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Abstract

All SL(n) contravariant symmetric matrix valued valuations on convex polytopes in
R™ are completely classified without any continuity assumptions. The general Lutwak-

Yang-Zhang matrix is shown to be essentially the unique such valuation.

1 Introduction

Let {e1,...,e,} be the standard basis of R". We write = (21, ..., x,) for the corresponding
coordinates. Let P(’g) denote the space of convex polytopes containing the origin in their
interiors in R". For P € Pf,, the Lutwak-Yang-Zhang (LYZ) matriz L(P) of P is the

(n x n)-matrix with coefficients (see [38])
L”(P) = Z ZP—(U)'LLin,
ueN(P) P(u)

where NV (P) denotes the set of all outer unit normals of facets of P and where ap(u) is the
(n — 1)-dimensional volume of the facet with unit normal v € S"! and hp(u) = max{z - u :

x € P} is the support function of P.
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For a general convex body (compact convex subset with nonempty interior) X C R™ that
contains the origin in its interior, an approximation (with respect to the Hausdorff metric)

allows us to define the LYZ matriz L(K) by an integral involving the L surface area measure
of K (see [38)]), i.e.,

LZ](K) = / uindSQ(K, U)
Sn—1

Here, the measure Sy (K, -) is absolutely continuous with respect to the classical surface area

measure Sk and has the Radon-Nikodym derivative

dSy(K,-) 1
dSx  hx
Therefore, with the standard inner product = -y for z,y € R", it generates the LYZ ellipsoid
' 5(K) of K by

[ o(K) =V V(K)ELx),

where V(K') denotes the n-dimensional volume of K and EF4 = {x € R" : - Ax < 1}.

The John ellipsoid is a fundamental tool in convex geometry and Banach space geometry
[4,5,20,40,44,50]. For each convex body K, its John ellipsoid is the unique ellipsoid of
maximal volume contained in K. In 2005, Lutwak, Yang and Zhang [40] extended the
classical John ellipsoid to the L, John ellipsoid in the framework of the L,-Brunn-Minkowski
theory. Indeed, the Ly John ellipsoid is just the LYZ ellipsoid I' _o(K’) which is in some sence
dual to the classical Legendre ellipsoid I's(K) of classical mechanics: the Legendre ellipsoid is
an object of the dual Brunn-Minkowski theory, while the LYZ ellipsoid is the corresponding
object of the classical Brunn-Minkowski theory (see [38]). Moreover, Lutwak, Yang and
Zhang [39] proved that I'_o(K) C I'y(K) which can be viewed as a geometrical analogue
of the Cramér-Rao inequality (see [7,45]). For more information on the LYZ ellipsoid, its
applications, and its connection to the Fisher information from information theory, see [9,
29,38,39].

The LYZ matrix defines a matrix valued valuation. A function p defined on a lattice

(L,V,A) and taking values in an abelian semigroup is called a valuation if

w(PV Q)+ uP AQ) = pu(P)+ n@Q) (1.1)

for all P,Q € L. A function p defined on some subset L of L is called a valuation on Lg
if (1.1) holds whenever P,Q, PV Q,P A Q € Ly. Valuations on the space of convex bodies
are a classical concept going back to Dehn’s solution of Hilbert’s Third Problem. Ever since
Hadwiger [17] proved his now classical characterization of the quermassintegrals (elementary
mixed volumes), the classification of valuations on the space of convex bodies and related

spaces has been an important subject in geometry. For detailed information and an historical



account, see [8,22 46]. See also [1-3,10-16,21,23-33, 35,42, 43] for some of the more recent

contributions.

In 2003, Ludwig [29] established the first characterization of the moment matrix and the
LYZ matrix. Let M" denote the set of symmetric (n x n)-matrices over R”. A function
from a topological space with values in a Euclidean space is called measurable if it is Borel
measurable. A function p : Py — M" is called GL(n) contravariant if there exists a ¢ € R
such that

p(¢P) = |det ¢|* =" u(P)o~"
for every P € P, and every ¢ € GL(n). Here det ¢ denotes the determinant of ¢ and ¢'

denotes the transpose of ¢. For a convex polytope P C R", the moment matriz M(P) of P
is the (n x n)-matrix with coefficients

P

Theorem 1.1 ( [29]). Let n > 3. A function p : Py — M" is a measurable GL(n)

contravariant valuation if and only if there exist constants c¢y,co € R such that
u(P) = clL(P) + e M(P*)
for every P € 73(’6), where P* denotes the polar body of P.

