20, 1>0, x¢€[=p), —p@)+<],

wr — wxy + BOwx — f(1, w) = w(kl
—p (1) = —C'uODe™ Nt + 1) F < —pOwi(t, —p(1), >0,
and when —p () + ¢ € [g(t + 71), h(t + 71)] for some ¢ > O we have
wit, —p(0) +8) = C'e” (t + 1) 11, ) > C'(t + )77 > ult + 11, —p(0) +0).

Here we used the estimate (4.15) in the last inequality. Hence, (w, —p, —p + ¢) is an upper
solution of (P), and so by the comparison principle (cf. [10, Lemma 2.2]) we have

_1
gt+1)=—p@) > g(t) —¢ —4C'u’De 't * > —00, 1>0.
This completes the proof of the lemma. O

Remark 4.6 We remark that this lemma is an analogue of Lemma 4.1 and Proposition 4.6 in
[17]. But our construction for upper solutions is more complicated. The difficulty is that in
the present case we have no monotonicity for u(z, -) in the interval [g(¢), —h] (since B(t)
may change sign). The boundedness of g(¢) indicates that when the advection intensity is
large, namely, when B > ¢, spreading does not happen.

Remark 4.7 The conclusion (i) in the previous lemma also indicates that if 1o, < oo, then
lu(t, )l Looqgr),n@yy — Oast — oo.Hence hoo < 001is anecessary and sufficient condition
for vanishing in case 8 > ¢. We will give other sufficient conditions for vanishing in the next
two lemmas.

Next let us consider the case 8 > B(B ) and prove the boundedness of /1, and the uniform
convergence u — 0.

Lemma 4.8 Assume (Hp), (H1), B > B(B) and that (u, g, h) is a solution of (P). Then

@) Nu, llLeqem.nwyy —> 0ast — o0;
(1) hoo < 00.
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Proof (i). We prove the conclusion by showing that

u(t,x) < C't 3, x elg), (D], 1> 1, 4.17)

for some C” > 0. We will use a conclusion in Remark 5.3 in Sect. 5 (whose proof is
independent of the current conclusions), which says that

h(t) <rt+ H, forallt > 0 and some H, > 0. (4.18)

Case I: B > B(ﬁ). In this case we have x == f —¢ —7 > 0 by the definition of B(0).
Thanks to (4.10), (4.18) and (4.9), we have

u(t, x) < Qu(t, h(t) +ét — Bt + 0(1)) < O (1, —kt + O(1)) < Care= 7' < "1™ 1,

provided C "> 0 is large enough, where C4 > 0 is a constant independent of 7.
Case 2: f = B(B). In this case we have

YO —Vi=B -0+ = lnt—f+0(1)>g(z) t> 1.
For x € [g(1), Y(t) — +/f]and t >> 1, by (4.10) and (4.9) we have
- 3
Wt ) < Qu Y1) =i+t = fr+ 0() = Qu (1, 2 Int = Vi +0(1)
3 S R |
< QM(t,—tlnt> <Cslnt-+72 <C"t7%,
C

provided C” > 0 is large, where Cs is a constant independent of t. For x € [Y () — /7, h(t)]
and r > 1, by (4.13) and (4.18) we have

u(t,x) < C3e_%(y(t)_h(’)) < C”t_%, provided C” > 0 is large enough. 4.19)

(ii). Based on the estimate (4.17) for u, we now construct an upper solution to prove hs, <

00. Since ,3 B(,B) for any given £ > 0, the problem (3.1) with k(#) = —fB(¢) admits
a unique positive principal eigenvalue A1, whose corresponding positive eigenfunction is
denoted by ¢ (z, x). Let ¢ (¢) be the rightmost local maximum point of ¢(z, -), and set
$x 1= maxse(0,77 §r (1), €4 1= minge(o,7]¢1(t, &) and Dy := maxe(o, 7] |@1x (¢, £)[, then

D, >0, (p1)x(t,x) <0 for (¢, x) € [0,00) X (&4, £].

