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1. Introduction

We study traveling waves of a curvature flow in heterogeneous media on the plane:

V=aXk +bkx), &y el cR? t>0, (1)

where [} is a simple curve on the xy-plane, V denotes the normal velocity, ¥k denotes the curvature
and
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a(x) and b(x) are continuous, almost periodic functions (Bohr’s definition),
anm :=infa(x) >0, ay:=supa(X) <oo, by:=infb(x) >0, by :=supb(x) < oo.

The (mean) curvature flow equation (1), having its own geometrical aspect [10], is quite often
derived as the singular ¢ — O limit of the zero level sets of solutions of reaction-diffusion equations
of type

u=V-(A®Vu) +e*(1-u®)(u+eBx), xeRY, t>0;

see, for example, [1,6,11,16]. In the last two decades, many researchers studied traveling waves
of reaction-diffusion equations in periodic media (e.g. [2-4,12,20,21]), or in almost periodic media
(e.g. [15]). Existence, uniqueness and stability results, as well as variational formulas for the average
speed were given. On the other hand, the shape of the traveling fronts, the explicit expression of the
wave speed have not been studied so much, even in periodic media. In this paper, we study traveling
waves in almost periodic media for the curvature flow equation (1). We give two kinds of traveling
waves, one having a line like shape I'; and the other a V like shape I';. We will also derive an explicit
formula for a homogenized traveling speed.

We consider the case where I} is the graph of a function y = h(x,t). With an appropriate sign
convention,

hy hxx

———— K:—3’
V1+hg (1+h)2

so the curvature flow equation can be written as

V =

hXX

he =a(x
‘ ()1+h,%

+b(x)y/1+h3, xeR, t>0.

Here by a traveling wave it means a solution of the form h(x,t) = v(x) + ct for some v and c. The
graph of v is called the profile of the traveling wave and c is called the traveling speed (in the vertical
direction). For traveling waves, the curvature flow equation becomes

/!
v ,2+b(x)\/1+v/2, xeR.
v

c:a(x)1+

After a further transformation ¢(x) := arctanv’(x), the equation is equivalent to

B B b(x)
Cax)  a(x)cose(x)’

0’ (%) P € (—” T

—, ) Vx € R. (2)
2 2

In the sequel we study traveling waves of (1) by means of studying solutions of the ode (2). The so-
lutions of our interest are prototyped by the homogeneous case where a =ap and b = by are positive
constants. In this case we can solve Eq. (2) via separation of variables to see the following:

(1) Traveling waves with straight-line profiles: For any o € (—%, %), there is a solution such that
I''={(,y) | y=xtan«a + ct} where c = bg/ cos . This corresponds to a traveling wave whose profile
is a straight line with the prescribed inclination angle «; see Fig. 1(a).

(2) Traveling waves with convex conical profiles (also called V-form or V shaped curves); see Fig. 1(b).
For any inclination angle « € (0, Z), there is a solution given by I'; = {(x, y) | y = v(xX) + ct} where

bo .
c= , lim {v(x) —|x|tana} =0.
cos o X—>£00
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(a) straight-line profile (b) convex conical profile

Fig. 1.

(a) ¢(x) approaches @;(x) as x — £oo (b) V shaped profile

Fig. 2.

Besides these two kinds of traveling waves, there are many other kinds of traveling waves, see [7,
17,18] and references therein. In this paper, we shall only concern about line and V shaped profiles.
For some of our results, we need to restrict o to the range

b b
a e (arccos 2™, ZY U (=2, —arccos 2™ (& bpm > bycosa). (3)
bM 2 2 bM

We also use M[h] to denote the arithmetic mean of an almost periodic function h(x).

Theorem A. For any « in the range given by (3), there exists a unique pair (c, ) € R x C'(R) such that
(i) (c, ) satisfies (2), (ii) ¢ is almost periodic, and (iii) M[tan ¢] = tanc.
In addition, as a function of o, the unique solution (c, @) satisfies the following estimates

by cos b cos
¢- := arccos MTO[ < sgn(a)@(x) < ¢p1 := arccos mTOl forx e R, (4)
m M

3
= da ~ apb? costo’

where sgn is the signature function: sgn(a) =1 ifa >0and = —1ifa < 0.

Theorem B. Assume that o1 > 0 and o < 0 satisfy (3). Also assume that (c, ¢1) and (c, @) are solutions
of (2), that @1 and ¢, are almost periodic and M[tan¢;] = tana;, i = 1, 2. Then, for any small initial value
©(0), problem (2) (with the same c) admits a unique solution ¢ and the solution satisfies the following (see
Fig. 2):

(i) 2(%) < p(x) < @1(x) forall x;
(ii) There exist positive constants L and v such that

P1(X) — Lexp(—vXx) < 9(X) < 2(x) + Lexp(vx) VxeR.
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(iii) There exist a unique xg and a unique Sg > 0 such that the functions defined by

X X X

v1(x) ::/tangm (x) dx, v (X) ::ftangoz(x)dx, v(X) ::/tango(x)dx+50

X0 X0 X0

satisfy, for some L > 0 and the same v as above,

max{vi(x), va(x)} < v(x) < max{vi(x), va(x)} +I:exp(—v|x|) Vx e R.