Haberl and Parapatits [15] established a classification of tensor valuations without any
homogeneity assumptions (see [3,6,18,19,33,34,37,49] for more information on matrix and
tensor valuations). Note that Ludwig’s definitions of GL(n) contravariance turn out to co-
incide with the corresponding definitions of tensors.

Recently, Ludwig and Reitzner [36] showed that the continuity assumptions can be re-
moved in the characterization of SL(n) invariant valuations on polytopes in P, the space of
convex polytopes containing the origin in R".

In 2019, the first author [41] obtained a characterization of the moment matrix on Py
without any continuity assumptions. Let P™ denote the space of convex polytopes in R™.
Here, let Q™ be either P or P". A function p : Q" — M" is called SL(n) equivariant if
w(dP) = ¢pu(P)¢' for every P € Q™ and every ¢ € SL(n). Correspondingly, a function
p: Q" — M™ is called SL(n) contravariant if

p(oP) = ¢~ u(P)o™

for every P € Q" and every ¢ € SL(n). A different notation for this identity is

(¢P) = ¢~" - u(P)

(see Section 2 for the definition of ).



Theorem 1.2 ( [41]). Letn > 3. A function p : P — M" is an SL(n) equivariant valuation

if and only if there exists a constant ¢ € R such that
p(P) = cM(P)
for every P € P.

We extend the LYZ matrix from convex ploytopes containing the origin in their interiors

to arbitrary convex ploytopes. Solutions f : R — R of Cauchy’s functional equation
fla+0b) = f(a)+ f(b), fora,beR

play an important role in this paper. For a solution of Cauchy’s functional equation ( : R —
R, the general LYZ matriz L¢(P) of P € P™ is defined by

e Y S,

2
weN (P)\{hp=0} hip(u)

The aim of this paper is to obtain a complete classification of SL(n) contravariant matrix
valuations on polytopes without any continuity assumptions. We are able to extend Ludwig’s

result to Py without any homogeneity assumptions or any continuity assumptions.

Theorem 1.3. Let n > 3. A function p: Py — M" is an SL(n) contravariant valuation if
and only if there exists a solution of Cauchy’s functional equation ¢ : R — R such that

pu(P) = L¢(P)
for every P € P§.

Similar to the classification of convex body valuations by Schuster and Wannerer [47] and
Wannerer [48], we further extend this result to P".

Theorem 1.4. Let n > 3. A function p : P™ — M" is an SL(n) contravariant valuation if
and only if there exist solutions of Cauchy’s functional equation (1,(s : R — R such that

:u(P> = LC1(P) + LCz([07P])

for every P € P", where [0, P| denotes the convex hull of the origin and P.

We remark that the characterization of SL(2) contravariant symmetric matrix valued

valuations on convex polytopes in R? is still an open question.



2 Notation and preliminary results

We work in the n-dimensional Euclidean space R™ with the standard basis {eq,...,e,}. We
write a vector x € R"™ in coordinates by x = (x1,...,x,). The standard inner product will
be written as x - y for vectors z,y € R™.

For A = (a;;) € M", we use the tensor representation, namely,

A= Z a;je; Q ej,

1<i<j<n

and write a;; = A(e;, ;). Moreover, for every ¢ € GL(n) and y1,y2 € R™, we define

(¢ : A) <y17 y2) = A(¢ty17 ¢ty2)a

which coincides with the action ¢pA¢" in Ludwig [21-23] in the following way

6-A= Y ay(de) @ (de)) = > aydle ®e;)d’ = pAg.

1<i<j<n 1<i<j<n

The affine hull, the relative interior and the dimension of a given set in R™ are denoted by

aff, relint and dim, respectively. Denote by [vq,. .., vg] the convex hull of vq,..., v, € R™. A
convex polytope is the convex hull of finitely many points in R™. Two basic classes of poly-
topes are the k-dimensional standard simplex T* = [0, e;,..., ;] and one of their (k — 1)-
dimensional facets T% = le1,...,ex]. Fori = 1,...,n, let 7% be the set of i-dimensional

simplices with one vertex at the origin and, let 7 denote the set of (i — 1)-dimensional sim-
plices T' C R™ with 0 ¢ aff T'. Indeed, every polytope can be triangulated into simplices. We
define a triangulation of a k-dimensional polytope P into simplices as a set of k-dimensional
simplices {7171, ...,T,} which have pairwise disjoint interiors, with P = UT; and with the
property that for arbitrary 1 <; < -+ < ¢; < r the intersections T3, N --- N T, are again
simplices.

