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Abstract

This paper studies the following problem

Uy =uxx + f(u), O0<x<h(t),t>0,
u(0,1) = bux(0,1), t>0,

uth(t),t)=0, K@) =—ux(h(),t), t>0,
h()=hg, u(x,0)=0¢(x), 0<x<hg

where f is an unbalanced bistable nonlinearity, b € [0,00), 0 > 0 and ¢ is a compactly supported C 2
function. We prove that, there exists o* > 0 such that, vanishing happens when o < o™ (i.e., h(t) < M for
some M > 0 and u(-, r) converges as f — oo to 0 uniformly in [0, 4(¢)]); spreading happens when o > o*
(i.e., h(t) — c*t tends to a constant for some ¢* > 0, u(-, ) converges to a positive stationary solution
locally uniformly in [0, co) and to a traveling semi-wave with speed ¢* near x = h(¢)); in the transition
case when o = o™, ||u(-,t) — V(- — &(1)) ||H2([O,h(t)]) tends to 0 as t — oo, where £(¢) is a maximum point
of u(-,t) and V is the unique even positive solution of V" + f(V) = 0 subject to V (c0) = 0. Moreover,
with respect to b and f, £(r) = PInt + Q + o(1) for some P > 0 and Q € R, or, £(¢) — z for some root z
of V(—z) =bV/(—2).
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1. Introduction
Consider the following free boundary problem

Uy =uxx + f(u), O<x<h(t),t>0,

u(0,t) = bu,(0,1), t >0, 0
uh(),t)=0, h@) =—-uy(h(t),1), t >0,

h(0) =ho, u(x,0)=up(x), 0<x<ho

where b € [0, 00), x = h(t) is a moving boundary to be determined together with u(x, t) and f
is an unbalanced bistable nonlinearity satisfying

feCl(0,00)), f(0)=0> f'(0), f(-)<0in (0, ),
F)>0in (e, 1), f(-) <0in (1, 00), infs=0 f(s)/s > —o00, (F)
for F(u) := —2f0” f(s)ds, F(@)=0 for some 8 € («, 1).

The initial function u is chosen from 2" (hg), where, for some hg > 0,

¢ € C2([0, hol). ¢(0) =b¢'(0),
Z (ho) := {‘/" >,#0in [0, ho], ¢ =01in [hg, 00) }

Problem (1) may be used to describe the spreading of a new or invasive biological/chemical
species, with the free boundary / (¢) representing the spreading front of the species whose density
is denoted by u(x, t). The (Stefan) free boundary condition indicates that the front invades at a
rate that is proportional to the magnitude of the spatial population gradient there. Such a bound-
ary condition was used for population models in [6,12,13] etc., for tumor, protocell and wound
healing models in [10,22-24], etc. It can be derived from Fick’s law of diffusion by considering
the “population loss” based on Allee effect at the front (cf. [6] for details).

Problem (1) with Neumann boundary condition u, (0, ) = O was recently studied by Du and
Lin [12] for logistic nonlinearity f(#) = u(1 —u), and by Du and Lou [ 13] for general f. Among
others they obtained a dichotomy result for the solutions of (1) with a monostable f: for any
positive solution, either spreading happens (i.e., lim;_, o, A (t) = oo and lim;_, o u(-, t) = 1); or
vanishing happens (i.e., #(t) < M for some M > 0 and lim,_,  u(-, t) = 0). The vanishing phe-
nomenon is a remarkable result which reveals the difference between the free boundary problem
and the Cauchy problem (in the latter case, it is known that the problem with a monostable f has
the so-called hair trigger effect, which implies that any positive solution will spread, cf. [4,5]).
In case f is a bistable nonlinearity satisfying (F), [13] studied (1) with Neumann boundary con-
dition u, (0, ) = 0. They gave a rather complete description on the long time behavior of the
solution u(-, t; o¢) of (1) with initial datum ug = o ¢. They proved that there exists o* > 0 such
that, vanishing happens for u(-, t; 0¢) when o < o*; spreading happens when o > ¢*; and in
the transition case when o = o*, u(-, t; 0 *¢) converges as t — oo to V (-) locally uniformly in
x € R, where V is the unique even positive solution of V' + (V) = 0 subject to V (c0) =0 (i.e.
the so-called ground state). The approach of the last result relies on the fact that u, (x, ) < O for
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Xx > hg and ¢ > 0. (This monotonicity, however, will no longer be true if the Neumann boundary
condition is replaced by a Robin one.)

When b =0 (i.e., the Dirichlet boundary condition #(0, t) = 0), Kaneko and Yamada [26]
studied problem (1) for monostable and bistable types of f. They gave some sufficient conditions
for spreading and for vanishing.

Problem (1) has been studied by the authors in [28], but only for monostable and combustion
types of f. We proved that for any solution u, either spreading or vanishing happens. Because
of the absence of transition cases, these situations are simpler than the case where f is bistable
(see the main results below). In this paper we continue to study the equation with a bistable type
of nonlinearity, supplemented with a general Robin boundary condition at x = 0 and a Stefan
free boundary condition at x = h(¢). The Robin condition u (0, ) = bu, (0, ¢) indicates that, the
flux of the species invading the habitat [0, 4(¢)] from the boundary x = 0 (which is expressed by
bu, (0, ) by Fick’s law) depends on the density u«(0, ). The constant 1/b (b > 0) is also called
per capita entering rate.

The main purpose of this paper is to study the influence of the Robin and free boundary condi-
tions on the long time behavior of the solutions. We will prove a vanishing—transition—spreading
trichotomy result, similar as that in [13] for problems with a Neumann boundary condition, but
still with significant difference in the transition case. More precisely, in the transition case, we
will prove that the solution u satisfies [|u(-,#) — V(- = E@O) | 20, nryy — 0 as 1 — oo, and
using the maximum principle we will show that, with respect to b and f, either £(t) — z for
some root z of V(—z) =bV’'(—z), or £(t) — oco. The latter is a very interesting phenomenon
which does not occur in the problems with the homogeneous Neumann boundary condition (cf.
[13]). Our proof for u — V(- — &(¢)) is based on some energy estimates and the concentrated
compactness argument, which is completely different from the approach in [13]. Furthermore,
when &(f) — oo, we can derive by the center manifold argument that £(¢) = PIlnt + Q + o(1)
for some constants P, Q (P > 0) depending only on b and f.

Without the free boundary (i.e., h(t) = o0), (1) reduces to a problem on the half line. Un-
der the homogeneous Neumann boundary condition, the problem can be extended by reflection
to be a Cauchy one. The long time behavior of the solutions and traveling wave solutions for
such problems have been extensively studied (cf. [4,5,15,20,21,27,31]). For example, in [15],
motivated by the break-through results obtained in [31], Du and Matano proved a vanishing-
transition-spreading trichotomy result. FaSangovd and Feireisl [17] also studied the problem on
the half line with homogeneous Dirichlet or Neumann boundary condition (i.e., #(0,¢) =0 or
ux(0,¢) = 0). Under the Dirichlet boundary condition they proved that, for any nonnegative
function ¢ € Wé ’2([0, 00)) which has only one local maximum point, there exist o, := 0y (¢)
and o* := 0*(¢) with 0 < 0, < ¢™* such that vanishing happens for the solution u(-,?; o ¢)
when o < oy, spreading happens when o > ¢*, and in the transition case when o € [0y, 0],
lu(,t;00) = V(= E@p1(j0,00y) = 0 as ¢ — oo with lim;—, 0 §(7) = co. In other words,
they found the interesting phenomenon: in the transition case, u converges to the infinitely shift-
ing ground state. But they still left some important questions:

1. Does the transition case consist of a sharp threshold value? i.e., does o, = o *?
2. How fast does £(f) — co as t — o0?
3. What happens for the solutions with multiple local maximum points?

Recently, [11] studied the problem on the half line with Robin boundary condition, and gave
answers to these questions: 1.0, =0*;2.£(¢t) = P Int+ O (1) for some P depending on f and b;
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3. the results remain valid for the solutions with multiple local maximum points. Our present
paper also gives similar answers to these questions but for free boundary problems. Furthermore,
we study the asymptotic behavior of the free boundary %(#) and show that i(¢) < M for some
M > 0 when vanishing happens; h(t) — ¢*t — Hy — 0 for some ¢* > 0 and Hy € R when
spreading happens; and h(t) — &(t) — oo with £(¢) representing the unique maximum point of
u(-,t) for large ¢.

This paper is organized as follows. In Section 2 we state our main results. In Section 3 we
study the stationary solutions and the number of local maximum points of the solution u(-, ¢). In
Section 4 we prove a spreading—transition—vanishing trichotomy result on the long time behavior
of solutions. In Section 5 we give a uniform convergence for transition solutions and prove the
first main result. In Section 6 we study the asymptotic speed and asymptotic profile for spreading
solutions.