In order to give an explicit estimate for the traveling speed c in terms of «, we consider a homog-
enization problem:

d £ x) = ¢ b (x) () (_z —)Vx R, @)
dx? af(x)  a®(x)cos @t (x)’ A N © ¢
where
ag(x):a<i), bg(x):b<i>.
€ €
Denote

ac(m[L1) 7 BP0
_< [@D ’ [a(x)]

Theorem C. For any « satisfying (3), let (c®, ¢®) be the solution of (2). as in Theorem A. Then

lim — 00 m =0, limc® = . 6
a\OH(p HL R) £\0 cos« (6)
If in addition assume that for some L1, Ly > 0,
b(x B
/  _ / —()—— x| <Ly forxeR, (7)
alx) A ax) A
then there exists a positive constant Q depending only on L1, Ly, am, ayp, bm, by and o such that
EC) =l oo m + €5 — < Q¢ Ve>D0. 8
lo? () —af, (R) cosa Q (8)

Remark 1.1. Under the new variable

- / ds
X =
a(s)
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the ode system (2) can be written as

dp b

dx cosg’

This system is simpler than (2). However, it is not guaranteed that b is almost periodic. Hence, we
shall work on (2).

In Section 2, we study traveling waves with pulsating profiles whose derivatives are almost pe-
riodic and prove Theorem A. In Section 3, we construct traveling waves with V shaped profiles and
prove Theorem B. Finally, in Section 3, we consider the homogenized speed and prove Theorem C.

2. Almost periodic traveling waves

In this section, we prove Theorem A. The main idea is as follows.

We first study the ode in (2) on a bounded interval [—n,n] with boundary conditions ¢(n) =
@(—n) = p where p is a parameter ranged in (—m /2, 7t /2). The two boundary conditions for the first
order ode can be imposed by selecting a unique ¢ = c(p).

Next we apply some of the ideas in [8,9] showing that the average of tan¢ (or any f(¢) where f
is increasing) on the interval [—n,n] is a monotonic function of p. Thus, for each fixed «, there is a
unique p, such that this average is exactly tan«. We denote this solution (with o fixed) by (cy, ¢n).

Sending n to infinity, we obtain a solution of (2) with certain specific ¢ that depends on «. The
key issue here is to identify the limit. By imposing the almost periodicity of a,b and restricting o
to the range specified in (3), we are able to show that the limit of ¢,, denoted by ¢, is also almost
periodic and has the required arithmetic mean: M[tang] = tanc.

2.1. Eq. (2) on bounded intervals

Here we consider Eq. (2) on bounded interval. For each fixed n > 0 and « € (—m /2,7 /2), we want
to find (c, p, ) e R x (—m /2,7 /2) x C([—n,n]) such that

b(x)
a(x) B a(x) cos @(x)

@' () =G(x, @(x),¢) == Vx € (—n,n),

n
1
@(—n) =¢(n) =p, %ftancp(x)dx=tanoz.
—n

A similar problem has been studied in [8,9]. Here we follow basically the idea presented there.

Lemma 2.1. For any p € (—m /2,7 /2), there exists a unique ¢ = c(p) € R such that the boundary value
problem

{(p/:G(x,go,c) Vx € (—n,n), (10)
p(—n) =) =p,
has a unique solution. Moreover, the solution satisfies
bv .
bm <ccose(-) <bpy, maxcos @(-) < . min cos ¢(-). (11)
m
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Proof. For p € (—m/2,7/2) and c € R, we denote by @(-, p,c) the solution and by (—n,z*) the
maximal existence interval to the initial value problem

{ @' =G, D,0), @(x,p,c)e(—m/2,m/2) Vxe(—n,z%),
D (X, P, C)|x=—n = D-

(a) On their existence interval, we denote &, := %—‘f and @) := %—?. Then

®;=G<1>‘(pp, ‘pp|x=—n=1,
(Dé =Gg - P + G, ¢c|x=—n =0.

Hence, &, = exp(ffn Go dx) > 0. Also, set i := D/ P,. Then

Since G, =1/a(x) > 0 we have u' > 0, u > 0, and also &, > 0.

(b) Since G(x, % —0,c) = —o0, we see that @ < /2 on its existence interval. Also, for cq :=
by / cosp we have G(-, p,cq) > 0, so, by comparison, when ¢ > ¢y we have p < @(-,c,p) <m/2 on
(—n, 00).