Let Q™ be either Py or P™ and A be an abelian group. The following inclusion-exclusion

principle on valuations will be required (see [22] and [42, Theorem 3.1 and Lemma 3.3]).

Lemma 2.1. Let i : Q" — A be a valuation. Then

pPU-UR) = Y (D) R)

G#SC{1,2,....k} ies

forallk e N and Py,..., P, € Q" with P,U---U P, € Q™.

A valuation on Q" is called simple if it vanishes on every lower dimensional P € Q™. Using

triangulations of polytopes, a simple valuation is determined by its values on n-dimensional



simplices with one vertex at the origin (see [42, Lemma 3.4]). Furthermore, since these
simplices are SL(n) image of dilated standard simplices, we only need to consider s7™ for
s > 0. Similarly, it also suffices to consider sT* for s > 0 and k = 1,...,n to determine a
valuation on the space of polytopes that do not contain the origin in their affine hull.

Next, we mention a series of triangulations that will be used by several times in this
paper. Let A € (0,1) and denote by H the hyperplane through the origin with unit normal
vector (1 — A)e; — Aey. Set

H ={zeR":2-(1=XNe; —Xeg) >0} and H- ={z € R" : z- ((1 — Ne; — Aes) < 0}

Obviously, H* and H~ are the two halfspaces bounded by H. This hyperplane induces the
series of triangulations of T as well as T for i = 2,...,n. There are two representations

corresponding to these triangulations due to the following definitions.
Definition 2.1. For A € (0,1), define the linear transform ¢, € SL(n) by
prer = Aep + (1 — Nea, drex = €2, 916, =€, /N, dre; = e, where j # 1,2 n,
and ¥ € SL(n) by
Yrer = eq, Prea = Aeg + (1 — Neg, Yre, =e,/(1 —N), Yrej =e;, where j #1,2,n.
It is clear that
T'AHT =T, T'AH™ = ¢, T and T N H = ¢, T L.
Similarly,
T'NHY =T, T'"ONH =¢T and TN H = ¢, T
fori=2,...,n—1.
Definition 2.2. For A € (0,1), define the linear transform ¢, € GL(n) by
Baer = ey + (1 — Nea, ¢oes = ea, ¢oe; = e, where j =3,...,n,
and ¥, € GL(n) by
oer = eq, Yoes = Aey + (1 — N)eq, oe; =e;, where j =3,..., n.
It is clear that
ST N HT = posT™, sT" N H™ = ¢osT", and sT" N H = ¢osT" !,
for every s > 0. Similarly,
sST"NHT = 1/125‘%”, sT"NH™ = gbgsf”, and sT" N H = gbgsf”_l,

for every s > 0.
Finally, we have several reduction steps for SL(n) contravariant functions towards the

classification.



Lemma 2.2. Letn > 2, s > 0, and p : Py — M" be an SL(n) contravariant function.
Then, for k =0,...,n — 1, the coefficients u(sT*)(e;,e;) =0 for alli =1,...,n—1 and
g=1...,n.

Proof. Let i =1,...,n — 1, we consider p; € SL(n) such that
pi€n = €y —€;, piej =e;,where j=1...,n—1.
Since p; fixes sT*, the SL(n) contravariance of u gives
(T (ej, en) = plpisT*)(ej, en) = n(sT*) (o7 ez, p7 ' en)
= p(sT*)(ej, e+ €5) = p(sT*) (€5, €n) + u(T")(e5, €5),

which implies
(T (e, 05) = 0 (2.1)

fori,j =1,...,n— 1. The SL(n) contravariance of y also gives
p(pisT) (ens en) = p(sT*)(p; ens pi ' en)

(sT")(en + €5, €0 + €) (2.2)
(5T) (Ens 0) + BT (er, €5) + 20(5T) (e1,€2).

pu(sT*) (en, €n)

I
I

Combining with (2.1) and (2.2), we obtain
u(sT*)(ei,en) = 0

fori=1,...,n—1. [

Lemma 2.3. Letn > 2, s >0, and pu : Py — M" be an SL(n) contravariant function. Then,
w(sT*) =0 fork=0,...,n— 2.