Choose an integer m, such that 7o := myT > 1 + 457[ and that (4.17) holds for t > 1.
Denote MO = max;¢[o,7] 1 (1),

pi(t) = h(12) + &+ 4C"pODse; 1y * — (1 + ) 7] fort >0,
and
5
wi(t, x) = C'e; 't + 1) 51t x — pi(1)) fort >0, x € [px(t) + s, pult) + £].

A direct calculation as in the proof of the previous lemma shows that (w, px + «, P« + £)
is an upper solution to (P), and so by comparison we have

_1
h(t + 1) < ps(t) + £ < £+ h(1)) + &4 +4C”[,LOD*€*_1T2 <00, t=0.

This proves the lemma. O
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Proof of Theorem 2.3 The conclusions in Theorem 2.3 follow from Lemma 4.8 immediately.
O

4.3 Problem with medium-sized advection: ¢ < § < B(ﬁ)

In this subsection we consider the case with medium-sized advection. New phenomena like
virtual spreading and transition happen for some solutions. In the first part we give some
conditions for vanishing and for virtual spreading, in the second part we prove Theorem 2.2.

4.3.1 Vanishing and virtual spreading phenomena

When B > ¢, it follows from Lemma 4.5 that goo > —oo and u — 01in [g(¢), K] for any
K € 1. We now present a sufficient condition for vanishing.

Lemma 4.9 Assume that ¢ < ,5 < B(B), and (u, g, h) is the solution of (P). Then vanishing
happens when |[uol| > ((—hg.ho)) IS Sufficiently small.

Proof For any fixed iy > ho, we use A to denote the principal eigenvalue of the problem
(3.1) with € = 2h| and k() = —B(t). Since § > ¢, we have A; > 0 by Lemma 3.1. The rest
of the proof is exactly the same as that for Lemma 4.2. We omit the detail. O

Next we give a sufficient condition for virtual spreading, which means that spreading
should be considered in a moving frame.

Lemma 4.10 Assume that ¢ < B < B(B) and (u, g, h) is a solution of (P). Then virtual
spreading happens if and only if, there exist x;, €;, ;i (i =1,2)with0 < €] < €3 K 1 and
an integer m > 0 such that

umT,x) > W0, x —x;) for x € [x; —&;, x;], i=1,2, (4.20)
where, for eachi, W€ is the compactly supported traveling wave given in Proposition 3.16(ii).

Proof Clearly the inequality (4.20) is a consequence of virtual spreading (see the definition
in Sect. 2). We only need to show that (4.20) is a sufficient condition for virtual spreading.

For each i = 1, 2, from Proposition 3.16(ii) we know that R () := fot réi(s)ds (with
réi(t) = r(t; B) —€;) satisfies (R€)' (1) < —pu(t) Ws' (¢, RS (¢)). Hence W€ (¢, x) is a lower
solution of (P), and by (4.20) we have

u(t+mT,x) > W, x —x;) for x e [R(t) +x; —€;, R(t) +x;], t >0, (4.21)
and R (t) + x; < h(t +mT) for t > 0. Define
w(t,x) :=ult +mT,x + R2(t)+x2) for G(t) <x < H@), t >0,
with
H(t) :=h(@t +mT)— R®(t) —xp and G(¢) := g(t + mT) — R%(t) — xp fort > 0.
Then as t — o0, G(t) —> —o0,
H(@) =h(t +mT) — R2(t) — xp > R'(t) + x1 — R2(t) — xp — 00,
and w satisfies

Wy = Wyx — [BE) —r2@)]wy + f(t,w), >0, Gt) <x < H(1).
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Since B < B(,é),by the definition of B(9) and Lemmas 3.11 and3.12 wehaver(t; 8) > f—¢,
andsor2 = r(t; B) — €2 > B — ¢ provided €; > 0 is small. On the other hand, we have
r€ < B + ¢ by Proposition 3.8. Therefore, |8 — r€| < ¢ and it follows from Remark 4.4
that w(z, x) — P(t) — 0 ast — oo locally uniformly in x € R. Namely, virtual spreading
happens for u. O

4.3.2 Proof of Theorem 2.2

For any given hg > 0 and ¢ € 2'(hg), we write the solution (u, g, h) as (u(t, x; o¢),
g(t; o), h(t; o)) to emphasize the dependence on the initial data ug = o ¢. Define

3o := {o > 0 : vanishing happens for u(-, -; 0¢p)}, 0 := sup Xo.