(c) It is not difficult to see that when ¢ <« —1, z* < n. Hence, there exists c; € R such that z*=n
and ®(n — 0, p,cy) = —m /2. When c € (c2,¢1], z* > n and @(n, p,c) is a differentiable strictly in-
creasing function of c. Hence, there exists a unique c(p) € (¢, c1] such that @(n, p,c(p)) = p. It is
easy to see from @, > 0 that the pair c =c(p) and ¢(x) = @ (x, p, c(p)) is the unique solution of (10).

Next we verify (11). Since ¢(x) takes the same values at x = #n, for any ¢ € [min¢(-), max¢(-)],
there exist x1, xy € [—n,n) such that p(x1) = @(x2) =, ¢’'(x1) >0, ¢'(x2) <0, so that

bm <b(x1) <ccos? <b(xz) <by.
Since ¢ € [min¢(x), max¢(x)] can be chosen arbitrarily, we obtain the first two inequalities in (11).

Note that these two inequalities imply maxcos@(-) < by/c and by < cmincos¢@(-). Combing these
we obtain the last inequality in (11). O

Lemma 2.2. Let o € (—m /2,7 /2) be given. For each n > 0, problem (9), for unknown (c, p,¢) € R x
(=71 /2,7 /2) x C1([—n, n]), admits a unique solution. Denote the solution by (cn, pn, ¢n). We have

bm bm bM bM

< — <6 < < ) (12)
cosa  mincos gy maxcos @,  Cosd
by, cosa
lon ()| < 1 = arccos —— Vx € [—-n, n]. (13)
M

Proof. The solution of (10) is ¢ (x) = @ (x, p, c(p)). Set I(p) = ffn tan @ (x, p, c(p))dx. We shall show
that there exists a unique p € (—m /2,7 /2) such that I(p) =2ntana.

(a) From the first inequality in (11), we see that as p — 7 /2, c(p) — oo. This, together with the
second inequality in (11), implies that as p — /2, ®(x, p,c(p)) — 7 /2 uniformly in x € [—n, n].
Hence, I(p) — oo as p — 7 /2. Similarly, as p - —m /2, we have &(-, p,c(p)) > —x /2 and I(p) —
—0Q.

Thus, to complete the proof, we need only show that I(p) is monotonic in p.

(b) Denote @ (p,c) := @ (n, p,c). Differentiating @ (p,c(p)) = p we have &, + & - ) _ 1, 5o

_ dp
dfj(pp) = I%ﬂ. Using notation w as in the proof of Lemma 2.1 and with ¢ =c(p), we have
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n n — —
dl d D, P D, — DD
ﬂ:/seczqﬁ ¢p+@c-ﬂ dx:/sechD P C+_C <P ax
dp dp D

—n —n

n

&P b, — b,D
=/sec2cb'u(n) p p+M(X)_p LX) Py P x> 0.
ume,

—n

Hence, there exists a unique solution p to I(p) = 2ntanc. This also implies that there is a unique
solution to (9). We denote the solution by (cu, pn, ©n).

(c) Since tang;,(x) has average tano and @p(x) # o, we have mingy(x) < o < max@,(x). When
o #0,

0 < mincos ¢, < COS® < Max cos ¢y.
Estimate (12) then follows from (11). By (12),

b b
bn€OS _ s n < DML po e (o] (1)
bm bm

Estimate (13) then follows from the first inequality. When o = 0, the proof is similar. This completes
the proof of the lemma. O

2.2. Eq.(2)onR

Lemma 2.3. et « € (—m /2, 7w /2) be fixed. For each n € N let (¢, ¢y (x)) be the unique solution of (9). Then
there exist a subsequence {n;} of {n}, ¢ > 0 and ¢(x) € C!(R) such that, as i — oo, Cp; — C, and

On;(X) = @), @ () = @' inLp (R).
In addition, (c, @) solves (2) on R and satisfies the estimates

b b b b
Mo " Cegx—2 M (15)
cos infcos ) supcos @ cosox

and

—p1 <e(X) < ¢ forxeR. (16)

Proof. For any X > 0, when n > X, ¢, is defined on [—X, X]. By (12), (13), and by the equation of
©n, we see that

|64 ] e xx < Q1 foralln> X,

where Q1 = Q1 () is independent of n. Using the theorem of Ascoli-Arzela and using the diagonal
process, we can select a subsequence {n;} from {n} such that, as i — oo,

Cn; —> C, l¢n; — @llLe[—x,x] — 0 forany X >0,
for some ¢ > 0 and ¢ € C(R).

From ¢, = G(x, ¢n, cy) We also see that (p[]i — ¢’ locally uniformly and that ¢’ = G(x, ¢, ¢).
Finally, the estimates (15) and (16) follow from (12), (13). This proves the lemma. O
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2.3. Almost periodicity

Lemma 2.4. Assume that (3) holds. Then the limits c and ¢ in Lemma 2.3 satisfies (4) and (5).