Proof. By Lemma 2.2, it remains to show that u(s7%)(e,,e,) = 0. For k =0,...,n — 2, we
consider o € SL(n) such that

O€n_1 = —€n, 0€, =€y_1, 0€j=¢;,where j=1,...,n—2.
Since o fixes sT%, Lemma 2.2 and the SL(n) contravariance of yu give

0= pu(sT*)(en1, en1) = p(05T*)(en 1, €n1)
= u(sT*) (07 en_1, 0 en1) = pu(sT%)(en, ).

This completes the proof. O



Lemma 2.4. Letn >3, s >0, and pu : Py — M" be an SL(n) contravariant function. Then,
all the coefficients p(sT™)(e;, e;) are equal fori=1,... n.

Proof. For 1 =0,...,n — 3, we consider the permutation 6; such that
Orer1 = erys, Oern = e, Oieis = ego, Oiej = ej, where j # 1+ 1,1+ 2,1+ 3.
Since 6, fixes sT™, the SL(n) contravariance of u gives

p(sT™) (€41, €141) = p(sT™) (€142, €142) = p(sT") (€143, €143)-

Repeating the above for different [, we obtain the desired result. Il

Lemma 2.5. Letn >3, s >0, and o : Py — M" be an SL(n) contravariant function. Then,
all the coefficients p(sT™)(e;, e;) are equal for 1 <i < j <n.

Proof. Applying all these permutations ; defined in Lemma 2.4 within eq,...,e,. Since

these permutations fix s7", the SL(n) contravariance of x4 implies the lemma. O

3 The general LYZ matrix

Lemma 3.1. Let ( : R — R be a solution of Cauchy’s functional equation. The general LYZ
matriz operator Le : P* — M" is a simple valuation.

Proof. In order to prove that L is a valuation, we need to show that
L(PUQ)+L(PNQ)=Lc(P) + Le(Q) (3.1)

for all P,@Q € P" with PUQ € P". We distinguish three sets of unit vectors:

Ii={ue S" " hp(u) < ho(u)},
I :={u¢€ St hp(u) = ho(u)},
Iy:={ue 8" hp(u) > ho(u)}.

Note that the sets Iy, I3 are open and that hpyg = max{hp, hg} and hpng = min{hp, hg} if
PUQ is convex. For u € S"!, let H(K,u) denote the support plane, i.e.,

H(K,u)={z eR": 2z -u=hg(u)},



and F(K,u) = H(K,u) N K. Tt is well known that (see [46])
e (u) = F(K,u)
for every u € §"=1. For u € I, we have
apug(u) = aq(u), hpug(u) = ho(u), apng(u) = ap(u), hpng(u) = hp(u).

Analogous for I5. Note that

NP UQNApug =0}) NI = (N(@Q)\fhg =0}) N1y,

NP N QR\{hprg = 0}) NI = (N(P)\{hp =0}) N 11,

N(PUQN\hpug = 0}) NIz = (N(P)\{hp =0}) NI,

NP N QN Arng = 0}) NIz = (N(Q)\{hg = 0}) N 5.

Thus, we have

apug(u)hpug(u apnq(u)hpng(u
3 ((apug(u)hpug(u)) 3 ((apng(u)hprg(u))

2 Uit + 2
ue(N(PUQ)\{hpug=0})NI1 hp uQ (u) weWN(PNQ)\{hprno=0})NI1 hPﬂQ(u)

U Uy

n 3 ¢(apug(u)hpug(u)) 3 ¢(apng(u)hpag(u))

UZ‘Uj +

2 2 Uit
Ibug (u) ue(N(PNQ)\{hpno=0})NI3 hPﬂQ(u)

weW(PUQ)\{hpugo=0})NI3

ap(u)hp(u ap(uw)ho(u
_ 3 ((ap(u)hp(w)) 3 ((ag(u)hg(u))

we(N(P)\{hp=0})NI,

>=

2
wEW(Q\ho=01)NT olu)