It follows from Lemma 4.9 that ¢ € Xy for all small ¢ > 0, thus X¢ is nonempty. By
comparison [0, o) C Xo. If 0, = 00, then there is nothing left to prove. In what follows we
consider the case o € (0, 0c0). Using Lemma 4.9 one can prove o, ¢ ¥ in a similar way as
proving Theorem 4.9 in [17]. Hence X¢ = [0, o).

On the other hand, define

%1 := {0 : virtual spreading happens for u(-, -; 0¢)}, o* :=inf ;.

When ¥; = ¢, virtual spreading does not happen for any ¢ > 0. Then each solution
u(t, x; 0¢) with o € [oy, 00) is a transition one. When o* < o0, it is easy to see from
Lemma 4.10 and the continuous dependence of the solution on the initial data that Xy is
an open set. So X; = (0, 00). Each solution u(¢, x; 0 ¢) with o € [0y, 0*] is a transition
one, for which neither virtual spreading nor vanishing happens. Moreover, for any transition
solution, it follows from Lemma 4.5 and Remark 4.7 that goo > —00, hoo = 00 and
u(t,-) — 0ast — oo locally uniformly in (g, 00).

This completes the proof of Theorem 2.2. O

Remark 4.11 For the homogeneous problem (that is, 8, f and p are independent of 7), in
the medium-sized advection case: § € (c, B(0)), it was shown in [17, Theorem 2.2] that
transition happens for exactly one initial data, that is, o, = ¢*, and any transition solution
u converges to a tadpole-like traveling semi-wave. It has a big head on the right side and a
long tail on the left side, and moves rightward with speed 8 — ¢. We guess that similar results
should be true for our time periodic problem (P). We will study this problem in a forthcoming
paper. The approach should be much more complicated than the homogeneous case since we
can not construct a time periodic tadpole-like semi-wave beforehand. In homogeneous case,
it was constructed easily by using a phase plane analysis, and then it played a key role in the
later approach for proving the convergence of the transition solution to this semi-wave.

S Asymptotic profiles of (virtual) spreading solutions

In this section we study the asymptotic profiles for spreading or virtual spreading solutions.
As before, we write U (¢, R(t) — x; B —r) as the rightward periodic traveling semi-wave with
speed r(t; B) and R(t) := f(; r(s; B)ds,write U(t, x + L(t); —B —1) as the leftward periodic
traveling semi-wave with speed [(¢; 8) and L(¢) := fot [(s; B)ds. In the first subsection we
show that | (t) — R(r)| is bounded when 0 < 8 < B(B), and |g(r) + L(r)| is bounded when
0< ,3 < ¢. Based on these results, we prove Theorem 2.4 in the second subsection.
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5.1 Boundedness for |k (¢) — R(¢)| and |g(¢) + L(?)|.

For convenience, we normalize the problem (P) by setting

0 =00 = i P 5.1)
v(t, x) = , = . .
PO) v 12
Then the problem (P) is converted into
U = Uyx — BOvx + F (1, 0), t>0, g(r) <x <h(@),

v(t,x) =0, g'(t)=—y®v(t,x), t>0, x=g(),

v(t,x) =0, W(t)=—y@)ve(t,x), t>0, x=h(), (52)
v(0, x) = uo(x)/P(0), —ho < x < ho,
where the new nonlinearity F (¢, v) := %[f(t, P(t)v) — f(t, P(t))v] satisfies

F(t,v) € C"%1+V/2([0, T] x R) for some v € (0, 1),
T-periodicint, F(¢,0) = F(t,1) =0,
foranyt € [0,T], F(t,v) >0for0 <v <1, F(t,v) <Oforv > 1,
F(t,v)/v is decreasing in v > 0,
ai(t) == Fy(t,0) =a@) — f@, P@)/P@), a1(t) :== Fy(t,1) = a(t)/P(t).