Proof. It is clear that to prove the lemma we only need to consider the solution (cg, ¢,) of (9) and
show that

$2 < sgn(@)en(x) < ¢1, (17)

3(11\/1b13w

d
0< sgn(a)% < for large n. (18)

amb?, cos? o

When (3) holds, we have cos ¢, <1 by (14). Hence, ¢, does not change sign. This means that, when
o >0 (resp. o < 0), @n(x) > 0 (resp. gn(x) < 0) for all x € [—n, n]. Therefore, we have (17) by (14).
Now we prove (18). Note that p, and ¢, = c(p,) depend on «. Differentiating the following equal-
ities in «
n

ftan(D(x, Pn,Cn)dx =2ntana, 5(pn,cn):pn,

—n

we have

n
dpn dcy — dpp — dc, dpy
fsecch(@pa+¢ca>dx:2nsec2a, (DPE—HDCE:E'

—n

Substituting dp,/do in the second equation into the first equation and utilizing = @./®)p as in the
proof of Lemma 2.1 we obtain

dep 2n(1 — @) sec? (19)
do " se? @[(u(n) — LX) PpPp + L(X)Ppldx
We now focus on the case « > 0; the proof for the case o < 0 is similar. Since
. —b(x) sin @
= a(x)cos2 @’
we have —A1 < Gp < —Ay by (17), where
by sin b sin
s, bm $1 s Dm $2 (20)

1:= 2=
am COS2 1 ap cos? ¢y
Hence

X

exp(—A1(x+ 1)) < Pp(x, pn, Cn) = exp( f G<p> <exp(—Az2(x+n)).

—n

Especially, exp(—2niq) < 5p = @p(n, pn, cn) < exp(—2niy). Hence
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1 — 3
—<1—-—®, < - forlargen. (21)
2 )

Therefore, ‘(11% > 0 since in (19) the denominator is positive.

Next, we provide an upper bound for ‘é%. By u' =1/(a®p) and p(—n) =0 we have

X X N

(x)—/ ds > 1/exp /G ds
HO= ] a6, pmrcn) ~ am )
—n —n —n
So,
1 ; ; 1 ; 1
— exp(—2A
W(X)Pp (X, Pn,Cn) 2 —fexp(f&p) ds > —/EXP()\l(S—X))dS: exp( 1(x+n))‘
au av ama
—n S —n
Therefore,
n
/ XD, (x Cp)dx > ! 2n ! n rovided n !
> - — | > > —.
/’L p »pn, n aM)\,‘l )\] aM)\.] p )\‘1

—n

Consequently, by (19) and (21) we have flj% < 3apiq sec? o for large n. This proves the inequalities in

(18) in the case o > 0. Thus we can prove the lemma. O

Recall that a and b are assumed to be almost periodic. By Bohr’s definition and Bochner’s criterion
(see e.g. [5,14]), we have the following claim

Claim 2.5. For every § > 0, there exists Ms > 0 such that

DsN[L 1+ Msl#@ foranyleR, (22)

where
oy = {r | supla(x) —a(x+ 1)| <8, sup|b(x) —b(x+ 1)| < 6}. (23)
xeR xeR

Now we are ready to prove the following

Lemma 2.6. Assume that a, b are almost periodic and « satisfies (3). Then the limit ¢ in Lemma 2.3 is almost
periodic.

Proof. To prove the almost periodicity of the limit ¢, it is sufficient to show that, for any § > 0 and
T € 9,

suﬂg}gp(x) —p(x+1)|<Q84, (24)

for some positive constant Q that is independent of § and 7. For this purpose, we denote
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~ c b
G(a,b,¢,0) = pi dcosg’

Then ¢(x) = ¢(x + t) is the solution of ¢’ = E(a(x 4+ 17),b(Xx+ 7),¢,c). When we write (x) :=
©(x) — ¢ (x) we have

Y1 =g1(0)Y1 +r1(%),
where
g1(%) :=Gy(ar, b1, 1(x), ¢),
r1(x) == Ga(a1, b1, &1, 0)(a(x) — a(x+ 7)) + Gp(ar, b1, &, ) (b(X) — b(x+ 1))
where aq, b1, & lie between a(x) and a(x + 7), b(x) and b(x + 7), ¢(x) and ¢ (x), respectively.

We need only consider the case a > 0 since the case « < 0 is analogous. By the assumption (3)
and (17), we have ¢, & € [¢2, ¢1], and so

—A < g1(X) < —A2, Ir1 ()| < Qa8,
where Q3 = Q» (). For any x € R and z < x, solving for i1 on [z, x] we have

X X X

Y1 (X) = v¥1(2) (exp / g1(s) dS> + / ri(t) exp( f g1(s) dS) dt.
z V4 t
Sending z — —oo0 we have
10| < Q28 / exp(fg1(5)d5) dt < Q28 f exp(—Az2(x — 1)) dt = %—f
—0o0 t —0o0

This implies that (24) holds for Q = Q2/X,. This proves the lemma. O

2.4. The arithmetic mean

Now we show that for the limit ¢ in Lemma 2.3, the arithmetic mean of tang is tanc.
Denote h =h(é) := ;—2 ln% for any é > 0. Then there exists 8y > 0 small such that

1
max{M(g, 5} >h foré e(0,46p). (25)
In what follows, we always consider § € (0, §p). For any T € «7;, denote

X_ :=max{—n, —n— 1}, X4 :=min{n,n — t}.