C(ar(u)he(w) ((ag(u)higv)
" B o )

U; Uy

ueWN(P)\{hp=0})NI3 ueN(Q)\{he=0})NI3

for all 1 <4,7 < mn. It follows that (3.1) is equivalent to

UZ'U]' +

2 2 Uity
uEN(PUQ)\{hpug=0})NI2 hip uQ (u) ue(N(PNQ)\{hpno=0})NI2 hPﬂQ(“)

apug(u)hpug(u apnq(u)hpng(u
3 ¢(apug(u)hpug(u)) 3 ¢(apng(u)hpno(u))

ap(u)hp(u ap(uw)ho(u
B 3 ((ap(u)hp(u)) 3 ((ag(u)hg(u))

>

2 2
W (P)\(hp=0})N12 p(v) W@\ (hg=01)N12 o)

forall 1 <1,5 <n.



Fix u € S"7!. Since P~ ap(u), P € P" is a valuation, we have
apuq(u) + apng(u) = ap(u) + ag(u) (32)
for all P,Q € P™ with PU @ € P™. Note that
() = hpng(u) = he(u) = ho(u) (33)
for u € Is. Then,
apug(u)hpug(u) + apng(u)heng(u) = ap(u)hp(u) + aq(u)ho(u)

for u € I5. Since ( is a solution of Cauchy’s functional equation, we obtain

Clapug(uhrug()) | Clarne(Wheng(w)) _ Clar(whe(u))  ((ag(u)hq(u))

_ 3.4
W) W) ) 3 w) &4

for u € I, where P,@Q € P" with PUQ € P". Tt follows from (3.2) that
NPUQ)UN(PNQ)=N(P)UN(Q). (3.5)

Combining with (3.3), (3.4) and (3.5), we obtain the desired valuation property.

Next, we will show that the general LYZ matrix operator is simple via the following three
cases.

If dim P <n —2, it is clear that L:(P) = 0 as N'(P) = @.

If dim P =n —1 and 0 € aff P, then hp(+u) = 0, where +u are the outer unit normals
of P. Thus, N(P)\{hp = 0} = @. By the definition of the general LYZ matrix, we obtain
L:(P) = 0.

If dim P=n—1and 0 ¢ aff P, then hp(—u) = —hp(u) and ap(—u) = ap(u). Here
N(P) = {#u}. Hence, ap(—u)hp(—u) = —ap(u)hp(u). Since ¢ : R — R is a solution of
Cauchy’s functional equation,

Le(P) = ) SUAGLIA) Ui

2
wEN (P)\{hp=0} hip(u)

_ ap@he() - Gap(—uhp(-u)
e T R )

(—ui)(=u;) = 0

for all 1 <4,5 <n. We conclude that L:(P) = 0. O

Lemma 3.2. Let ( : R — R be a solution of Cauchy’s functional equation. The general LYZ

matriz operator Le : P" — M™ is SL(n) contravariant.

10



Proof. Let ¢ € SL(n). Note that

we N(P\{hp =0} < @€ NGP)\{hyp =0}

with
= o~ul| Lo (3.6)
and that
hop(a) = hp(d'a) = ¢~ ul| " hp(u). (3.7)
Furthermore,
agp (@) = [l ullap(u). (3.8)

Applying (3.6), (3.7), (3.8) and the definition of the general LYZ matrix, we obtain

Lo(6P) = 3 Clagp(@hp(@) .

2 ~
GeN (¢P)\{hyp=0} hip (@)

“tullap(u) ||~ ul| "t hp(u
_ 3 CUlo~ ullap(u)|l¢~" ul = hp(u))

Tl —t, 11—1 -t
o] 2k (u) (lo~"ul "t o) @ (||¢~"ul "¢ u)

ueN (P)\{hp=0}

2
weN (P)\{hp=0} hip(u)

=¢ " Le(P).

Thus, we have finished the proof of the SL(n) contravariance of the general LYZ matrix

operator. Il

4 Main results on Py

Lemma 4.1. Let n > 3 and pu : Py — M" be an SL(n) contravariant valuation. Then p is

simple.

Proof. Due to Lemma 2.3, it suffices to show that pu(7T""!) = 0. We use the triangulation in

Definition 2.1. Since p is a valuation, we have

(T + (o T"72) = (@ T + p(n T ).

