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Abstract

All SL(n) equivariant symmetric matrix valued valuations on convex polytopes in
R™ are completely classified without any continuity assumptions. The unique ones turn
out to be the moment matrices corresponding to the classical Legendre ellipsoid and

the isotropic position.

1 Introduction

Let {e1,...,e,} be an orthonormal basis of R". We write © = (xy,...,x,) for the corre-
sponding coordinates. For a convex body (compact convex set) K C R™, the moment matriz
MK of K is the (n x n)-matrix with coefficients

/ x;xjde.
K

For a convex body K with nonempty interior, MK is positive definite. With the standard
inner product z - y for z,y € R", it generates the Legendre ellipsoid I' K of K by

[n+2
'K = E -
V(K) (MK) 17
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where V(K) denotes the n-dimensional volume of K and E4 = {z € R" : z - Az < 1} for
a matrix A. The Legendre ellipsoid 'K is a classical concept from mechanics. When it is
centered at the barycenter of K, the Legendre ellipsoid is the unique ellipsoid that shares
the same moment of inertia with K about every axis passing through its barycenter (see
[22,35-37]).

The moment matrix also provides a connection to the asymptotic theory of convex bodies.
We call a convex body K isotropic if its moment matrix is a multiple of the identity matrix.
In this case, the isotropic constant Ly is the constant defined by

Li = / (z-0)*dx
K

for every unit vector 6. One of the main open problem in the asymptotic theory asks for a
universal upper bound of Lx for all isotropic convex body K with volume 1. The best result
so far is Klartag’s improvement on Bourgain’s estimate (see [4, 18]).

Moment matrices define a class of matrix valuations. A function p defined on a lattice
(L£,N,U) and taking values in an abelian semigroup is called a valuation if

u(P) + (@) = n(PUQ) + (PN Q) (L1)

for every P, € L. A function u defined on some subset Ly of L is called a valuation on Lg
if (1.1) holds whenever P,Q,PUQ,PNQ € Ly.

The study and classification of geometric notions which are compatible with transforma-
tion groups are important tasks in geometry as proposed in Felix Klein’s Erlangen program
in 1872. As many functions defined on geometric objects satisfy the inclusion-exclusion prin-
ciple, the property of being a valuation is natural to consider in the classification of those
functions. Valuations also have their origins in Dehn’s solution of Hilbert’s Third Problem
in 1901. The most famous result is Hadwiger’s characterization theorem which classifies all
continuous and rigid motion invariant real valuations on the space of convex bodies in R™.
This celebrated result initiated a systematic study on the classification of valuations using
compatibility with certain linear maps and the topology induced by the Hausdorff metric.

These studies are also a classical part of geometry with important applications in integral
geometry (see [6, Chap. 7], [17], [40, Chap. 6]). They turned out to be extremely fruitful and
useful especially in the affine geometry of convex bodies. Examples are intrinsic volumes,
affine surface areas, the projection body operator and the intersection body operator (see
[1,2,7-12,16,19-21, 23-25,27-30, 32, 38, 39]).

The aim of this paper is to obtain a complete classification of SL(n) equivariant matrix
valuation on P", the space of convex polytopes in R”, without any continuity assumptions
(see Section 2 for definitions). In 2003, Ludwig [26] established the first characterization of
the moment matrix and the Lutwak-Yang-Zhang (LYZ) matrix. Let P, denote the space of
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convex polytopes containing the origin in their interiors and M" denote the set of symmetric
(n x n)-matrices over R". Here, a function with values in an Euclidean space is called
measurable if the preimage of every open set is a Borel set with respect to the corresponding
topology. A function p : Py — M" is called GL(n) equivariant if

n(¢P) = |det ¢|* ou(P)¢"

for every P € 73(”0), ¢ € GL(n) and some ¢ € R, where det ¢ denotes the determinant of ¢ and
¢! denotes the transpose of ¢. For P € Plo), the LYZ matriz of P is defined as the matrix

M_5(P) with coeflicients
AU
— h(u) "

where we sum over all unit normals u of facets of P and where a(u) is the (n —1)-dimensional
volume of the facet with normal v and h(u) is the distance from the origin to the hyperplane
containing this facet.

Theorem 1.1. Let n > 3. A function pu : Pl — M" is a measurable GL(n) equivariant
valuation if and only if there are constants ci,co € R such that

,u(P) = ClMP+ CQM,QP*
or every P € PJ},, where P* denotes the polar body of P.
(0)

An improvement is included in Haberl and Parapatits’s classification of tensor valuations
[13] without any homogeneity assumptions (see [3,5,14, 15,30, 31, 34] for more information
on matrix and tensor valuations). Note that Ludwig’s definition of GL(n) equivariance turns
out to coincide with those of tensors (see Section 2 for details).

Recently, Ludwig and Reitzner [33] established a characterization of SL(n) invariant val-
uations on P"™ without any continuity assumptions.

Theorem 1.2. A function pu : P™ — R is an SL(n) invariant valuation if and only if there
are constants cg, ¢y, dyg € R and solutions o, 5 : [0,00) — R of Cauchy’s functional equation
such that

2(P) = coVo(P) + co(= )™ eting p(0) + a(V(P)) + doxp(0) + B(V ([0, 1))

for every P € P™, where Vy denotes the Euler characteristic, [0, P] denotes the conver hull
of P and the origin and x denotes the indicator function.

Afterwards, Zeng and the author [43] obtained a classification of the moment vector on
P" again without any continuity assumptions. Here, a function v : P" — R" is called SL(n)

covariant if v(¢pP) = ¢v(P) for every P € P™ and ¢ € SL(n).
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Theorem 1.3. Let n > 3. A function v : P" — R™ is an SL(n) covariant valuation if and
only if there are constants ¢y, co € R such that

v(P) = eym(P) + ecom([0, P))
for every P € P", where m(P) denotes the moment vector of P.