Lemma 2.7. Let (cp,, ¢y) be the unique solution of (9) for given « satisfying (3). If T € <5 is chosen such that
h+x_ <x4, then

|tangn(x) — tangp(x +7)| < Q8 forx e [h+x_, x4], (26)

for some (5 = a(Q, o).
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Proof. Define v, (x) := @n(X) — @n(x + 7). A similar proof as proving (24) shows that

lon(®) — @n(x+T7)| < Q8 forxe[h+x_,x4].
Then by (17),
|tan @n (x) — tan gp (x + 7)| = sec? £(x) - [gn(x) — gn(x + 1) < Q3,
where £(x) lies between ¢, (x) and ¢,(x+ 7) and a =Qsec’¢;. O

Lemma 2.8. Let (cy, ) be the unique solution of (9) for given « satisfying (3). For any Ts € <5 satisfying
Ts > max{Ms;, %} we have

Ts
f[tangan(x)—tanoz]dx <2008Ts +4tang; forn> (Ts)>. (27)
0

Proof. For T > max{Mjs, %}, we have Ts > h when § € (0, §p).
For any given n > (Ts5)2, we choose k € N such that kTs <n—h < (k+ 1)Ts. Since a and b are
almost periodic, there exists

Ti € o5 N[iTs, iTs + Ms] C [iTs, (i + DTs],

foreachie{-k,—k+1,...,—-1,0,1,2,...,k—1}.
It is easy to see that whenie{—k,—k+1,...,—-1}, 71 <0, x_ = —n — 7;, X, =n. Hence
[h+x_,x;]=[h—n—1,n]D[—(k+i)Ts, kTs]. (28)
Whenie{0,1,...,k—1}, 7; 20, x_ = —n, x; =n — 7;. Hence
[h+x_,x;]=[-n+hn—1]>[—kTs, (k—i—1)Ts]. (29)

Therefore, by (26), (28) and (29) we have

(E_p)  [tangn(x) —tang(x+71)| < Q8, x€[0,kTs],

(E-1)  |tan@n(x) —tangn(x+1-1)| < Q8, x€[(=k+1)Ts,kTs],
(Eg) |tan<pn(x) —tang,(x + ro)| < 66, Xe [—kTg, (k — 1)T(;],
Qs,

(E1) |tan @n (x) — tan g, (x + 71)| < x € [—kTs, (k — 2)Ts],

(Er—1) |tangn(x) —tangn(x+t—1)| < Q8, xe[—kTs,01.

Also we have
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(E) |tangn(x) —tangn(x+Ts)| < Q8, xe[—kTs, (k—1)Ts].
Now

—kTs  (—k+1)T; Ts kTs
/tangon(x)dx = ( / f 4+ / / f+ -+ / /)tangan(x)dx
—kT;s —Ts (k—1)Ts  kTs
=Il_+I 4+ -+ 4+lo+01 4+ + 1+
Since 0 <n —kTs < 2Ts and ¢y, € [¢2, P1] we have |I1| < 2Ts tan ¢1.

In what follows, for any P € R and P > 0, we use (P) to denote functions which take values in
[—P, P]. By (Ex_1) we have

—kTs+Ts —kTs+Ts
I_= / [tan @n (%) — tan@n (x + T4—1) | dx + / tan @y (X 4+ Te_1) dx
KT} —kT;
T —kT5+Ts
:(§8T5)+ / tangy(s)ds
Tk—1—kTs
0 T—1—kTs+Ts Ts
:(68T§>—|— / tan gy (s)ds + / tan(pn(s)ds+ftang0n(s)ds
Tk—1—KkTs Ts 0
0 Ts
= (Q8Ts) + / [tan @n(s) — tan gy (s + Ts)]ds + / tan ¢y (s) ds.
Tx_1—kTs 0

Since —Ts < ty—1 — kTs <0, by (E) we have

Ts
I_k:(ZQST(g)—l—ftangon(s)ds.
0
In a similar way, fori=—-k+1,...,—1,0,1,...,k—1 by (E_;_1) we have
Ts
1,-=<2<§3T3>+/tangon(s)ds.
0
In the case o > 0, ¢y € [¢2, P11, SO
n Ts
ftangon(s)ds<2k</tan¢n(s)ds+2§6n> +4tan¢ T
—n O
Ts

2 ~
< T—n</tan<pn(s)ds+2Q6T5> +4tan¢Ts.
b

0
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Since [" tangu(s)ds=2ntana and n > T? we have

Ts
0< f[tan¢n(s) —tanar]ds +2Q8Ts + 2 tan ¢y.
0

Noting %—’; >2k > %—’; — 4 and using a similar discussion as above we have

Ts
/[tan(pn(s) —tana | ds < 2Q8Ts + 4tandy.
0

Combining the last two estimates we then obtain (27) in the case o > 0. The case o < 0 can be
similarly considered. O

Lemma 2.9. Assume (3) and let ¢ be as in Lemma 2.3. Then the arithmetic mean of tan ¢ is tan«.