Clearly, a; = a and, by the condition (H), a1 (t) < —26 forsome § > 0. The latter inequality
implies that, for some small ¢ > 0, there holds

Fyt,v) <=6 for t € [0, T], ve[l —e 1 +¢] (5.3)

We first give a rough estimate for g and &, and show that u (¢, -) — P(¢) in the interior of
the “main” habitat of u.

Lemma 5.1 (i) Assume that 0 < f < ¢ and that spreading happens for (u, g, h). Then
for any constants c1, ¢z satisfying —l < —c1 < 0 < ¢y < r, there exists a constant
K > 0 such that

g) < —cit, cat <h(), |u(t,) = POl|oo—cy.eany < Kie™ fort > 1.
(5.4)
(ii) Assume that ¢ < B < B(B) and that virtual spreading happens for (u, g, h). Then for
any constants c3, c4 satisfying B — ¢ < c3 < c4 < 7, there exists a constant K» > 0
such that

cat < h(t), |u(t,-) — P@)lroqest.cary < Koe ¥ fore > 1. (5.5)

Proof (i) For any € > 0 satisfying ¢; <[ — € and ¢ < 7 — €, when it is sufficiently small,
by Proposition 3.16 (ii) and (iii), the function W€ (¢, x) is a compactly supported traveling
wave which travels rightward with speed 7€ (¢) := r(¢; B) — €, and the function Wy (¢, x) is a
compactly supported traveling wave which travels leftward with speed [€(¢) :=I(t; B) — €.
Since spreading happens for the solution u, there is a large integer m such that both W€ (0, x)
and Wf (0, x) lie below u(mT, x). Hence W€(t, x) and W[ (¢, x) lie below u(mT + ¢, x) for
all # > 0 since they are lower solutions of (P). So

t t
gt +mT) < —/ [€(s)ds + O(1), / ré(s)ds + O0() < h(t +mT), t=>0.
0 0

The first two inequalities in (5.4) then follows.
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By (5.3), one can use the lower solutions W€ (¢, x) and Wy (¢, x) and use the same argument
for the normalized function v as in the proof of [10, Lemma 6.5] to show that

v, x) — 1| < ke forx € [—cit, cat], £ > 1,

where k| > 0 is a constant. This reduces to the third inequality in (5.4).

(ii) Choose ¢; € (0, ¢) small such that cs == B — ¢+ €] < ¢3 < c4 < 7 — €1. Then
B—cs=¢c—e€ and B —F + € < ¢ — €. On the other hand, by Proposition 3.8 we
have 0 < 7 < B+ ¢ andso B — 7 + €] > —€ + €. Thus both Uy(¢, z; B — ¢5, £) and
Uo(t,z; B — r(t; B) + €1, £) exist when £ is large. Define

Wi(t, x) := Up(t, cst — x; B — cs5, £) and
Wo(t,x) ;== Uy(t, R(t) — et —x; B —r(t; B) + €1, ).

Then they are compactly supported traveling waves of (P);. W, moves rightward with
average speed r — €1 and W1 moves rightward with constant speed c5. Since virtual spreading
happens for u, both Wy (0, x) and W5 (0, x) can lie below u(m'T, x + x”) for some large
integer m’ and some suitable shift x”. By comparison they stay below u since they are lower
solutions of the problem (P). In fact, at the right end point x = R(t) — €1t of W, we have
(R(t)—e1t) =r(t; B)—ep < —u(t)Way(t, R(t) —et) = Ap[B—r +¢€1, £] by Proposition
3.16 (ii). So W» is a lower solution and R(t) — et < h(t +m’'T) fort > 0. Hence c4t < h(t)
for t > 1. For the function Wy, though it may not satisfy the free boundary condition on its
right end point x = cst, it is still a lower solution since it does not touch « at this end point
at all (it moves rightward behind W>). Now we can use these lower solutions to support the
spreading of u and using the same argument for the normalized function v as in the proof of
[10, Lemma 6.5] to show that

[v(t, x) — 1] < kae™® for x € [c3t, cat], 1> 1,

where ky > 0 is a constant. This reduces to the second inequality in (5.5). O

Next we prove the boundedness of 4 (¢) — R(¢) and show that u(¢, -) & P(t) in the domain
[cit, h(t) — X], where X > 0 is a large number and, for any given small €9 > 0, ¢; denotes
a speed defined by

. (5.6)

o 0, when 0 < 8 < ¢ and spreading happens,
0= B —¢+e€y, whené < B < B(B) and virtual spreading happens.