2. Main results

For any hg > 0 and ug € Z (ho), we will show in the next section that the solution u of (1)
is bounded if f satisfies (F). Then we get the time-global existence of the solution by simi-
lar argument as in [12,13,26]. Moreover, by the Hopf lemma we have u,(h(t),t) < 0, and so
R (t) >0 and hoo = limy_. o h(r) € (hg, 00] exists. In this paper, we will show that, as t — oo,
each solution of (1) converges to a bounded, nonnegative stationary one, which means a solution
of

V' 4+ f(v) =0, v(0) =bV'(0), v=0in (0, 00) and v € L™ ([0, 00)). 2)

By phase plane analysis it is not difficult to give all kinds of solutions of (2) (see Subsection 3.1
for details). Among them the following types are of special importance, since they can be the
w-limits of the solutions of (1):

(1) Trivial Solution v = 0;
(2) Active States v,: solutions of (2) satisfying v/(x) > 0 in (0, o0) and v(c0) = 1;
(3) Ground States: v(-) = V(- — z) where V is the unique even positive solution of V" +
f(V)=0onR subjectto V(co) =0,and z € Z:={z | V(—2) =bV'(—2)}.
We have the following results on the long time behavior of the solutions of (1).
Theorem 2.1. Assume (F). Let u(x, t; o ¢) be the solution of (1) with initial datum uo = o ¢ for
some ¢ € Z (hg). Then there exists c* = o*(¢p) € (0, 00) such that the following trichotomy
holds:
(1) if o > o™, spreading happens in the following sense:

hoo =00 and tl_1)nolo lu(-,t;0¢) — U*(')”CZ([O,M]) =0 forany M > 0,

for some Active State v,
(i) if0< o < o*, vanishing happens in the following sense:

hoo <00 and zl—lfgo lu(,t; oW m2q0.ny = 05
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(iii) in the transition case when o = o*,
hoo=00 and  lim llu(1;08) = V(= EO) 2 onun =0 3)

where &£(t) € (0, h(t)) satisfies lim;_, oo[h(t) — &(t)] = 00. Moreover,

(1) if b/ F(s) <s foralls € (0,0), then lim;_, » §(t) = 00,

(2) if b/ F (sp) = sy for a sequence s, 0, then lim;_, §(t) =z € Z;

(3) if none of the above two conditions hold, then lim,_, o, £(t) = 00 for some initial data
o*¢, and lim;_, oo £(t) = z € Z for other initial data.

We will see in the next section that the set of the solutions of (2) may include Trivial Solution,
Active States, Ground States and Positive Periodic Solutions. Our theorem indicates that only the
former three types can be selected as the w-limit of u.

In the transition case, besides the limit of A (¢) — &(¢) and the dichotomy result on the limit
of £(¢), the propagation speeds of £(¢) and h(¢) when they move to infinity are also interesting
problems. We guess that both £(¢) and h(¢) can be estimated in the form Plnz 4+ Q + o(1) as
t — o0o. We present such a result for £(¢) in Section 5, and will study the speed of A(¢) in the
future.

We also remark that the technical condition infs~.g f(s)/s > —oo in (F) is only used to ensure
that o* < oo, without this condition o* can be infinity (see Remark 4.4 below). Finally we point
out that the conclusions in Theorem 2.1 remain valid for more general monotone families of
initial data, rather than just the rays {o¢ | ¢ > 0} (see details in Remark 4.5).

When spreading happens, that is, u converges to an Active State v, it is an interesting problem
to study the asymptotic spreading speed: lim;_, @ and the asymptotic profile of u near x =
h(t): u(h(t) + z,t). This problem is closely related to the following problem:

{q”—cq’+f(q)=01n (0, 00), @
q(0)=0, ¢'(0)=c, g(0) =1,¢9(x) > 0in (0, 00).

Du and Lin [12] and Du and Lou [ 13] proved that problem (4) has a unique solution pair (c*, g*),

and ¢* = lim,_, oo @ > () is the asymptotic spreading speed for the case b = co. Recently, Du,
Matsuzawa and Zhou [16] proved that if spreading happens for a solution of (1) with b = oo,
then

h(t) — c*t — Hy € R, h,(t) — C*, ||u(, 1) — qc*(h(t) — x)”LOO([O,h(t)]) —0
as t — 0o. We prove similar conclusions for problem (1) with Robin boundary condition.

Theorem 2.2. Assume (F) and spreading happens in the sense:
hoo =00 and tl_l)rgo lu, 1) = vl 20, m7) = 0 for any M >0,
where v represents an Active State. Let (¢*, qc+) be the unique solution of (4). Then

lim [A(t) — c*t] = Hy for some Hoo € R, lim ' (t) = c*, 5
11— o0 11—
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Fig. 1. Intersection points between the trajectory I'; and the line £ : v = bv’.
and
tlgfolo lu(x, 1) — ve(x) - gex ("t + Hoo — x) | 250 0,077 = 0. (6)

This theorem will be proved in Section 6 by using the moving coordinate z = x — c*t. A key
step is to prove the convergence of the new boundary z = H(¢) := h(t) — c*t which is not nec-
essarily monotone. We do this by zero number argument, avoiding the construction of complex
upper and lower solutions as in [16].

3. Preliminaries
3.1. Stationary solutions

In this subsection we study the solutions of problem (2). On the v—v’ phase plane, each solu-
tion v of v” 4 f(v) = 0 corresponds to a trajectory v'> = F(v) — ¢, where ¢ is a constant and
F):=-2 fov f(s)ds. The Robin boundary condition v(0) = bv'(0) corresponds to intersection
points of the line £ : v = bv’ with the trajectory. By phase plane analysis it is not difficult to give
all kinds of solutions of (2) (cf. Fig. 1).

(1) Trivial Solution 0.

(2) Active States v,. Consider the trajectory I'; given by v'> = F(v) — F(1) for v € [0, 1),
which connects (0, o/F(0) — F(1)) to (1, 0) in the half plane {v" > 0}. Assume I"| intersects the
line ¢ at some points, say, (vi,/F (v1) — F(1)). Then I'1|{y, <v<1) gives a solution vy of (2),
which satisfies

vl + f(vs) =0 <), in [0,00), v4(0)=bv,(0), wvi(oc0)=1.

In this paper we call such a v, as an Active State. If £ intersects I'; in the region {o¢ < v < 1}, then
the intersection point is unique (so is the Active State) since fi—'; = _];,(")

% > 0 on £. On the other hand, if £ intersects I'1 in the region {0 < v < «}, then the intersection

points maybe more than 1 (so are the Active States) since % > 0 on both £ and I'{ |g<y<q-

<0onI't|{g<v<1) and
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(3) Ground States V(- — z). Consider the trajectory I', given by v'> = F(v), which is a
homoclinic orbit connecting (0, 0) to itself through (6, 0). Denote the corresponding function by
V (x) with V(0) =0, then V" + f(V)=0o0n R and V (£o0) =0.

If b/ F (so) = 5o for some sg € (0, 8], then I'y intersects the line £ at point (s, / F (so)). So
2150 <v <6, v/ >0)U{0<v <6, v/ <0} gives a solution v of (2), which satisfies

V' + f(w)=0<v in (0,00), v(0)=5bv'(0), v(0)=0, wv(o0)=0. @)

In this paper we call such a solution as a Ground State (may be more than 1), which is expressed
as v(+-) = V(- — z) for some positive z € Z:={z | V(—z) =bV'(-2)}.

(4) Positive Periodic Solutions. For any m € («, 6), consider the trajectory I'; given by v'? =
F(v) — F(m) for v < m, which is a closed curve connecting (m,0) to (m1,0) (m; € (0, x)). If
I'3 intersects the line £ at some points, say, (v2, +/ F(v2) — F(m)). Then I'; gives a solution P
of (2), which satisfies

P+ f(P)=0<P in (0,00), P(0)=bP'(0), P(x)=P(x+L)Vx>0,

for some L > 0. Such solutions (called Positive Periodic Solutions in this paper) are generally
more than 1.

(5) Compactly Supported Solutions. For each m € (6, 1), consider the trajectory I'4 given
by v'2 = F(v) — F(m) for v < m, which connects (0, /F(0) — F(m)) to (0, —/F(0) — F(m))

passing through (m, 0). It gives a function v, satisfying

vy 4 fm) =0 < vy <m in (0,2L5),  vpn(0) = vu(2Ly) =0, (8)
where
L /m ds c@®.1) 9)
mi= —_—\ m ,1).
/ VF(s) — F(m)

Clearly, when I'4 intersects the line £ at some points, then a suitable shift of each v,, gives a
solution of

vV'+ f(v) =0 <vin (0,2L,, — r) for some r >0, v(0) =bv'(0), v(2L,, —r) =0.
In what follows we write

L,:= inf L,. (10)
me(0,1)

By the above phase plane analysis we have the following results.

Proposition 3.1. Denote by S the set of solutions of (2). Then S contains 0 and Active States
for any b > 0. Furthermore, it only contains these two types of solutions if b\/F(s) < s for
s € (0, 0); it also contains Ground States if b/ F (so) = so for some so € (0, 0); it also contains
Ground States and Positive Periodic Solutions if b/ F (s1) > s1 for some s1 € (0, 0).
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3.2. Zeros of uy

The approach in this paper relies on some extended zero number properties, which are stated
now.

Lemma 3.2. Let t| < 1 and I := [0, ] for some | > 0. Assume that w(x, t) is a classical solution
of the following equation

wy =wWyy +c(x,Hw, x€(0,0), t €(ty, 1), (11D

where ¢ is a bounded function in 1 x (t1,t2). Assume further that w(l,t) # 0 for t € (11, 1),
and w(0,t) #Z0 fort € (t1, 1) (or w(0,1) =0 fort € (t1,12), or wyx(0,t) =0 for t € (t1, 1p); or
wyx(0,1) =aw(0, 1) fort € (t1, ) and some a > 0). Then the following conclusions hold:

() Zr(w(-, 1)) <ooforanyt € (t1,t2), where Zr(w(-, t)) denotes the number of zeros of w(:, t)
on I (including the possible zero x =0);

(2) Z1(w(-, 1)) is nonincreasing in t € (t1, tz). Moreover, if w(x*, t*) = w, (x*, t*) = 0 for some
t* e (t1,),x* €[0,]), then

Zi(w(-, 1) > Zr(w(,s)) forallr e (t1,t%),s € (t*, ).