Proof. Since ¢ is almost periodic, so is tan¢@. Hence the arithmetic mean M/[tan¢] exists (e.g. [14]),
and

I+T
1
M[tang] := Tlim T/tanga(x)dx uniformly in! € R. (30)
—00
!

Fix 8§ € (0, 89) and fix Ts. The estimate (27) holds for any n =n; > (T;)2. Taking limit as i — co we
have

~ 4tan
<205+ o
Ts

Ts
1
‘—ftango(s)ds —tano
Ts
0

Then, taking limits in both sides as § — 0 (note that Ts — oo since we have chosen Ts > %) and
using (30) we have

M[tangp] = tanc. O

Remark 2.10. One sees that if M; < ¥ as § — 0 for some k > 0, then we can choose T; € [¥, 2] in

s
the proof of Lemma 2.8 and obtain

Ts

f[tan @(x) — tana | dx

0

< 4k5_ + 4tan ¢4

by (27). This implies that f(f tan(x) dx — xtana is bounded (and so is almost periodic by The Bohl-
Bohr-Amerio theorem (see e.g. [14])). However, Ms = O(1) is not a condition that can be easily
verified. We conjecture that to guarantee that f(;‘ tan @ (x)dx — xtano is almost periodic, (3) and (7)
are sufficient conditions.
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2.5. Uniqueness of positive or negative solutions of (2)

Lemma 2.11. Let (c1, 1) be a solution of (2). Assume that either infg ¢1 > 0 or supg @1 < 0. Then

b b
M <cosgr1(x) < -2 WxeR.
C1 C1

Proof. If ¢}(x) =0 we have cq cos¢;(x) = b(x) € [by, bu]. Now let {x;} be a sequence such that
as j— oo, ¢1(xj) — supgq and go{ (xj) — 0. Then we find that ¢ cos(sup¢1) € [bm, by]. Similarly,
let {x;} be a sequence such that as j — oo, ¢1(x;) — infe; and ¢](xj) — 0. Then we find that
c1 cos(infeq) € [bm, by ]. Hence, in the case infr ¢1 > 0 or supg ¢1 < 0, we have the assertion of the
lemma. O

Lemma 2.12. Let (c, ¢) = (c1, ¢1) and (c, ¢) = (c2, ¢2) be solutions of (2). Assume that c1 > c3 and
min{inf(m, inf(pz} >0 (or max{sup ©1, Sup (pz} < O).
R R R R
Then there exist positive constant A and A such that

rer =) S e1(X) —@2(x) < A(c1 —c2) VXeR
(or A(c1 —c2) <@2(X) —1(x) < A(c —c2) VX€R).

Proof. We consider only the case m := min{inf¢q, infg,} > 0. The other case can be proven in a
similar manner.

Set ¥2(x) 1= @1(x) — @2(x). Then ¥} =ra(x) — g2(x)y2, where, for some & lying between ¢
and o,

b(x) sin&(x) Fa(X) 1= €1 —C2

a(x) cos @1 cos @y’ a(x)

g2(%) :=

By assumption and the previous lemma, we have

. bm sinm by c1 ¢
infg, > go:= ————, supgr<gli=— .
R am R am bm bm

Solving ) =1, — g292 we have, for any z < x,

X X X

V2(%) = ¥2(2) exp(— / £2(5) dS) + / r2(s) exp(— / gz(t)> ds.
4 z S
Since gy is uniformly positive, we can sending z — —oo to obtain
X X
c1—C
V2 (x) = / exp| — / g2(t)dt ) ds.
a(s)
—0o0 N
Using the lower and upper bounds of g we obtain
c1—0Cy 1 —0C
o SY2(%) <
a am8&o

This completes the proof. O
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Corollary 2.13. Assume that o satisfies (3).

(1) There exists a unique solution (c, ¢) of (2) such that ¢ is almost periodic and M[tan¢] = tana.
(2) The whole sequence {(cn, ¢n)}nen oObtained in Lemma 2.2 converges to (c, ¢) asn — oo.

Proof. We need only consider the case o € (arccos E—A";, %
can be proven similarly.