Proposition 5.2 Assume that (Hy), (Hy) and B € P satisfies0 < < B(,é). Assume further
that spreading or virtual spreading happens for the solution (u, g, h). Then

(i) There exists C > O such that
|h(t) — R(t)| < C forallt > 0; (5.7)

(ii) For any small €, €y > 0, let c; be the number defined by (5.6), then there exists X¢ > 0
and T, > 0 such that

lu(t, ) — POllLeqene—x.) < € whent > Te. (5.8)

Proof As above we normalize the periodic rightward traveling semi-wave U (¢, z; § —r) by

Vit z) = %

)
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Then the problem (1.2) is converted into

Vi=Vee + 1B —r@: HIV2+ F(. V), 1€][0,T], >0,
V(,00=0, V(t,00) =1, 1€[0,T],

V(0,2) = V(T,2), V.(t,2) >0 1€[0,T], z>0,
r(t; B) = y()Ve(z,0), 1€[0,T], z>0,

where y and F are the same as those in (5.1) and (5.2).

Step 1 To give some upper bounds for /(¢) and v(¢, x).

First, we give a simple upper bound for v(z, x). Let n(¢) be the solution of n, = F(t, n)
with initial value n(0) = M/P(0) + 1, where M is given by (4.8). Due to F(t,v) < 0
for v > 1, the function n(¢) decreases to 1 as ¢t — oo. Hence, for ¢ > 0 in (5.3), there
exists a large integer m such that, 1 < n(f) < 14 e when r > mT. By (5.3) we have
n = F(t,n) <81 —n)fort >mT.So,n(t) < 1+ee®Ted fort > mT. Clearly n(t)
is an upper solution of (5.2), and so

(5.9)

v(t,x) < n(t) < 1+ ee®T e for g(r) < x < h(r), t > mT. (5.10)

Take an integer m’ > m such that eSm=—m)HT 1/2. Since V (¢, 00) = 1, we can find X > 0
such that, with 77 := m/T and M’ := 257,

A+ MYVt 2) > 1+ ee®Te™ 8T forallt [0, T], z > X. (5.11)

Now we construct another finer upper solution (v™, g, h") to (5.2) as follows.
t
ht@t) = / r(s; B)ds + h(T)+ KM'(e™T — e+ X forr > T,
T/

v, x) =L+ Me )V, hT () —x) fort >T', x <hT (),

where K is a positive constant to be determined below. Clearly, for all t > T’, v, g(1))
> 0=t g@), vt ht () =0,and

—y OV hT @) =y + M'e™)V.(1,0) = (1 + M'e™*)r(; p),
<r(t: B)+ M Kse ™ =t (1),

if we choose K with K8 > max;cjo,7]7(f; B). By the definition of ht we have h(T")
< h™(T"). By (5.10) and (5.11) we have

VT x) = A+ Me YT T+ X —x) =1+ MYV, X)
> 14T > 0T/, x), xelg(T), h(TH].
We now show that
Nt =t — vl + BV —Ft,vT) >0, xelg),h ], t>T. (512

In fact, by a direct calculation we have
Nvt = —sM'e ™'V + (1 4+ M'e KM 8¢ 'V, + F(t, V)} — F(t, 1+ M'e*) V)

= M’e—‘”{F(t, V)+ K81+ M'e )V, — 5v} + F(t, V) —F(t,(1+Me?V)

