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Abstract. We propose analogue of De Giorgi’s Conjecture for
partial differential equations in heterogeneous media.

Consider

(1) ut = ∆u + u− u3, x = (x′, xn) ∈ Rn, t ∈ R,

where x′ = (x1, · · · , xn−1). A solution u of (1) is called a traveling wave solution in

xn-direction if

(2) u(x′, xn, t) = v(x′, xn + ct), (x′, xn) ∈ Rn, t ∈ R,

where c is the traveling speed. Clearly, a 0-speed-traveling wave solution satisfies

(3) ∆u + u− u3 = 0, x ∈ Rn.

On the profile of the solution of (3), De Giorgi [2] proposed the following conjecture:

De Giorgi’s Conjecture: Suppose that u is an entire solution of (3) satis-

fying |u| ≤ 1 and ∂u
∂xn

> 0. Then, at least for n ≤ 8, the level sets of u must be

hyperplanes.

This conjecture was proved recently in [3], [8] and references therein.

It is natural to expect that some analogue of De Giorgi’s conjecture in hetero-

geneous media should be also true. We present such a conjecture in the following.

First, consider

(4) ut = ∇(A(x)∇u) +
1

ε2
B(x)u

(
Z2(x)− u2

)
, x ∈ Rn, t ∈ R,
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where ε > 0 is a small parameter, A,B and Z are bounded, smooth functions with

positive infimums. When Z(x) ≡ Z0 > 0, term u (Z2 − u2) is the derivative of a

typical double-equal-well potential.

By the theory of monotone dynamical systems (see, for example, [5]), it is easily

seen that, when ε is sufficiently small, (4) has at least three stationary solutions:

Z+, 0 and Z− such that Z± ≈ ±Z, and inf Z+(x) > 0 > sup Z−(x).

We discuss three cases:

(P1) A,B and Z are periodic in x.

(P2) A,B and Z are periodic in xn, not periodic but bounded in x′.

(AP) A,B and Z are almost periodic in x.

In case (P1) or (P2) holds, one can define a periodic traveling wave solution u of

(4), which means that

u(x′, xn, t + T ) = u(x′, xn − L, t), (x′, xn) ∈ Rn, t ∈ R,

for some T > 0, L > 0. [9] and references therein studied periodic traveling wave

solutions of (4).

Recently, Matano [6] studied the almost periodic traveling wave solutions of (4)

in case Z(x) ≡ 1 and (AP) holds, including the definition, existence, uniqueness,

asymptotic stability, speed estimate of such solutions.

From these works, we know that periodic traveling wave solutions (as well as

some almost periodic traveling wave solutions) which have average speed 0 must be

stationary ones. (In almost periodic case, there indeed exist propagating solutions

which have 0-average speed but not stationary ones). So we consider analogue of

De Giorgi’s conjecture for stationary solution of (4):

Conjecture. Assume ε > 0 is sufficiently small, (P1), or (P2), or (AP) holds.

If u is an entire stationary solution of (4) satisfying

(5) Z−(x) ≤ u(x) ≤ Z+(x), lim
xn→±∞

u(x) = Z±(x).

Then at least for n ≤ 8, the 0-level set of u: {x |u(x) = 0} must be the graph of a

function xn = xn(x′).

Moreover, function xn(x′) is periodic when (P1) holds, it is bounded when (P2)

holds, it is almost periodic when (AP) holds.

In case (P1) or (P2) holds, denote by X the period of A,B and Z in xn-direction.

From (5), one see that ∂u
∂xn

> 0 as in De Giorgi’s conjecture may be not always true,
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instead of that

u(x′, xn) < u(x′, xn + X), x ∈ Rn

may play a similar role and may be used as additional condition for the Conjecture.

In the following we discuss mean curvature flow equations and give another

version of our conjecture.

It is known that, taking singular limit in some reaction diffusion equations one

may obtain mean curvature flow equations (cf. [1], [7], etc.). For example, in [4],

we derived from (4) a mean curvature flow equation as ε → 0, which describes the

motion of the level set of u:

(6) V = (n− 1)a(x)κ + c(x)∇d(x) · n for x ∈ Γt

where, Γt := {x | u(x, t) = 0} is a hypersurface (also called interface) in Rn, n

is the normal direction on Γt, V denotes the normal velocity of Γt, κ is the mean

curvature, and a, b, c, d are some smooth functions.

Since the dimension of the interface Γt is n − 1, smaller than the dimension of

x, if one studies (6) instead of (4), more information about the interface such as the

shape should be easier to be known. Especially, in case n = 2, the interface reduces

to a simple plane curve. Thus, we can transform the above conjecture for reaction

diffusion equations to a conjecture for mean curvature flow equations.

We call a hypersurface Γ ⊂ Rn as an entire stationary solution of (6) if it satisfies

(6) with V ≡ 0 and it does not intersect itself and it separates the whole Rn into

two parts. In other words, Γ is a (n− 1)-dimensional manifold without boundary.

Conjecture∗. Assume a, b and c are periodic (or, almost periodic) functions

with inf a(x) > 0. If Γ is an entire stationary solution of (6), then at least for

n ≤ 8, Γ is the graph of a function xn = xn(x′).

Moreover, function xn is periodic (resp. almost periodic) in case a, b and c are

periodic (resp. almost periodic).

In case n = 2, hypersurface Γ is a curve in the plane. Conjecture∗ states that

any entire stationary curve of (6) must be periodic (or, almost periodic) oscillation

of a straight line.
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