Suppose that (c, ¢) solves (2), ¢ is almost periodic, and M[tan¢] =tan«. Then from M([tan¢] =
tano and the ode ag’ cos¢ = ccosg —b we can derive that ccoso € [by, by]. We claim that ¢(x) #0
for all x € R. Indeed, if this is not true, then there will be a point xg € R such that ¢(xg) =0 >
¢’ (xo), which implies by (2) that ¢ < b(xg) < by. This, however, implies that by, < ccosa < by cosa,
contradicting (3). Thus, we must have either infe > 0 or supgr ¢ < 0. Since M[tan¢]=tanwo > 0, we
must have infr ¢ > 0. Indeed, o > arccos g—l"\}l is equivalent to by, > by cosa, and so ccosa > by, >
by cosa. This implies that ¢ > by and supcos@ < by/c <1 by Lemma 2.11, so infe > 0.

Now suppose (C, ¢) is another solution of (2) having the property that ¢ is almost periodic and
M(tan @] = tanca. Then infg > 0. It then follows from Lemma 2.12 and M[tan¢] = M[tan¢@] that
c =¢ and ¢ = ¢. This proves the first assertion. The second assertion follows from the first asser-

tion. O

) since the other case o € (—m /2, arccos ﬁ]

Proof of Theorem A. The assertion follows from Lemmas 2.3, 2.6. 2.9 and Corollary 2.13. O

3. Traveling waves with V shaped profiles

In this section we study traveling waves with V shaped profiles; namely, we prove Theorem B. We
use the following assumption:

Both (c, ¢1) and (c, ¢y) solve (2), both ¢ and ¢, are almost periodic, o1 := arctan M([tan¢1] €
(arctan 119)_;7,» 7), and oy := arctan M([tan ¢;] € (— 5, —arccos }l)’—z).

Such a choice for oy and «; is possible since ¢ depends on « continuously by Theorem A. By
Theorem A again,

bm
P4 < P1(X), —2(x) < @3, c> > b, (31)
COS o}
where
b cos oy bm cos o
¢3 := maxJ arccos ————, arccos ——— ¢,
bm M
. by cos oy by cos
¢4 := min{arccos ————, arccos ——— ¢.
bm m

Proof of Theorem B. By (31), one can choose ¢5 = ¢5(c¢1, &02) € (0, ¢p4) small and 67 = §1(x1, ) >0
small such that

b b
> (146)—2

COS ¢/ cos s

(32)

(i) Let ¢ be a (local in x) solution of (2) with initial value ¢(0) € (¢2(0), ¢1(0)). Then all @1, @,
and ¢, satisfy the same ode (2), so by comparison, ¢ exists on R and ¢ (%) < @(x) < ¢1(x) for all
xeR.
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(ii) Assume that ¢(0) € (—¢s, ¢5). Set | := [—a¢s, ¢s5],

x1=sup{x >0 |px) € Jon[0,X]}, xx=inf{x <0|¢(x) e Jon[x,0]}.

On [0, x1], by (31) and (32) we have

1 b b 1 b b 81b
¢ > m D0 m__ M) > s, =) =
a(x) \cosa; cosg a(x) \cosa1 cosgs ay COoS ¢s

So @(x) > §2x + ¢(0) on [0, x1]. This implies that x; < (¢5 — ¢(0))/82. Moreover, ¢’ > 0 for ¢ €
[—¢s5, ¢5] implies that ¢(x) > ¢5 for x > x1.

Now denote /3(x) := ¢1(x) — @(x), then on [x1,00), 0 < ¥3 < ¢3 and ¥} = g3(x)y3, where for
some §3(X) € (9(X), 91(x)) C [¢5, ¢3],

b i b si
gr0) 1= - LOSNEW_ L bnsings
a(x) cos ¢ cos 1 apy Cos ¢s

on [Xq1, 00).

Therefore on [x1, 00), ¥§ < —A313 and so 0 < ¥/3(x) < ¥3(x1) exp(A3xq — A3x) for x € [xq, 00).

In a similar way, denote ¥4(X) := @(x) — @2(x), then 0 < ¥4(x) < Y¥a(x2) exp(Azx — A3xy) for x €
(—OO, XZ]-

(iii) Define

Vix) = /[tan ¢1(x) — tan g (x)] dx, Vo(x) = / [tang@(x) — tang,(x)]dx forx € R.

It is easy to see that V is strictly decreasing and V1(—00) = 00, V1(c0) = 0; V3 is strictly increasing
and Vy(—o00) =0, V,(c0) = co. Hence there exists a unique xg such that Vy(xg) = V1(xg) =: So. Define
v1(X), v2(x) and v(x) as in Theorem B. Then for x > xg,

X

v(x) —vi(x) = f[tanga(x) —tan @y (x) ] dx + V1(x0) = V1(x) > 0,

Xp
and when x > max{xg, X1}, for some &4(x) € [¢5, ¢3], we have

o0

vX) —vi(X) = Vi(x) = f sec? £4(x) - Y3 (x) dx < A3 ' (sec® ¢3) Y3 (x1) exp(Asxy — A3x).