= Fi= M F, V) + K81+ eV, = [Fo0, (14 pM'e ™) V) + 61V |,

for some p € (0, 1). Since V(¢t,z) — 1 as z — oo forall r € [0, T], there is zo > 0 such
that

V(t,z) > 1—¢ for(t,z) € [0, 00) x (29, 00).
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When ht (1) —x > zgandt > T', we have F > 0 by (5.3) and the fact that M’e™% < ¢ for
t>T . When0 < ht(t) —x <zgandt > T’', we have

F > M’e‘S’(KSDl — Dy —68) >0, provided K > 0 is sufficiently large,
where

D1 = min VZ(I,Z) > (0 and D2 = max FU(I,S)-
(1,2)€[0,T1x[0,z0] (t,5)€[0,T]x[0,1+M']

Summarizing the above results we see that (v", g, h™) is an upper solution of (5.2). By
the comparison principle we have

h@) <ht@ forr > T and v, x) <vi@,x) <1+Me™®, xelg@),h@®)], 1 > T'.
By the definition of 4™ we see that, for H, := h(T’) + X + K M’, we have
h(t) < R(t) + H, forallt > 0. (5.13)

For any € > 0 and for PO = max;efo,7] P(t), if we choose T1(e) > T’ large such that
POM’e=3T1(©) < ¢ then by the definition of v+ we have

v, x) <vh,x) < 1—|—e/P0, x €lg®),h®)], t > Ti(e), (5.14)

Step 2 To give some lower bounds for z and v(z, x).

For the number €y > 0 given in the assumption, define ¢; by (5.6) and define ¢, :=r — €.
For the constant § given in (5.3), it follows from Lemma 5.1 that there exist K1 > 0 and an
integer m” > 0 such that

et <h@), vt ) — Ulieoqaren < Kie™®, t=>T":=m"T.

Define

t

g () :=ct, h (1) ::/

T

r(s; B)ds — KaK (e T — ey + ¢, T” fort > T”,
vt x) = (1— Kie YV, h=(t) — x) forx € [g (1), h~ ()], t > T".

Then for a suitable constant K, > 0, a similar argument as in Step 1 shows that (v™, g7, h™)
is a lower solution. By the comparison principle we have

ht)y = h~ (@) fort > T", v(t,x) > v (t,x)forx € [g-(t),h ()], t >T". (5.15)
Hence

h(t) > h™(t) — r[r(l)a%( | |h(t) —h~ ()| > R(t) — H; forallt >0, (5.16)
e[0.T"

where H; = max;cpo,77 |h(t) — h~(t)| + FT” + K> K. Combining with (5.13) we obtain
5.7).
On the other hand, for any € > 0, since V (¢, 00) = 1, there exists X(¢) > 0 such that

V(t,z) > 1 —€/2P% fort € [0, T], z > X1 (e).

For (r,x) € Q1 :={(t,x): g~ () <x < h(t)— H — H — X (¢), t > T"}, by (5.16) and
(5.13) we have

h™ (1) —x 2 R(t) — H —x 2 h(t) — H — H — x = X\ (),
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and so,

v, x) = v (L, x) = (1 —Kie Vi, Xi(e) = (1 — Kle—‘”)(l - for (¢, x) € Q.

€
257)
Moreover, if we choose T>(¢) > T" such that 2POK e 972(©) < ¢, then
€ \2 €
v(t, x) > (1 - W) > 1= g for (t.x) € @ and 1 > Tae). (5.17)

Step 3 To complete the proof of (5.8). Denote T, := max{T}(¢), T>(¢)} and X, := H, +
H; + X1(€), then by (5.14) and (5.17) we have

lu(t,x) — 1] < 70 forclt x < h()— Xe, t > Te.
This yields the estimate in (5.8). ]

Remark 5.3 Weremark that the estimate (5.13) in Step 1 remains true even for large advection
problems (that is, even if 8 > B(B)). In fact, in the proof in Step 1 we only use V or U
(which exists for all 8 € P satisfying 8 > 0 by Proposition 3.8) to construct upper solutions.
The estimate (5.16), however, is not true for large advection case. The proof in Step 2 is also
invalid since ¢; = ﬂ —C+ €y > c, =7 — €y when 5 > B(,B) and €9 > 0.