Proof. When w(0,1) # 0, or w(0,7) =0, or w,(0,7) =0 for all ¢ € (1, 12), the conclusions
follow from [3, Theorems C and D] directly. In what follows we only consider the case:

wy(0,1) =aw(0,t) fort e (t,1) (12)

and always assume that S := {t € (¢;,12) : w(0,7) = 0} # @ (since the boundary condition re-
duces again to the case w(0, ¢) % 0 when S = ).

Using the idea in [29] one can easily show that w(0, #) changes sign at most finitely many
times in (7, #2) for any given t € (#1, t2). We now prove a more precise result, that is, S N (z, 2)
contains at most finitely many elements.

First we show that § is a nowhere dense set. Indeed, if S contains an interval A C (¢1, f), then
we can extend w to (—/, 0) as an odd function, and so (12) implies that x = 0 is a degenerate
zero of the extended function for all ¢ € A. This contradicts [3, Theorem D].

Consequently, there exists a sequence {t,} C (t1, f2)\S decreasing to #; such that

w(0,1) #0 forte J, = (t, — Bn, Tu + Bn)

provided B, > 0 is sufficiently small. Hence, Z;(w(-, 1)) < oo for t € J,, by [3, Theorem D]. We
now increase 3, to some S, such that

w(0,1) #£0 forz € [Ty, T, + B) and w(0, 7, + ;) =0.

(Without loss of generality, we assume 7, + f;; < 2, for otherwise, 0 is not a zero of w(x, )
for any ¢ € [t,, 12), and so the conclusions in (2) hold for ¢ € [z, #).) In what follows, we write
f:=1, and t* := 1, + B for simplicity. Then
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w(0,1) #0 fort e[f,t*) and 0=aw(0,t*) = wy(0,1%). (13)

We will prove conclusion (2) at r = ¢*. More precisely, we will prove

Zi(w(, 1) = Z1(w(, %) > Zr(w(,s)) forall t € (£, 1*) and s € (¢*, t* + €). (14)

{ w(0,1) #0fort € (t*,t* + €] for some small € > 0,
Once this is proved, we see that S consists of isolated elements, Z;(w(-,t)) decreases strictly
when ¢ gets across t* € S. So w(-, t) can have degenerate zero in [0, /) only finitely many times
in[f,t). In particular, S N (z, ) contains at most finitely many elements. Thus the lemma can
be proved.
Under our assumption (13) we have Z;(w(-, 1)) < Z7(w(-, 7)) < oo for t € [f, %) by [3, The-
orem D]. Choose 7 € (7, t*) such that w(-, #) has only nondegenerate zeros in (0, ) for ¢ € [7, t*).
Due to the nondegeneracy, these zeros can be expressed as smooth curves:

x=py1(),....,x =yn), with0 < y; () < yj41(t) <l fori=1,...,m— 1.

Foreachi € {1, ..., m}, we now examine the limit of y;(¢) as t — t*. Clearly

xj :=liminfy;(t) > 0 and x;’f =limsupy; (t) <.
t—t* t—>1*

If x; < x7%, then w(x, ") =0 for x € [x;, x¥]. We may now apply [19, Theorem 2] to w over
the region [0,1] x [t* — €, t*], with € > O sufficiently small, to conclude that w(x, t*) =0 for
x € [0,!]. This contradicts the fact that w(/, t*) # 0. Therefore x; := lim,_;+ y;(¢) exists for
every j e{l,...,m}.

Next we prove x; = 0 by a contradiction. Assume x; > 0, then in the region A := {(x, 1) :
0<x <y, f <t<t*), we have w(x,t) # 0. Assume w(x,?) > O for definiteness. Since
w(0, t*) = 0, we can apply the Hopf boundary lemma to deduce that w, (0, ¢*) > 0. This contra-
dicts the boundary condition (12). Moreover, using the strong maximum principle in the region
A ={(x,0) 1 7i@) <x <yi1(t), T <t <t*} we see that w(x, t*) # 0 for x € (x;, x;y1) if
Xx; < xj+1. Combining these results we immediately obtain Zj(w(-,t*)) < m = Z;(w(-, t)) for
telf,t*).Let0=2z1 <zp <--- <z, <[ denote all the zeros of w(-, t*) in I (with n < m).

Denote z = %. Then w(z,t*) # 0. For definiteness, we assume w(z,#*) > 0 and so
w(z,1) >0 for t € [t*,t* + €] with € > 0 small. Using the strong maximum principle on
[0, Z] x [t*, t* + €] we see that

w(x, 1) #0forx €[0,7], t € (t*, " +€]. (15)

This allows us to apply [3, Theorem D] to conclude that w(-, ¢) has no degenerate zeros in [
when ¢ € (%, s1] for some 51 € (11, 11 +€]. Let y () < y2(t) <--- < pp(t) be the nondegenerate
zeros of w(-,¢) in I, with ¢ € (¢t*,s1]. Then x = y;(¢) (i = 1,..., p) are smooth curves, and
Zi »=lim, 4= 7; (t) exists foreach i € {1, ..., p}, for otherwise w(-, t*) would be identically zero
over some interval of x, contradicting to what is known about w(-, t*). Furthermore, 7; < Z; 41
fori e {1,..., p — 1}, since otherwise, we may apply the maximum principle over the region
A = 1{(x,0): yi(t) <x < yi41(t), t* <t <51} to deduce that w =0 in A;. Finally from (15)
we know that none of these curves can connect to the point (0,*). Thus Z; <2 <--- < Z,
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are different zeros of w(-,¢*) in I \ {0}. It follows that n — 1 > p, that is, Z;(w(-,t*)) — 1 >
Zr(w(-, 1)) for t € (t*, s1]. This proves (14), and the lemma is proved. O

Remark 3.3. This lemma can be easily extended to a solution defined in a variable domain. More
precisely, if we replace [ in Lemma 3.2 by a continuous and positive function & (¢), then the con-
clusions remain valid for Z; ) (w(:, t)): the number of zeros of w(:, ) in I (¢) := [0, £(¢)]. In fact,
for any given t € (#1, t2), we can find € > 0 and § > 0 small such that w(x,t) #0 for t € J; :=
[t =8, T+8]C(t1,1) and x € [§(7) — €,§(2)]. Therefore Z; ) (w(-, 1)) = Z[0,e(r)—](W(:, 1))
for t € J;. Since the conclusions of Lemma 3.2 hold for (x,t) € [0, &(t) — €] x J, they also
hold for (x, 1) € [0, &(¢)] x J;. Finally, since any compact subinterval of (¢1, #,) can be covered
by finitely many such J;, we see that Z)[w(-, )] has the required properties in (11, 12).

Using the above lemma and remark we can prove the following result.

Lemma 34. Let (u,h) be a time-global solution of (1) with ug € 2 (hg). Then
Z10,h(1)](Ux (-, 1)) < 0o for all t > 0. Moreover, there exists T > 0 such that, for some integer

N >0, u(-,t) has exactly N local maximum points &;(t) and N — 1 local minimum points &;(t)
in (0, h(t)) with

0 <& (1) <&E@t) <&(t) <--- <En() <h(),

U (E (D), 1) <0G =1,2,....,N), uxx &), 1) >0 (G =12,...,N — 1), and & (1), & (t) € C!
foreachi.

Proof. By the maximum principle we have u(x, t) > 0 for all # > 0 and x € (0, i(¢)). Then by
the Robin boundary condition at x = 0 and Hopf lemma we have u, (0, 7) > 0 and u, (h(¢), 1) <0
for all + > 0. Now applying Lemma 3.2 and Remark 3.3 to the function u, we see that when ¢
is large, for example, t > T for some large T > 0, u(-, t) has exactly N local maximum points
{& (t)}lN:l and N — 1 local minimum points (& (t)}fvzi1 in (0, h(t)), where N is a positive inte-
ger. In addition, these points are nondegenerate zeros of u,(-,¢) when ¢ > T. This implies that
Uxx (&), 1) <0 < uyy (éi (1), t). Finally, the c! regularity of &; (-) and 51 (+) follows from implicit
function theorem for the algebraic equations u, (& (t), 1) = 0 and u E@),n=0. O

4. A trichotomy result on the long time behavior of solutions
4.1. The Clzoc([O, hoo)) convergence
We first give a locally uniform convergence result.

Lemma 4.1. Assume (F) and ug € 2 (hg) for some hy > 0. Let (u, h) be the solution of (1). Then

u converges to a solution v of (2) in Clzoc([O, hoo)):

,1_%10 luC,0) =vOlezqomy =0 VO<M < heo, (16)

where v is one of the following types: Trivial Solution 0, Active States and Ground States. More-
over, hoo < 00 only happens when v = 0.
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Proof. Denote by w(u) the w-limit set of u(-,#) in the topology of LIOC([O hso)). By local
parabolic estimates, the definition of w (u) remains unchanged if the topology of Lp> ([0, hco))
is replaced by that of CIOC([O, hso)). w(u) is not empty since u is bounded. Following the idea
of Du and Matano [15] and Du and Lou [13], one can prove that w(u) consists of exactly one of
the solutions of v/ + f(v) =0in [0, ).