X

In a similar way we have

0<v(x) —vyx) < A;l (sec2 $3)Va(x2) exp(A3x — A3xz) for x < min{xo, x2}.

This proves Theorem B. O
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4. Homogenized speed

This section is devoted to the proof of Theorem C.

Let o be a fixed constant satisfying (3). For definiteness, we assume that « is positive (the case o
negative is analogous). By Theorem A, for each ¢ > 0, (2); has a unique solution (c?, ¢¢) in which ¢*
is almost periodic and M([tan¢®] =tanc«. In addition, for every x € R and ¢ > 0,

b bum
bm < c® cos@® (x) < b, cge[ = ,
cosa cos«
e by cosa b cosa
@’ (x) € [ arccos ————, arccos ————
bm M

To prove the assertion of Theorem C, we need only show that ¢¢ is almost a constant.
4.1. Mean oscillation of a® and b®

We define a function M that measures the mean oscillation of a and b by

x+£ x+£
| 1 1 11 b(s) b
wor=suplz [ (g =)o vy [ (Gg-va])el o9
Next we introduce
of = arccos m, hg(x):f{ < _ b™(s) }ds Vx € R.
cEM([1/a] at(s) a®(s)ycosa?

The special choice of o implies that
X X

hg(x):cE/{ ! —M[l“dx— ! /(bg(s) —M[BDds.
a(s) a cosa® as(s) a
0

0
Note that 1/cosa® = c® M[1/a]/M[b/a] € [c® /by, c® /bn]. Hence, for every x € R and ¢ > 0, using
a®(x) =a(x/e) and b®(x) =b(x/e) we obtain

l b 14
\hg(x+e)—h€(x)\<c8£1v1<—>< M ez\/l(—) Ve > 0.
€ coso £
Finally, the definition of «® also implies that

bm
S 2
cos2 o

£ &

c Mi[b/a]

cos o’
M([1/a]cosc

|¢® - ”LOO(]R)'

coso
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4.2. Oscillations of the solution ¢°

Let ¢¢(x) = ¢*(x) — a®. Then

Y Y b® 1 1 g/ € .8
¢ =h B e € =h""+g°¢
a COS(p coso

where, for some &¢ = £%(x) lying between ¢*(x) and «?,

b¢ sin&¢

af cos ¢ cosa’

&

g:

€[—A1, —A2]

where A1 and A, are those in (20). Indeed, using cos¢?, cosa® € [by cosa /by, by cosa /by ], it is
easily shown that

b,zv,\/blzv, — b2, cos?a b%\/bﬁl — b3, cos?«
M= 3 >-gf > 3 =A2.
ambs, cos? a amby, cos? o
Now using variation of constants we have
X X X X
8 (x) = / h&’(s) exp(/g‘g(t) dt) ds = /[hg(s) —hg(x)]g‘s(s) exp(/g%t)dt) ds.
—00 S —00 S
Hence,
X )\‘ b o0
25| < / [h®(5) — h® (%) |21 exp(—ra(x — 5)) ds < /SEXP(—MS)M<£> ds.
cosa &
— 00 0
Thus,
by [
A1bm S
H908 _ O‘HLOO(]R) < 2“;8HLOO(R) < —osa fsexp(—kzs)M<g> ds.
0

We summarize our calculation as follows:

Theorem 4.1. Let (c?, ¢) be a solution of (2), in which ¢ is almost periodic, M[tan¢®] = tano and «
satisfies (3). There exist positive constants Q and A, that depend only on ap,, ap, by, by and o such that

. Mib/a]
M([1/a]cosw

0
[#° =] ooy + |€ < Q/seXp(—kzs)M(g) ds
0

where M (-) is defined as in (33).
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4.3. Proof of Theorem C
The assertion (6) follows immediately from the above theorem since for almost periodic a and b,
lim M(¢) =0.
£—00

Also, under condition (7), we have

This is enough to yield the estimate (8).

Remark 4.2. Another possible method to study the limit of c® is using the “stretched” variables 6 :=
x/e, n(0) := ¢ (e0) to consider the equation

_8( ¢ b )
6= a@® a@)cosn)

One can compare 7n(#) and the solution 77(8) of the following homogenized problem

S ct B
To=\a Acosiy )’

Using averaging method one has n(0) — n(6) = O(¢) for 6 € [0, 1/¢] (we refer to [13,14,19] for related
results on averaging method). On the other hand, n(t) —n(0) = 0(§) for any T € @/ since n is almost
periodic. These facts imply that 1n(z) — 7(0) = 0(8) + O (¢), and so 7(9) cannot be strictly monotone
on [0,1/¢]. A precise analysis along this line shows that 7 ~ «, ¢® ~ B/cos7, and ¢® — B/cosa as
e—0.
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