Using a similar argument as above we can obtain the following result.

Proposition 5.4 Assume that (Hyp), (Hy) and B € P satisfies 0 < f < c. Assume further
that spreading happens for the solution (u, g, h). Then

(i) There exists C; > 0 such that
lg(t) + L(t)| < Cy forallt > 0; (5.18)
(i) For any small € > 0, there exists X > 0 and T! > 0 such that
lu, ) — P@llLoqgm)+x..0n < € whent > Te/. (5.19)

5.2 Asymptotic profiles of the (virtual) spreading solutions

Theorem 5.5 Assume that (Hy), (Hy) and B € P satisfies 0 < ﬂ < B(ﬁ) Assume further
that spreading or virtual spreading happens. Then there exists H| € R such that

Il_i)fgo[h(l) - RN =H; ,l_iff,lo[h/(’) —r(; B)1=0, (5.20)
tlggo lu(t, ) = U@, R(t) + Hy — - B — )l qee,hin) =0, (5.2

where R(t) = fot r(s; B)ds and c; is defined by (5.6). Here we extend U(t, z; B — r) to be
zero for z < 0.

Proof We use moving coordinate frames in our approach.

Step 1. Using the moving coordinate y := x — R(¢) we prove (5.20). Set

hi(t) :=h(t) — R(@), g1(t):=g({) — R()forz >0,
and ui(t,y) :==u(t,y + R(t)) fory € [g1(¢), h1(t)], t > 0
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Then (u1, g1, h1) solves

uiyy =ulyy +r@) — BOlury + f@ u), g1 <y <hi@®), t >0,
ur(t,y) =0, g1(t) = —pu(ury(t,y) —r(t), y=gi(t), t >0, (5.22)
ur(t,y) =0, h\(t) = —pu@ur,(t, y) —r(t), y =h1(@), t > 0.

For any yg € R, the function Vi (¢, y) := U(t, yo — y; B — r) satisfies

{ Vie = Viyy + [r(0) = BOIViy + f(, V1), —o0 <y <y, >0,
Vi(t, —00) = P(t), Vi(t,y0) =0, r(t) = —u@®)Viy(&, yo), t>0.

We now consider the number of zeros of n1(¢,y) := ui(t,y) — Vi(¢, y) in the interval
J(t) := [g1(¢t), min{yg, h1(¢)}]. Since g;(t) — —oo we have Vi(t, g1(t)) — P(t) — O
ast — oo. Hence Vi(z, g1(¢)) > 0 = u;(z, g1(¢)) for all large ¢. The right end % (¢) of
u1(t, y) may get across yp many times. By the zero number argument (cf. [11, Lemma 2.4],
[17, Lemma 3.10 (a)]) we know that Z;[n: (¢, -)] (which denotes the number of zeros of
the function 5 (¢, -) in J(¢)) is finite, and it decreases strictly when /1 (¢) get across yg. So
h1(t) — yo changes sign at most finitely many times, namely, 4 (¢) > yo, or h1(¢) < yg, or
h1(t) = yo for all large ¢. Since h(t) is bounded by (5.7) and yq is an arbitrary point, we
conclude that /1 (¢) converges as t — 0o to a number H; € R. This proves the first limit in
(5.20).

By the parabolic estimate as in [10,26] etc. we know that, for any 7 > O,
||h’(t)||cu/z([m+1]) is bounded from above by a constant C; independent of t. Since
r € Py C CY*([0, T]) we conclude that there is a constant C > 0 independent of t
such that

1Y Dl cvr e, e417) < C.

Combining with the convergence of /1 (¢) we obtain h’l (t) - 0ast — oo. The second limit
in (5.20) then follows.

Step 2. We use another moving coordinate z := x — h(¢) to prove (5.21). Set
g2(t) :=g(t) —h(t)fort > 0, and uy(t,z) :=u(t,z+ h(t)) for z € [g2(2),0], t > 0.