When ho < 0o we claim that v = 0. In fact, in a similar way as in [12,13] one can
show ||h/||cv/2((1’oo)) < C for some v € (0,1) and some C independent of ¢, and |ju(-,t) —
v llcr+vgo.nqyy — 0 as  — oo. Therefore v(hoo) =0, and so v'(hoo) < 0 by the Hopf lemma
if v is a positive stationary solution with compact support [0, i]. In this case we have /(1) =
—u,(h(t),t) > —%vx (hoo) > 0O for large ¢. This contradicts the assumption A(t) — hoo < 00.
Therefore, i, < 0o might happen only in the case when v = 0.

When heo = 00, by Lemma 3.4 we know that Z[g () (ux (-, 1)) is finite and nonincreasing in
t, so v cannot be a Positive Periodic Solution. The lemma is then proved since we have excluded
the Positive Periodic Solutions and positive solutions with compact supports. O

In the formula (16), if v is an Active State, then we say spreading happens for u; if v =0 we
say vanishing happens for u.

4.2. Sufficient conditions for spreading

In order to prove the trichotomy result in Theorem 2.1, we need some sufficient conditions
for spreading. The first one is that the initial data is not small in a sufficiently wide interval.

Lemma 4.2. Let u be the solution of (1). Then spreading happens if ug satisfies one of the
following conditions:

(1) for somem € (0, 1), vy, in (8), and somer >0, up(-) = v, (- —r) on [r,r +2L,,], where L,
is defined by (9);

(2) forsomem € (o, 1]andr >0, ug(-) > mon [r,r +2L(m)], where L(m) is a certain positive
function of m € («, 1].

Proof. (1). When ug(-) > v, (- — r), the comparison principle implies that u(-, ) = v, (- —r)
on [r,r + 2L,,] for each t > 0. Since only Active States are possible solutions of (2) bigger than
v (- — r), the conclusion follows from Lemma 4.1 immediately.

(2a). First we consider the case m € (0, 1]. Choose L(m) = L, defined in (9). If ug > m on
[r,r +2L(m)], then ug(-) = v, (- — r), and so spreading happens by (1).

(2b). Next consider m € («, 0]. Let n(t) be the solution of

= f(n) on [0,00), n(0) =m

Since f(-) > 0in (a, 1), with ¢ = 120 and T = f(”zg ”“ we have n(T) =6 + 2e.
We fix R=Lgy..Let L > R be a constant to be determmed and wo be a function satisfying

wo(x) =m when |x| < L — 1, wo(£L) =0, xwf)(x) <Owhen L —1<|x|<L.

Let w(x, t) be the solution of the problem
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w =wyy + f(w) Vxel[-L,L],t>0,
w(xL,t)=0 Vit >0,
wx,0)=woe(x) Vxel[-L,L]

Let p(x) = (14+x2)~1. Then ¢ (x, 1) := p(x)[w(x, 1) — n(r)] satisfies & = {ox +4xp8x + 20 +
f'1¢. Hence, with Q :=2 + maxogs<1 f'(s) we can derive that

Ot
_ or _ e
‘gllg{p(mlw(x,t) nl}<e lgllg{p(x)lwo(m m|} < T -1

Taking L = L(m) = 1 + /(1 + R2)e2T /e — 1 we have, when |x| < R,

el _(+RHeCT

e D= ls T e S Tr -

Thus, w(-,T) 2 n(T) —e =60 +¢eon[—R, R].
Now if ug > m on some interval [r, r + 2L] for r > 0, we have ug(x +r + L) > wo(x) for all
x € [-L, L], so by comparison,

ux+r+L,t)2wx,1), xe[-L,L], 1>0.

In particular, for t =T and x € [-R, R] we have u(x +r + L, T) > 0 + €. The assertion of the
lemma then follows from the earlier case (2a) withm =0 +¢. O

We remark that the sufficient condition (2) originates from Fife and McLeod [20]. The intro-
duction of the function p is due to Feireisl and Polacik [18].

Our second sufficient condition ensuring spreading is that the initial datum is sufficiently large
on any given interval.

Lemma 4.3. Assume (F) and ¢ € Z (ho) for some hg > 0. Let u be the solution of (1) with initial
datum uog = o ¢. Then spreading happens when o is sufficiently large.

Proof. Since ¢ >, #£ 0, there exist a small § > 0 and an interval I C [0, h¢] such that ¢ (x) > §

in 1. Without loss of generality, we assume [ := [0, 4] for some h; < hg. We will construct a
suitable lower solution to prove the lemma. Consider the eigenvalue problem

)Cz )C2
(eT¢)Y +reTp=0forxe(0,1), 0(0)=¢(1)=0. (17)
By the Sturm—-Liouville theory, this problem has the first eigenvalue A with the first eigenfunc-
tion ¢1(x) > 0 (x € (0, 1)). For any fixed L,, > L, where L, is the constant defined by (10),

problem (8) has at least one solution vy, defined on [0, 2L,,]. Choose positive constants ¢, T, A
as follows:

0<e<min{l,h3), T:=4L%, A:=|r|+K(T+1),

where K := —infs~q f(s)/s < oo by (F), and choose p > 0 large such that
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2
(T -;(—)E)A %1 (\/Tx_—}—€> > Uy (x) in (0,2L,), 1+ ﬁ@i(]) <0. (18)
Define
w(x,t) = p 01 ( r ) k() :=+/t +e¢.
' (t +e)h Jite)’

We claim that (w(x, 1), k(7)) is a lower solution of (1) over x € (0, k(¢)) and ¢ € [0, T']. In fact,

—P /" X /
— — < A—K(t+e <0.
wr — Wyx — f(w) (t—l—e)A'H |:</)1 + 2\/t+—5¢)1 +( (t+ ))(Pl]

By (18), we have

1 2p ,
N (1 + m“”) =0

Finally, we can choose o > 0 sufficiently large such that

K' () +wy(k(1), 1) <

w(x,0)=8%¢1(%) <od(x) forx €0, /e] C [0, . (19)

Hence (w(x, t), k(¢)) is a lower solution of (1) over the time interval [0, T] and so we have

ux,T;o0¢) 2 wkx,T) > vy,(x) forx € (0,2L,,).
Therefore spreading happens for u(x, t; 0 ¢) by the previous lemma. O

Remark 4.4. We remark that the condition infs~¢ f(s)/s > —oo in (F) is only used in the above
proof to ensure that spreading happens for large initial data. Without this condition, for any
¢ € Z (ho) with small support [0, h¢], vanishing may happen for all u(x, t; 0 ¢), no matter how
large o is (cf. [13, Proposition 5.8]).

Remark 4.5. In [15] and some other references, the authors used more general monotone families
of initial data, rather than just the rays {c ¢ | o > 0}. We remark that our conclusions in the above
lemma and in Theorem 2.1 remain valid for such initial data, for example, for the family of initial
data {¢s }; >0 satisfying

1) ¢o € Z (hy) for some h, > 0, the map o — ¢, is continuous from [0, co) to C ([0, 00));

(2) if 0 <oy < 03, then hy < Aoy, Gy < G, and Qo) Z Gy ;

3) ¢5(x) — 0as o — 0, uniformly in x € [0, c0);

(4) there exist a > 0, € > 0 such that, [a,a + €] C [0, h] for all large o and ¢, (x) — oo as
o — 00, uniformly in x € [a, a + €].

The last condition (4) is just used to ensure the spreading phenomena for the solutions starting
from ¢, for large o (see (19) in the previous proof).
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4.3. Sufficient conditions for vanishing
This part gives a sufficient condition for vanishing.

Lemma 4.6. Let ug € Z (ho) for some ho > 0. If |luollcqo,ny)) < @ then hoo < 00 and
tl_l)fgo (- Dllc2qo,n)p) = 0-

Proof. Note that [luo|lc(o,ry)) < o — 2¢ for some & > 0. There exists a constant 8 > 0 such that
f(s) < —pBs for 0 < s <o — 2¢. By comparison we have

ux,t) <(a—2e)e P, t>0.

Choose p := max {Zho, /%, ”Tho (arccos ";7_2;)71 } and define

._ Bt (N ,—BE i
k(t):=p2—¢e") and w(x,t):=(x—¢)e COSZk(t)

,0<x <k(r), 1 20.

It is easy to verify that
w; — Wyx — f(w) =0, O<x<k(),t>0,
w(0,1) Zu(0,1), wk(),1) =0, t>0,
K(t) > —wy k@), 1),  t>0,
k(0) > hg, w(x,0) > a —2& > u(x,0) on [0, hg].
Hence (w, k) is an upper solution of (1) (see the definition in [13] for instance), and so
hoo = lim h(z) < lim k() =2p < o0,
—00 —00

ZE)IgO lu(-, Hlicqonmn < ;l—ifgo lw(, Hllcqo,ney =0.

Finally, by standard parabolic theory we have lim;_, ||u(~,t)||cz([07h(,)]) =0 (cf. [12,
13). O

4.4. A trichotomy result

We now give a vanishing—transition—spreading trichotomy result on the long time behavior of
solutions.