Note that ¢1,1, € SL(n), the SL(n) contravariance of u gives
(") + o' - p(T72) = ot (T + 4t (1),

11



By Lemma 2.4, it follows that

p(T 1) = ot (T + 90t (T,

Thus,

(T (ensen) = o1 - (T ) (eny €n) + 07" n(T" ) (€n, )
— (T ) em, Aen) + (T (1 = Nen, (1= Ney)
= (1 =22+ 222 (T Y (en, en).

It means that
2A(1 = N u(T" Y (en, en) =0

for 0 < A < 1. Then, we must have u(7T"')(e,,e,) = 0. Combing with Lemma 2.2, we
obtain p(7T" 1) = 0. O

Lemma 4.2. Letn > 3, s > 0, and p : Py — M" be an SL(n) contravariant valuation.
Then, all the coefficients p(sT™)(ei, ;) are equal fori,j =1,...,n.

Proof. For s > 0, since y is a valuation, we have
P(ST™) + p(@2sT™ ) = p($2sT™) + p(thasT™).
Note that ¢o/An,1hs/(1 — \)w € SL(n), Lemma 4.1 and the SL(n) contravariance of y give
p(sT™) = (\rg3") - (A sT™) + (1= A) by ") - (1= A)wsT™).
By Lemma 2.4, it follows that

p(sT™)(er, 1)
1 11—\ 1 1—X

:)\%M(A%STTL) (—61 -

62) (1= N)7pu((1 = A)nsT™) (e, e1)

X\ AT T (4.1)
=Xa2[(2 = 20 4 A p(AwsT™) (eq, e1) — (2 — 2A) (A7 sT™) (e1, €2)]
(1= A)ap((1 = N)nsT™)(er, e1).
Also,
(ST (en, en) = X pu(A5 ST (e, ) + (1 = N7 p((1 = N)wsT™) (e, €0).  (4.2)
Lemma 2.4 implies that (4.2) is equivalent to
1(sT™) (e, e1) = An p(AnsT™) (e, 1) + (1 — N p((1 = N)wsT™)(eq, e1). (4.3)

12



Plug (4.3) into (4.1) and get
2(1 — A)(p(AnsT™)(eq, e1) — p(An sT™)(eq, e2)) = 0.
Since 0 < A < 1, we must have
,u()\%sT")(el, e1) = M(A%STH>(61, es).
Applying Lemmas 2.4 and 2.5, we complete the proof. [
Proof of Theorem 1.3. Lemmas 3.1 and 3.2 imply that the general LYZ matrix operator L
is an SL(n) contravariant valuation.

Conversely, let p : Py — M™ be an SL(n) contravariant valuation. Let s > 0. By using

the triangulation in Definition 2.2, we have
1 1 1 n 1
(s T") + pfosn T"Y) = pasn T") + pu(thasn T).

Note that ¢o/An,1hs/(1 — \)w € SL(n), Lemma 4.1 and the SL(n) contravariance of x give

1

p(sm ™) = Ay ") - pu((As) < T7) + (1= A) g ") - pl(((1 = N)s) = T™).
Thus,
p(s T (en, €n) = Arp((A8) 5T (e, €0) + (1= N7 (1= A)s) s T")(ens ). (4.4)
Setting © = As and iy = (1 — \)s, then (4.4) can be rewritten as
(x4 y) (@ +9) 2T (en, €0) = 0 p(a7T")(€ns €0) + Y iy = T7) (€n, €0).

Therefore,
(@ T™) (e, €n) = 7 o (),

where (p : R — R is a solution of Cauchy’s functional equation. Thus,

1m Co(s
p(snT™) (e, en) = 0(2).
Sn
Lemma 4.2 implies that
p(snT™) = if)l,

Sn
where 1 denotes the (n x n)-matrix where every element is one.
Let ( : R — R be a solution of Cauchy’s functional equation. By the definition of the
general LYZ matrix, we have
L(s7T™) = ncls/m);

2
Sn

13



Setting
C(s/nl) = Gols),
we obtain
p(smT") = L(swT™).
Therefore,
w(T) = Le(T)
for each T' € T". Finally, we dissect P € PJ into simplices with one vertex at the origin.