Then the pair (12, g2) solves

Uz, = Uz + [0 (1) — BO)ua; + f(t, u2), &) <z2<0,1>0,
ur(t,z) =0, gh(t) = —uuz (t,2) —h'(t), z=g(t), t >0, (5.23)
ur(t,0) =0, h'(t) = —pu(®)ua, (¢, 0), t>0.

We will compare the w-limit functions of u» with the function Vo(¢, z) := U (t, —z; B — 1),
where V> solves

Vor = Vage +r(t; B) = BO1Va + f(1, V2), —00<z2<0,1€R,
Va(t, —o0) = P(1), Va(t,0) =0, r(1) = —u(1)Va:(1,0), teR.

For any sequence of integers {m,} satisfying m,, — oo (n — 00), since ua(m, T +t, 7) is
bounded in L* norm, it follows from the L? theory, the Sobolev embedding theorem as well
as the Schauder estimates that, for any K > 0, [ua(mpT + 1, 2)lc14v224v (—k K ]x[—K,0])
is bounded by a constant C depending on K but not on n. Hence it has a subsequence
converging in the space C'2([—K, K] x [—K, 0]). Using Cantor’s diagonal argument, there
exist a function w(t, z) € C'T/224"(R x (—o0, 0]) and a subsequence of {m,}, denoted
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again by {m,}, such that uy(m, T + ¢, z) — w(¢, z) in the topology of CI‘Z(R X (—o00, 0]).

loc
Replacing ¢ by m,, T + ¢ in (5.23) and taking limit as n — oo we obtain

wy = Wy + [rt) — M w, + f(t,w), —oo<z<0,1teR,
w(t,0) =0, r(t) = —pu@w,(t,0), teR.

Consider the function n»(t, z) := w(t, z) — Va(t, z). It is clear that z = 0 is a degenerate
zero of no(t, ) for all + € R. Hence, the zero number argument (cf. [11, Lemma 2.4], [17,
Lemma 3.10 (a)]) indicates that w(t,z) = V,(¢, 7). Since {m,} is an arbitrarily chosen
consequence we have, for any K > 0,

lua(t +nT,z) — Valt, )l Lo -k . K1x[-K.0) = 0 asn — oo,
or, equivalently,

lu(t +nT,x) = U(t, h(t +nT) — x; B — r)llLo(—K,K\x[h(t+nT)—K h@t+nT)]) —> 0
asn — OQ.

Since U(t, z; B — r) is T-periodic in t we have
lu(t, ) — U, h(t) — - B — r)llLoqne—k.n@) — 0 ast — oo.
Using the limit 4(t) — R(t) — Hj in (5.20) we obtain
lu(t,) = U@, R(t) + Hi — 5 B —r)llLeqhe)—k.h@) — 0 ast — oo. (5.24)
Here we have extended U (¢, z; B — r) to be zero for z < 0.

Step 3 Finally we prove (5.21).
For any given small € > 0, by (5.8) in Proposition 5.2, there exist X, T > 0 such that

lu(t,x) — P(t)| <€ forct <x <h(t)— X, t > Te.
Since U(t, 00; B —r) = P(t), there exists X} > X, such that
[U(t, R(t) + Hi —x; B—r)— P(t)] <€ forx < R(t)+2H, — X}, 1t €[0,T].

Taking T* > T¢ large such that i (t) < R(t) +2H; fort > T}, then by combining the above
two inequalities we obtain

lu(t,x) = U, R(t) + Hy —x; B —r)| <2 foret <x <h(t)— X, t> T
Taking K = X7 in (5.24) we see that for some 7;* > T, we have

lu(t,x) = U@, R(t) + H —x; B —r)| <€ forh(t) — X} <x <h@), t > T
This prove (5.21). O

Using a similar argument as above one can obtain the following result.

Theorem 5.6 Assume that (Ho), (H) and B € P satisfies 0 < B < ¢. Assume further that
spreading happens. Then there exist G| € R such that (2.4) and (2.6) hold.

Proof of Theorem 2.4 The conclusions in Theorem 2.4 follow from Theorems 5.5 and 5.6.
O
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