Theorem 4.7. Assume (F) and ¢ € Z (ho) for some hg > 0. Let u be the solution of (1) with
ug = o¢. Then there exist oy, 0™ € (0,00) with o, < o™ such that the following trichotomy
holds:

(1) if o > o™, spreading happens:

hOO =00 and tl_l)Iglo ”I/l(, t) - U*”CZ([O,M]) =0

for each M > 0, and for some Active State v,;
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(ii) if o € [0, 04), vanishing happens:
hoo <00 and lim |u(-,t =0;
00 Pt flue( )||C2([0,h(t)J)
(iii) in the transition case when o € [0y, 0*], hoo = 00, and either

li . = M
Jm lu (-, Ol 20, m7) = 0 for each M > 0,
(-, )l Lo qo,nq))) > o forany t >0, (20)

or, for some z € Z,
tl_l)Igo ||M(, t) — V( - Z)“CZ([O,M]) = Ofor each M > 0. (21)
Proof. Denote the solution of (1) by u(x, ¢; up) and define

Xo:= {U >0]| zlin;o lu(, 25 0P Lo qonmn = 0},
Bii={o>0] Jim uC,1500) = vellxqom =0, ¥ M >0},
11— 00
oy :=supl{o |o € Xp}, o*:=inflo |0 € Xy}, (22)

where v, is some Active State. We remark that by parabolic estimates, the L°°([0, 4(¢)]) norm in
the definition of ¢ can be replaced by the C([0, A(¢)]) norm, and L*°([0, M]) in the definition
of X1 can be replaced by CZ([0, M]).

If o € X, then [0,0] C X¢ by comparison principle, and ||u(-, T; 0¢@)||L>~ < o for some
large T > 0. By continuity, ||u(-, T; 6¢)| L~ < « for every 6 > o with & — o < 1. This implies
0 € Yo by Lemma 4.6. Hence, X is open. As 0 € g, we see that ¢ = [0, o) for some o, > 0.
On the other hand, ¥ is not empty by Lemma 4.3. For any o € Xy, since u(-, t; o¢) converges
to an Active state v, with v,(00) = 1, there exists r > 0 large such that u(-, T1; 6 ¢) > vy (- —r)
in [r,r + 2L,,] for some large time 77, where v, is the compactly supported solution of (8). By
continuity, u(-, T1; (0 — &)¢) > vy, (- — r) in [r,r + 2L,,] provided & > 0 is sufficiently small.
Hence X is an open set. By comparison we have X; = (6*, 00) for some o* > o,. Therefore,
[0, 0*]1 =0, 00)\ (X U X1) is not empty.

For each o € [0y, 0*], by Lemma 4.1, either (21) holds, or

(-, t)”LOO([O,M]) — 0 for each M > O but |ju(-, t)||L°°([0,h(t)]) + 0, as t — oo.

In the latter case we must have the second inequality in (20). Indeed, if [lu(-, #) | Loo([0, 1 (1)) < o
for some ¢ > 0, then by comparison principle, [|u(-, )|z 0,n())) < o for all larger ¢. Then
vanishing happens by Lemma 4.6, a contradiction.

This proves the theorem. O

Remark 4.8. As we have seen in Subsection 3.1, problem (2) may have more than one Active
State. So it is natural to ask: which Active State is the w-limit of a given solution u(-,#; o)
when spreading happens? This question remains open now.
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5. Transition solutions

In the rest of the paper we call u a transition solution when (20) or (21) holds. In this section
we always assume that u(x, ¢; ug) is such a solution.

5.1. Uniqueness of the local maximum point

To give a uniform convergence for the transition solutions we need the following uniqueness
of the maximum point.

Lemma 5.1. Ler {§; (l‘)}f\]:1 be the local maximum points in Lemma 3.4. Then N = 1, that is,
u(-, t) indeed has a unique local maximum point fort > T.

Proof. We prove the lemma for two cases: (i) éy(f) < M — 1 < oo for some M > 1 and
(ii) sup, .o &n (1) = 00

It is clear that, in case (i), the limit (21) rather than (20) in Theorem 5.6(iii) holds. Since
V(- — z) has a unique maximum point x = z with V”(x — z)|x=; < 0, the C? convergence in
(21) implies that, for sufficiently large ¢, u(-, #) has a unique maximum point in [0, M], and so in
[0, 00). This is indeed true for t > T since we have assumed in Lemma 3.4 that the number N of
the local maximum points of u(-, ) does not change when ¢t > T'.

Now we consider the case (ii) and prove the conclusion by contradiction. For this purpose
we assume n > 2 and &(¢) < &En(¢) for all £ > T, where T is the time in Lemma 3.4. Since
u(x,T) > 01in x € (0, h(T)) and u(x, T) is strictly decreasing in (§x(T), h(T)), there exists
L € (§n(T), h(T)) such that

2L—h(T)>&(T) and u(L,T)<u(x,T) Vxel&(T),L).
Define
Ty :=inf{t > T | Ey(t) = L} € (T, 00).
Then &1(¢) < én (1) < &n(T1) = L for all ¢ € [T, T1]. By continuity of &;(#) we have £1(¢) < L
and so 2L — &1(t) > &1(¢) fort € [T, T1 + €] provided ¢ > 0 is sufficiently small.
Set n(t) :=max{&(z),2L — h(t)}, I(t) :=[n(t),2L — n(t)] for t € [T, T; + ¢] and define
C(x,t):=u(x,t) —uRL —x,t) on I(¢t) x [T, T +¢].

We claim that ¢(n(t), t) > 0 for r € [T, T1]. In fact, when &, (t) < 2L — h(¢) (this is in particular
true when 0 <t — T < 1), we have n(¢t) =2L — h(t) and so

tm@), 1) =uL —h(1),1) —u(h(t),t) =uRL — h(t),1) > 0. (23)
When 2L — h(t) < &(t), n(t) = &1 (¢). Since & (¢) is a local maximum point of u(-, t), we have
u(€1(t),t) > u(&1(t) + 46, t) for sufficiently small § > 0. On the other hand, u (2L —n(t) —§,¢) >
u(2L —n(t),t) since u(-, t) with ¢ € [T, T1] is strictly decreasing in [L, h(¢)]. Therefore

(@), 1) >¢tMm@)+48,8) Veell, Tl (24)



X. Liu, B. Lou/ J. Differential Equations 259 (2015) 423-453 439
Since ¢ (-, t) is antisymmetric around x = L on [ (¢) and

tx, T)y>0=¢(L,T) Vxe[n(),L).

By the maximum principle we have ¢ (x, ) > 0in x € [n(¢), L) as long as ¢(n(¢), t) > 0. Com-
bining (23) with (24) we have ¢(n(t),t) > 0 for t € [T, T1]. By continuity this is true even for
t € [T, T + ¢] provided ¢ > 0 is small. Consequently, Z;(¢(-,¢)) =1 forall t € [T, Ty + ¢].
By Lemma 3.2, such a result contradicts the fact x = L is a degenerate zero of ¢ (-, 71):

(L, T) =8 (L, Th) =2ux (L, Th) =2ux(§5(T1), T1) =0.
This contradiction proves the lemma. O
5.2. Convergence of transition solutions in Hz([O, h(t)]) norm

In order to understand further properties of transition solutions, besides the C12O ([0, 00)) con-

vergence in Theorem 4.7 we study the convergence of u — V in H 2([0, h(r)]) norm by using
concentrated compactness argument as FaSangova and Feireisl [17] and Poul [30] did. Our ap-
proach is similar as that in [11] for problems on the half line, but still with some difference.

5.2.1. Energy estimates
For any ¥ € H'([0, h(1)]), define

h(t)

E[y]:— / (W2 + F()ldx + by2(0),
0

where b € [0, 00). Let u(x, t) be the solution of (1). A direct calculation shows that

d _ 2 ’ 3

Lemma 5.2. —E[u(-, )], luC, Ol g10.nayy 1S @ 20,0y < C for some C > 0 independent
oft.

Proof. Since u is a transition solution, it has upper bound C1 > 0. For any m € («, 6), Lemma 4.2
implies that

Jn(@) ={0<x<h(t):ulx,t) >m}

is a bounded domain, that is, mes(J,, (¢)) < M for some M > 0. It then follows that foh(t) F(u)dx
is bounded from below by —C, and so is E[u(-, t)].
For x ¢ J,,(t) we have 0 < u < m and so F (u) > eu?® for some 0 < & < 1. Hence
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h(t)
/ F(u)dx = / F(u)dx + f F(u)dx

0 I (1) [0,A(®)IN\ T (1)

> —C+e / uzdx = —C+8||M(t, .)“iz([o,h(t)]) _8C12M
[0,A ()N T (1)

Therefore,
2 2
E[M(, 0)] 2 E[I/l(, t)] 2 8”“('7 t)“Hl([O,h(t)]) -C— SCl M.

This gives the bound of [[u(z, )|l g1 0.y Finally, | f )|z < |[Kjull2 < C, where K :=
supg<s<c, |f (). O

Lemma 5.3. [[u; (-, )|l 2(0.5(ry)) — 0 and B’ (t) — 0 as t — oo.

Proof. Integrating (25) on [0, 0o) and using the results in Lemma 5.2 we have

/ (211 D2 ey + (' 0)* ] ds = EluC, 0)] = Eluc:, 00)] < oc,
0

2

oy And (h'(1))3 are uniformly

Then the lemma is proved by the fact that both |u,(-, #)||
continuous for r > 1 (cf. [12,13,26]). O

Lemma 54. [[u(-, 1) || g2 0,51}y < € for some C independent of t.

Proof. From the equation u; = u,, + f(u) we see that

2 2 2
a2 <2 (Il 3 + 1 £ @135 )
Hence the conclusion follows from the above two lemmas. O
5.2.2. Convergence in moving coordinates
By Lemma 5.1, forany ¢t > T, u(-, t) has a unique local maximum point £(¢). In the transition

case we have u(&(¢), 1) > a forallt > T.
Suppose (20) holds, then we must have lim;_, o, () = 0o. Set

y:=x—£&@) and w(y,t):=u(y+&@),t), t>T.
Then w solves
wy — &' (Dwy =wyy + f(w), —&@)<y<h(@)—E&@), 1>T.