Since p is simple and by the inclusion-exclusion principle, we obtain

p(P) = L¢(P)
for each P € Py. O
5 Main results on P"
Since all the steps also work on T* for k = 1,...,n, including reductions in Lemmas 2.2-2.4

and triangulations in Definitions 2.1 and 2.2, we similarly have the following Lemma.

Lemma 5.1. Let n > 3 and p : P* — M" be an SL(n) contravariant valuation. Then
w(P) =0 for every P € P" with dim P <n — 2.

Next, we determine such valuations on every P € P" with dim P <n —1 and 0 € aff P.

Lemma 5.2. Let n > 3 and p : P* — M" be an SL(n) contravariant valuation. Then
u(P) =0 for every P € P" with dim P <n —1 and 0 € aff P.

Proof. Let P € P" with dim P <n—1and 0 € aff P. The case for 0 € P is already included
in Lemma 4.1. It suffices to consider such polytopes that do not contain the origin. Let
Fi, ..., F, be the facets of P wisible from the origin, i.e. P Nrelint [0, F;] = &. Since p is a

valuation, the inclusion-exclusion principle yields

0 = N([()?P])
=u(P)+ 3 pOE) =1 D w(0.BIN- N0
i=1 Py j=2 1<y << <r dim;rn—2

D NIILI RS N ST AR VALY,

j=2 1<y << <r

~
dim<n—3
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where the steps follow from Lemmas 4.1 and 5.1. 0

Now, we have the following characterization on the set of (n — 1)-dimensional polytopes

that do not contain the origin in their affine hull.

Lemma 5.3. Let n > 3 and p: P* — M" be an SL(n) contravariant valuation. Then there

exists a solution of Cauchy’s functional equation ¢ : R — R such that
u(P) = Le([0, P))
for every P € P™ with dim P =n—1 and 0 ¢ aff P.

Proof. First, it suffices to consider swT™ for s > 0. We use the dissection in Definition 2.2.

Since p is a valuation, we have
p(shT") + pl0p5n T ) = pl0psn T") + pltoasn T7).
Note that ¢ /An,1hs/(1 — A% € SL(n), Lemma 5.1 and the SL(n) contravariance of j give
p(snT") = (A03") - p((s)2 T7) + (1= A)n ) - (1= N)s)» 7).

Using a similar argument as in the proof of Theorem 1.2, we obtain that there exists a

solution of Cauchy’s functional equation (5 : R — R such that
u(sET) = Lo, (0, s57771)). (5.1)

Second, let P be an (n — 1)-dimensional polytope with 0 ¢ aff P. Triangulate P into
simplices T7,...,T,. Using the inclusion-exclusion principle, Lemma 5.2, (5.1), and Lemma

3.1, we get
p(P) = Yo u(T) = Y- Ley((0.13)) = L ([0, P

]

Proof of Theorem 1.4. Let (1,(s : R — R be the solutions of Cauchy’s functional equation.
Set

p(P) = L, (P) + L, (0, P])
for every P € P". For P,Q € P" with PU Q@ € P", we have [0, PUQ] = [0, P] U [0, Q] and
[0,PNQ] =0, P]N[0,Q]. Note that [0, pP] = ¢[0, P| for every ¢ € SL(n). Lemmas 3.1 and
3.2 show that p is an SL(n) contravariant valuation on P".

It remains to show the reverse statement. Let p : P" — M" be an SL(n) contravariant
valuation. By Theorem 1.2 and Lemmas 5.1-5.3, we can assume that P € P"\Py with

15



dim P = n. Let F}, ..., F, be the facets of P visible from the origin. Since p is a valuation, the

inclusion-exclusion principle yields that there exist solutions of Cauchy’s functional equation
51, (5 : R — R such that

L ([0, P) - = ([0, PT)

—uP)+ S u(0.E) =S S (0 F 00 F))
i1 \;7;0:’ = 1<iy < <ij<r P
= w0, FInP)+> (=17 > pu([0,F,]N---n[0,F ] N P)
=1 T J=2 1St <oy sr h din1‘<,n—3 ’

Since L, is a simple valuation, we have ZLG([Q Fj]) = Lg ([0, P]) — Lg, (P) and so is L,

i=1_

Finally, we finish the proof by setting (; = (1 — (. ]
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