For any M > 0, there exists Tjs > 0 such that when ¢t > T);, —£(¢t) < —M and so w(-, ) is well
defined in [—M, 0]. Lemma 5.4 implies that w is bounded in H>([—M, 0]). Since H2([—M, 0])
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is a Hilbert space, {w(-, 1) : t > Ty} is weakly relatively compact in H 2([—M, 0]). Therefore,
there exist a sequence {t,} with t, — 0o and a function wy, € H2([—M, 0]) such that w(y, t,)
converges weakly to wyy in H2([—M, 0]). By Lemma 5.3 we have

lwyy + F @ 2—s0)h0-en = 1wr ¢ 1) =8 Owy DNl -¢) .m0
= [lu, (-, t)”Lz([O,h(t)]) —0 ast— oo.
Hence {wyy(-,#,)} is a convergence sequence in L2([—=M,0]) (note that fwl,t)) —

fwp(y))in L%([—=M, 0])). Therefore, w(y, t,) converges to wyy in H2([—M, 0]), which means
that wy € H2([—M, 0]) (Jlwp Il 2= pm,07 < € by Lemma 5.4) and

wy () + fwy () =0 in L2((—M, 0],
w), (y) = 0in [-M,0], wy(0)>a, w),(0)=0.

Since HZ([—M,O]) is embedded into CH‘”([—M,O]) for any v € (0, %), we have wy, €
cHv(=m, 0D, combining with the equation of wj; we indeed have wy, € C3Hv (=M, 0)).

Using Cantor’s diagonal argument, we see that w(y,?,) (taking a subsequence if neces-
sary) converges t0 W in H?*([—M,0]) for any M > 0, where ws(y) € H?((—00,0]) N
C?1 ((—00, 0]) With | woo |l f72¢( o007 < C satisfies

wh + f(weo) =0and wy, >0in (—00,0], w, (0)=0, we(0)>a.

Therefore wo, = V. Finally, by the uniqueness of V we have
Lemma 5.5. In the transition case, h(t) — £(t) — oo as t — o0, and

Proof. Note that u(x,t) < Cy for all + > 0 and for some C; > 0. Following the proof of
Lemma 2.2 in [12] we can construct an upper solution of the form

d(x, 1) :=Ci2M(h(t) — x) — M*(h(t) — x)?]
for some suitable M > 0, such that u(x, ¢t) < u(x,t) in
Oy ={(x,0) | h(t) =M~ <x <h(), t >0}.

Assume h(t) — £(t) / oo, then there exist My € [0, oo0) and a sequence {t,} with #, — oo
such that

Aim [ (t,) — &(ty)] = liminf[A (1) — §(1)] = Mo.

In the same way as proving (26) we get
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Bim w0 = VOl gpmg—ey =0 Ve € Oe1), VM > e,
where 1 := V(Myp)/(8MCy). It is easily seen that
B(x, tn) SACx, 1) = CLI2M (§(ty) + Mo + & — x) — M>(§(tn) + Mo + & — x)°]
since h(t,) < &(t,) + Mo + ¢ for large ¢,,. Now thanks to u(x, 1) < u(x,t) in Qp we have
w(Mo—e,ty) <U(Mo— e+ E(ty), ty) <u(Mo — e+ &(ty), 1) <4MCie.

Taking limit as n — oo we have

. V(Mp)
V(Mo—e):nll)rr;ow(Mo—e,tn)<4MC18< 7

This is impossible as ¢ — 0. Thus we obtain i (t) — £(t) — oo (t — 00).
Finally (27) can be proved in the same way as proving (26). O

5.2.3. Convergence in H2([0, h(1)]) norm

We first consider the case where (20) holds, and so (27) holds.

Let &9 > 0 be a number such that f/ < 0 in [0, gg]. Fix an arbitrary ¢ € (0, &g). Let z. > 0
be the point such that V(z;) = €. Set Jo(¢t) :={x > 0| u(x,t) > €}. For t > T, by (27) and
Lemma 5.1 we have J.(t) = [a(?), b(¢)] and lim;— o [£(?) — a(®)] = limy— oo [D(t) — E(1)] = 2.
In addition,

lim (1, 1) = V= EO) 2,0 = tim w0 = VOl gz, 27 =0

Set JE(t) = [0,h(t)]\Je(t) = [0,a(t)) U (b(t), h(¢)]. By integrating uu; = uuyx, + uf(u)
over JS(t) we can derive ||u||H](J((t)) = O(¢e). Sending ¢ \( 0 we obtain |ju(-,t) — V(- —

E) N g1 o.nyyy — 0 as ¢ — oo. Finally using uyy + f(u) =u; — 0 in L%([0, h(1)]) we de-
rive

lim Hu( 1) —V(-—E ))H —0. 28)

H2([0,h(1)])
When (21) instead of (20) holds, by a similar argument as above we can show that
tl_l)fgo <||u(~, D)= VE=EO) I m20,n0 +15@ — Z|) =0. (29)
We summarize the above results as follows:

Theorem 5.6. Let u be a transition solution. Then h(t) — £(t) — 00 as t — 00. Moreover, when
(20) holds we have (28); when (21) holds we have (29) for some z € L.
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5.3. Sharp threshold

For any ¢ € 2 (hgy) with hg > 0, denote by o*(¢) and o, (¢) the constants o * and o, defined
in (22), respectively. Denote

w*(x, 1) == u(x, t;0%(@)@) in [0, A% (1)],  us(x, 1) :=u(x, t; 04($)¢p) in [0, hs(1)].
Let £*(¢) and &,(¢) be the unique maximum point of u*(-, ) and u. (-, t) respectively for large 7.
Theorem 5.7. For each ¢ € Z (hg) with hg > 0, 0.(¢) = o*(¢).

Proof. Assume by contradiction *(¢) > 04 (¢). Then [0*(¢p) — o4 (¢p)]¢p >, # 0, and by the
strong maximum principle we have

u*(x,t) > uu(x,t) Vxel0, he )], t >0. (30)

In particular, at t = 1, there exists €1 > 0 such that

u (x+e 1) Zux,1) Vxel0, h ()], Ve €[0,e].
By the Robin boundary condition we have £*(¢) > 0 and by Theorem 5.6 we have

liminf; , o £*(t) > 0. Hence, £*(¢) > & (V¢ > 0) for some & > 0, that is, u}(x,7) > 0 in
[0, £2] x [0, 00). Consequently,

u*(e,t) Zu*(0,1) > ux(0,1) V>0, e €[0,e].

Now set €3 := min{ey, &2}. For every ¢ € [0, £3] we can compare u*(- + ¢, -) and u,(-, ) to derive
that

u (x +e,1) Zup(x,t) Vxel0,h ()], t > 1.
Now applying (28) or (29) we find that

Vix+e—E"1) =V —§&@)+o(l) Vx>0, ce€[0,e3]

where o(1) — 0 as t — oo. In particular, evaluating the above inequality at x = £,(7) and take
t = T large enough such that [o(1)| < V(0) — V(e3/4) we derive that

Vi +e) > V(%) = V(— %3) Ve el0, e3]

where n = &,(T) — £*(T) is a number independent of ¢. Clearly, this is impossible since V/ < 0
in (0, 00) and V’ > 0 in (—00, 0). Thus, we must have o*(¢) = o4 (¢p). O

In fact, besides the sharpness of the threshold value in transition case: o4(¢) = o*(¢), one
can show that o*(¢) is continuous in ¢ € Up,~02Z (ho) under | - ||z topology (cf. [11]).
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5.4. Proof of Theorem 2.1

The vanishing—transition—spreading trichotomy and the sharp threshold value in transition
case have been proved in Theorems 4.7, 5.6 and 5.7. To finish the proof of Theorem 2.1 we only
need to specify the asymptotic behavior of £(¢) in transition case.

(1) It is easily seen from Subsection 3.1 that when b/ F(s) < s for all s € (0,0), Z = ¥ and
(2) has no Ground States. The conclusion in Theorem 2.1(iii) (1) then follows immediately.

(2) We prove (iii) (2) by contradiction. Assume there exists an initial datum ¢; such that
u(-,t; ¢1) convergesto V(- —&(r)) with £(¢) — oo (t — 00). Take x,, > 0 be such that V(—x,) =
sn, then for each n, V'(—x,) = /F(V(—x,)) = +/F(s,), hence bV'(—x,) > V(—x,). Since
X, — 00 as s, — 0, we can take a large N such that

u(x,1;¢1) > Vx —xy) in [0, X)

for some x > 0and u(x, 1; ¢1) < V(x —xy) in (x, h(1)]. Denote w(x, ) :=u(x,t; ¢1) — V(x —
xn). Then w(-, t) has a unique zero y(¢) in (0, h(¢)) for 0 <t — 1 K< 1 with y (1) = x.

By our assumption u(0,1;¢1) — 0 as t — oo, so there exists a time 77 > 1 such that
u(0,t; ¢1) < V(—xp) for all t > T7. Let us study what happens in the time interval [1, 77].

In this time interval, u(0, ¢; ¢1) must go down across V (—xpy) at some time. Denote #; the
first of such times. Then y(f) — 0 as t — t1, and so x = 0 is the unique zero of w(x, ;). If
V(- — xp) satisfies the Robin boundary condition bV’(—x,) = V(—x,), then x = 0 is a degen-
erate zero of w(-, #1), and so Zjg p)w(-, 1) =0 for t > #; by Lemma 3.2 and its proof. This
implies that u(x, t; ¢1) < V(x — xy) for all x € [0, h(¢)] and 1 > 1. If BV (—xp,) > V(—xy),
then u(x, 11; ¢1) < V(x — xy) for all x > 0. Later, u(0, t; ¢1) may go up across V(—xy) again.
But each time when this happens Zjo s)(w(:, 1)) will become 1 again. When u(0, t; ¢) fi-
nally goes down across V(—xy) at some time 7> < 77 and does not go up again, we have
u(x,t;¢91) <V —axy) forall x € [0, h(t)], t > T>.

Now by comparison we have lim;_, oo u(-, t; ¢1) < V(- — xn). This, however, contradicts our
assumption u(-, t; ¢1) = V(- — &(¢)) with £(¢) — oo.

(3) First we construct some initial datum ¢ such that u(x, t; 6 *(¢)¢) — V(x — z) for some
z € Z. For this purpose we choose kg sufficiently small and set ¢ (x) € 2 (hg) be a function
by modifying 2(hg — x)/ho a little bit at x = 0 such that ¢ (x) satisfies the Robin boundary
condition. Then ¢ (0) > 1, foho ¢ (x)dx is small so that vanishing happens for u(x, t; ¢) (cf. [13,
Theorem 3.2]). So 6*(¢p) > 1, and o*(¢p)¢ intersects V (- — z) (for each z € Z) at exactly one
point. If u (-, t; 6*(¢)p) — V(- — &(t)) in H>([0, h(r)]) with &(r) — oo, then u (0, 1; 0*(¢)P) <
V (—z) for large ¢. By a similar argument as above (using Lemma 3.2) we have u(x, t; 0 *(¢)¢) <
V(x — z) for all large ¢, and so V(x — £(¢)) < V(x — z) with £(¢) — oo. This is impossible.

Next, we construct some initial datum ¢ such that u(x,t;0*(¢)¢p) — V(x — &(¢)) with
&(t) — oo. Under our assumption: b/ F (so) = so for some s¢ € (0, 6), Z is not empty. Denote
its maximum by zg. Taking m € (0, 1) with m — 6 < 1, then we can find a stationary solution vy,
of (8) such that bv}, (z;y) = Um (zm) for some z,, > 0. Moreover, by our assumption: b/F(s) < s
for small s > 0, we have

Um(zm) < V(—z0) —e& for some small & > 0.

Now we choose A sufficiently large and choose ¢ (x) € Z (ho) such that it equals § for some
small § > 0 on [0, 2L,,] and equals 1 on [2L,, + 1,4L,, + 1]. Then o*(¢) < 1 since spreading
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happens for u(-, t; ¢) by Lemma 4.2, 6*(¢p)¢ intersects v, (x + z,;) at exactly one point near
2Ly — zm. If u(-,t;0%(p)9p) — V(- — z) with z € Z, then u(0,t;0*(¢)p) > V(—z0) — € >
U (z;m) for large ¢. By a similar argument as above we have Zo )[u(-, t; 6 *(@)p) — v (- +
Zm)] = O for large 7. This implies that u(x, t; 0*(¢)@) > v, (x + z;,) for large ¢, and so spreading
happens for u(-, t; 0*(¢)¢) by Lemma 4.2. This is a contradiction.

This completes the proof of Theorem 2.1. O

5.5. The propagation speed of §(t)

From above we know that a transition solution converges to V(- — &(¢)) with &£(t) — oo
(t — oo) only if bA < 1, where A :=,/— f/(0). Denote

e —L1ds A2(1 —br)A? ®)(0) Ak+1
im0 U SOOMT
(1411 [y V/F(s)ds 2(k + 1! [y V/F(s)ds

)

Proposition 5.8. Assume (3) holds with £(t) — oo. Then there exists a C 1 function y(t) such
that y(t) — &(t) — 0 as t — oo. In addition, y(t) has the following estimates:

(1) if0<br < Land if f € C([0, 00)), then y(t) = 5 In[2xc(a)t] + Ot~ V/?) as t — oo;
(2) if bA = 1 and if, for some positive integer k,

fec(0,00), fP0)=03G=2,3,....k—1) and fP) >0,
then y(t) = W In[(k + DAckt] + O~V * Dy g5 1 — 0.

This proposition can be proved by studying the slow motion on the (approximate) center
manifold:

VOV
1+ b

{ve-x £>0].

‘We omit the proof since it is similar as that in [ 1 1], where the authors obtained the same estimates
for problem (1) without free boundary (i.e., h(¢) = c0), using the “center manifold” technique
developed by Carr and Pego [7], Fusco and Hale [25], Alikakos, Bates and Fusco [1], Alikakos
and Fusco [2], and Chen et al. [8,9].

6. Asymptotic speed and asymptotic profile for spreading solutions

We will prove Theorem 2.2 in this section. So we always assume that spreading happens for
the solution u of (1) as in Theorem 2.1 (i).

First we will show the boundedness of /(¢) — c*t by constructing upper and lower solutions
as in [16,20]. Then we will convert the problem to be a new one in the moving coordinates
7 =x — c*t. Since the new boundary H (¢) := h(t) — c*t is not necessarily monotone, we will
use zero number argument to prove its convergence. The ClzoC convergence of u(z + c*t,t) then
follows. Our approach in the latter part is different from that in [16] and we avoid the construction
of complex upper and lower solutions.



446 X. Liu, B. Lou/ J. Differential Equations 259 (2015) 423-453

6.1. Estimates of h(t) — c*t and u(x,t)

To construct upper and lower solutions we need a lot of notation. Denote

M::%,/—f’(l) and K:=%[,/(C*)2—4f’(1)—c*] (<.

Choose sg € (%, 1) such that 1 + 59 > 20 and — f/(s) € (,uz, 16pL2) for so < s < 1. Since v,
is a solution of v” 4 f(v) = 0 with v (x) > 0 and v,(c0) = 1, there exists X>0 large such that
ve(X) > HTSO and

W)?=F(vy) = F(1) = — f' () (v, — 1) forx > X,
where 7 € (s, 1) and so — f/(D) € (u2, 1612). Hence
(1 —vy) <, <4l —v,) forx > X,

Integrating these inequalities we find that, for some © = @ (X) > 0, there holds

® ~
1 —ve(x) < Ze_’”, v, (x) < u®e ™ forx > X. 31)
Since (c*, g.+) is the unique solution of (4) with g« (x) — 1 as x — co, we have

qi.* =[-2k+o(1)](gx—1) asx— oo.

(This can be seen by the analysis on the g—¢g’ phase plane around the point (1, 0), which is a
saddle point with a stable manifold tangent to ¢’ = —2« (g — 1).) Thus

—k(qer — 1) < gl < =3k(ger — 1) as x — o0,
and so, for any X > X sufficiently large, we have X > 30 and
1 —ge+(x) KC(X)e™, gle(x) <C(X)e™™* forsome C(X) > 0. (32)
Moreover, we need the following notation:
K = ! ‘— — mi 1@
nax LF I fo min f(s), y 2

<s< 0<s<1
Xi=v'1-y), F:=X1-X, X2:=q.'(1-y),

[k A=) R
pemmin |5 ] = i 00 (3
4KC(X) +8uB®p, +40K 4+ 8u®C(X
0= (X) M{’y I ()’ Ho= X1 + Xo+ M
(A=)
(©+ Q)" 3[2u®p, +2KO 450+ 0O+ K Q]
M::max{ , }
1) Spy
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Note that these constants and the above u, &, so, X, X depend essentially only on f, a and b.
Choose T7 > 0 large such that

y > Qe"m, 1—-2y > 2Qe’8T1, 11—y —s0>(O+ Q)e”ST‘,
1 -2y —s0>(Q+C(X)e 1, 30 2N <1, (34)
M(le t) > (1 - y)v*(Xl) for ¢ 2 T].

The last inequality follows from Theorem 4.7.
Now we define

h(t):=c*t+ M@ —e )+ Hy, t>T, (35)
u(x, 1) = [ve(x — ) — Qe ¥ ge (h(t) —x), x €[X1,h(D)], t >T. (36)

We verify that (u(x, t), h(t)) is a lower solution of (1) on [X1, A(?)] x [T, 00).
1. For x = X1 and ¢t > T}, by (34) we have

u(X1, 1) = [ve(X) — Qe ges (h(t) — X1) < v(X) < (1 — ¥)vu(X1) Su(X1,10).
2. For x =h(t) and t > Ty, we have u(h(1), 1) = 0, h(t) — % > ¢*1, and s0
—u, (h(1).1) = [vs (h() = %) — Qe ]g((0) > ¢*[1 — @ ! — Q™)
>t — (04 Q)cre ™ = c* — Mse™ =1 (1).

3.Forx € [X{,h(t)]and t > Ty,

Nu=u, —ug, — f@)=[2,(x — %) = Me™" (v — Qe™*"]g,, (h(t) — x) + R(x. 1),

where

RO, 1):=qf () = f@) +3Qe™q + (v — Qe™*) f ().
Hereinafter, we also write v, (x — Xx) and g« (h(¢) — x) as v and ¢ for simplicity. Denote

x1(t) =X + C?t I :=[X1, x1(0)], I :=[x1(2), h(t) — X2], I3 :=[h(t) — X2, h(?)].

On I3, we have —u(x — X) < —uc*t < —28¢. So by (31) we have

Rx.)< f)+ f(q) = fw)+8Qe™q— Qe f(q)
FO+K[1—v+ Qe +80e™ — Qe f(q)
K[1—v]+ K[l —v+ Qe ¥ +80e% + Qe % f
2KOe "N L [50 + fo0 + KQle™®

<
<
<
<
<2KOe™ ¥ +8Q + fo0 + KQle .
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Since g, (h(t) — x) > p, on I3, we have

Nu < -2v;(x —X) - %5MU*(X - )E)ef‘”]qé* (h(r) —x) + R(x,1)

N

- 1 1
2@ M 4 E5M®e*35’ — EaMe*‘”]qg* (h(t) —x)+ R(x, 1)

N

- 1
2u®e_8’ — §6M]pye_8t 4+ R(x,t), by 30e 2% <1

- 1
< |21@pye™ — J8Mpy +2KO 50 + fo0 + KQ]e*‘” <0

by the choice of M.
On Iy, since (1) — x > St we have

1 —ges(h(t) —x), ql=(h(t) —x) < C(X)e ™.

We also have

12> ux,t) = [v(X) — Qe[ — C(X)e™T1] > 5.

Hence,

R(x, 1) < f(v) — fw) + f(q) +8Qe™™
< fEDA =1+ £/ (EDQe™ g+ K (1 —q) +8Qe™, for some & € (so, 1)

_ S =y

SIf(EDg+810e™ + K(1—¢q) < . Qe + KC(X)e™.

So,

Nu <20, (x — X)q«(h(t) —x) + R(x, 1)
<2u®e MO (X)e ™ + R(x, 1)

()1 —
< [ZMG)C(XH- W

0 +KC(X)]e™ <0,
On I, h(t) —x > Xpand x — x > %+X.Hence

ger(ht) —x) 21—y,  f(ge(h(t) —x)) >0, 1—v,(x —%) <O,
12u(x,0)2[1— O+ Qe 1 —p)>1—y —(©+ Qe T > .
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So,
R(x, 1) < f(v)+ f(q) — f(w) +8Qe™
<f) + f(EDg(l —v+ Qe™) +8Qe™, for some & € (so, 1)
<K —v)+ f(E2)g Qe +8Qe™
<K®€_3t f()(l_y)Q —8t+8Qe—3t
FHA=y)07 _s
< [K@ =+ f]e .
Thus,

Nu <2v,(x = ¥)gis(h(t) —x) + R(x, 1)

fd-— )/)Q]e,,;, <0

< [2/,L®py 1 KO+ 7

4. There exists 7> > 0 such that

u(x, Ty) Sulx, Ty + 1) forx € [0, A(TD)],  h(T1) < h(T1 + T2).

Consequently, (u, k) is a lower solution of (1) on [X1, h(¢)] x [T1, 0o0) (see the definition in
[13, Lemma 2.2]), and

u(x,t) Sulx,Tr+1t)forx €[X1,h@®)], h@®) <h(T2+1) fort>T. (37
Define
W) =c*t+M e —eY 4+ B and i(x,1) = (1 +Me®ge(h(t) — x).
In a similar way as above (see also [16, Lemma 3.2]) one can show that for some suitable
M',8,T' >0, (i, h) is an upper solution of (1) on [0, h(z)] x [T’, c0).
We remark that the construction of the above upper and lower solutions are inspired by [13,

16,20]. In summary we have the following result.

Lemma 6.1. Assume (F) and spreading happens for the solution u_of (1). Then there exist
Hy, Hy e R with Hy < Hy and X, X, Q, T*,8 > 0 with ¢*T* + H; > X such that

CFt+H <h(@t) <c*t+Hy, t>TF, (38)
[ve(x — %) — Qef‘”]qc*(c*t + Hy —x)<u(x,0), xe[X,c*t+ Hl, t >T* (39)

and

u(x,t) < (14 Qe g (c*t + Hy —x), xe[X,h(0)], t >T*. (40)
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6.2. C120C convergence in moving coordinates

Set

H@):=h@)—c*t, w(z,t) :=u(z+c*t,t), ze[=c*t, H@®)], t > 0. 41
Then w is a solution of

Wy =Wz +c*w; + f(w), —c*t<z<H(),t>0,
w(—c*t, 1) =bw,(—c*t,1), t>0,

w(H),t)=0, H'({t)=—-w,(H({),t)—c*, t>0,
w(z,0) =up(z), 0<z<H(0).

(42)

On the asymptotic behavior of H and w we have the following result.

Lemma 6.2. Assume (F) and spreading happens for the solution u of (1). Let H, w be defined by
(41). Then

lim H(t) = Hyo for some Hy, € R, lim H'(t) =0, (43)
—00 11— 00
and
tl_l)fgo lw(, 1) = gex(Hoo — )l c2(—e—1, Ho—ep) =0 Ve >0. (44)
Proof. For any r € R, w(z) := g+ (r — z) is a solution of

Wy +c*W; + f(w) =0, —oo<z<r, 45)
w(—oo)=1, w(r)=0, w,(r)=—c*.

Now we compare w(z,#) and w(z) in the interval J(¢) := [—c*t, min{r, H (¢)}]. At the left end
of J(), w(—c*t,t) = u(0,1) = v4(0) and W(—c*t) = gex(r + c*t) — 1, as r — 0o. Hence
w(—c*t, 1) < w(—c*t) for large ¢. The right end H (¢) of w(z, r) may get across r. Using the zero
number argument as in Lemma 3.2 and in [14, Lemma 2.3], we deduce that Z;)[w(-, ) —w(-)]
is finite, and it decreases strictly when H (¢) get across r. So H(t) — r changes sign at most
finitely many times, namely, H(t) > r, or H(t) <r, or H(t) = r for all large ¢. Since H(¢) is
bounded by (38) and r is arbitrary, we see that Hy, := tlingo H (1) exists and it is finite.

Using the limit of H(#) and the uniform Holder estimate for H'(¢): ||[H'(¢)llcv2((1,00)) < C
for C independent of ¢ (cf. [12,13]), it is easy to show that lim;_, o H'(¢) = 0.

Finally we consider the w-limit set w (w) of w in the topology of Clzoc((—oo, Hy)). In the
same way as proving Lemma 4.1, one can show that w(w) is not empty, and it consists of only
solutions of ., + ¢*w, + f(W) =0, z € (—00, Hy). For each W € w(w), by (39) and the
definition of w we have w(—o00) = 1, and by (43) we have w(Hyo — 0) = 0. Therefore, w (w) =
{gex (Hso — z)}. This proves (44). 0O
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6.3. Proof of Theorem 2.2

For convenience, we extend u(x, ) to be O for x > h(t), extend g.+(x) to be O for x < 0, and
denote the extended functions again by u and g.+. We will prove

D(x,t) :=u(x,1) — ve(x) - g (c*t + Hoo — x) — 0 in L*°([0, h(2)]), ast— oo.

We use the notation in Lemma 6.1. For any given small ¢ > 0, there exist xo > max{x, X,
|Hso|, Hoo — H1} and §; > O such that

Vi(x —X) > 1 — & for x > xo,

ge<(x) > 1—¢forx >x9, gc(x)<eforxel0,261]. 46)

Since f(s) <0 for s > 1, there exists Ty > T* for T* in Lemma 6.1 with ¢*Ty > 3x¢ + |Hool
such that

ulx,t)<l4+¢ forxel0,h(®)], t > Tp.
As in [12], it is easy to show that u(x, t) :=4M (h(t) — x) — 2M2(h(t) — x)? for some suitable

M > 0 is an upper solution of (1) over {(x, ) | h(t) — M~ <x <h(@),t > Tp}. So there exists
0 < 8 < 61 such that

u(x,t) <alx,t) <ah(t) —28,1) = 8MS(1 — M§) A7)

forx e [h(t) — 28, h(®)], t > Tp.
For 11 := [0, xo], by Lemma 4.1 there exists 71 > T such that

lu(-,t) — v Loy <€ fort > Ty, (48)
and so, for t > Ty,

IDC, Ollzeocry < 1) — v Loy + vk — gex (¥t + Hoo — )l Loo(r;) < 26.

For the above chosen §, there exists 7> > T} such that |h(t) — ¢*t — Hxo| < 8 for t > T5. So
¢*t+ Hy — 8 2 h(t) —28 and on I3 := [c*t + Hxo — 8, h(t)] we have by (47),

IDC, O llLoocry < Nu, Ollex) + 1vs() - ger (¥t + Hoo — )l oo (1) < 26

On I3 :=[¢*t + Hoo — 2x0, ¢*t + Hoo — 8], by (44) in Lemma 6.2, there exists 73 > T; such that
for any ¢ > T3 we have

lu(-, 1) = gex(c*t + Hoo — ) oo (13) < &, (49)

and so
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IDC, O llzoo(ry) < Nu, 1) — qex (™t + Hoo — )l Lo (13)
+ l1gex (¢t + Hoo — )1 — v ()]l Lo (13) < 2e.

Finally consider Iy := [xg, ¢*t + Hoo — 2x0] C [X, c*t + Hi]. By (39) we have u(x, 1) > (1 —
e — Qe %) (1 — ¢). Choose Ty > Tz such that Qe %74 < ¢. Then for x € I4, t > T4 we have
ulx,t) > (1 —2e)(1 —e) >1—3¢. Hence

IDC, O llLoecryy < -, 1) = Ulzeory) + 1T — va ()l Loo(ry)
+ [[vs (D[ = ge+ (¢t + Hoo — )l Loo (1) < Se.

Combining the above results we obtain (6) since [0, h(t)] = 11 U I, U I3 U 4. (5) follows from
(43). This proves Theorem 2.2. O
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