Let P§ denote the space of convex polytopes containing the origin. We are able to show
that the moment matrix is essentially the unique SL(n) equivariant matrix valuation on
Py. Let Q" be either P or P". A function p : Q" — M" is called SL(n) equivariant if
p(oP) = ¢ - u(P) for every P € Q" and ¢ € SL(n) (see Section 2 for details on the operation
¢ - p(P)).

Theorem 1.4. Let n > 3. A function pu : P§ — M™ is an SL(n) equivariant valuation if and
only if there is a constant ¢ € R such that

u(P) =cMP
for every P € Py.

Similar to the classification of convex body valuations by Schuster and Wannerer [41] and
Wannerer [42], we further extend this result to P".

Theorem 1.5. Letn > 3. A function pu : P" — M" is an SL(n) equivariant valuation if and
only if there are constants cy,co € R such that

pu(P) = cMP + coM[0, P|
for every P € P™.

These results can be viewed as a first step to establish such classifications of tensor
valuations.

2 Notation and preliminary results

We work in n-dimensional Euclidean space R"™. Here, we denote the orthonormal basis by
{e1,...,en}. We write a vector x € R™ in coordinates by © = (x1,...,2,). The inner product
of z,y € R" is denoted by x - y. The affine hull, the dimension and the relative interior of a
given set in R are denoted by aff, dim and relint , respectively.

Let A = (a;;) € M". We use the tensor representation, namely

A = Z aijei (24 ej,

1<i<j<n
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and write a;; = A(e;, e;). Moreover, in the view of tensor, for every ¢ € GL(n) and y;,y2 €
R", we define (¢- A)(y1,y2) = (Ao ") (y1,y2) = A(P'y1, d'y2). Indeed, this notation coincides
with the action ¢A¢' in Ludwig [26,30,31] in the following way

¢-A= Z aij(¢e;) @ (ge;) = Z aijp(e; ® e;)¢" = gAY,
1<i<j<n 1<i<j<n

Denote by [v1, ..., vg] the convex hull of vy, ..., v, € R™. A convex polytope is the convex
hull of finitely many points in R”. Two basic classes of polytopes are the k-dimensional stan-
dard simplex T% = [0, ey, . .., e;] and one of their (k — 1)-dimensional facets T% = [ey, ..., ex].
Indeed, every polytope can be triangulated into simplices. We define a triangulation of
a k-dimensional polytope P into simplices as a set of k-dimensional simplices {T7,...,T},}
which have pairwise disjoint interiors, with P = UT; and with the property that for arbitrary
1 <4y <--- <i; <r the intersections T;, N ---NT;, are again simplices.

We refer to [6, Chap. 7], [17] and [40, Chap. 6] for classical backgroud on valuations. Let
Q" be either P or P" and A be an abelian group. First, we have the inclusion-exclusion
principle (see [17] and [38, Theorem 3.1 and Lemma 3.3]).

Lemma 2.1. Let p: Q" — A be a valuation. Then

,lJ,(PlLJ"'UPk) = Z (_1)‘S‘71N<m Pl)

@£SC{1,2,....k} i€s
forallk € N and Py, Py,..., P, € Q" with PLU---U P, € Q".

A valuation on Q" is called simple if it vanishes on every lower dimensional P € Q". Using
triangulations of polytopes, one can determine a simple valuation on P} by its value on n-
dimensional simplices with one vertex at the origin (see [38, Lemma 3.4]). Furthermore, since
these simplices are SL(n) images of dilated standard simplices, we only need to consider s7™
for s > 0. Similarly, it also suffices to consider sT*’s for s > 0 and k = 1, ..., n to determine
a valuation on the space of polytopes that do not contain the origin in their affine hull.

Next, we mention a series of triangulations that will be used several times in this paper.
Let A € (0,1) and denote by H the hyperplane through the origin with the normal vector
(1 — X)eg — Neg. Write H™ and H~ for the two halfspaces bounded by H. This hyperplane
induces the series of triangulations of T%s as well as T¥s for i = 2,...,n. There are two
representations corresponding to these triangulations due to the following definitions.

Definition 2.1. For A € (0,1), define the linear transform ¢1 € SL(n) by
prer = ey + (1 — Nea, ¢rea = €2, pre, = e,/ Ppr1e; =e;, where j #1,2.n,
and 1y € SL(n) by
Yre; = e, Prea = Aer + (1 — Nea, tre, =e,/(1 —N), ¢1e; = e, where j #1,2,n.
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It is clear that T"N HT = T, T'"NH™ = ¢,T" and T" N H = ¢, T"'. Similarly,

T'NHY =T T'NH =¢T and T"NH = T fori =2,...,n— 1.
Second, we consider the triangulation of sT™ for s > 0.

Definition 2.2. For A € (0,1) and s > 0, define the linear transform ¢, € GL(n) by
o1 = Aep + (1 — N)ea,  ¢oes =e2, ¢oe; =¢€;, wherej=3,...,n,
and ¥, € GL(n) by

Yoe; = ey, ey = Aer + (1 — Nea, oej =e;, wherej=3,...,n.

It is clear that sT"NH* = YosT™, ST"MH™ = ¢osT™ and sT"NH = ¢osT™ 1. Similarly,

ST N HT = hosT", sST" N H™ = ¢hosT™ and sT" N H = ¢osT™ L.

Finally, we have several reduction steps for SL(n) equivariant functions towards the clas-

sification.

Lemma 2.2. Let p : Py — M" be an SL(n) equivariant function. Then, for k =1, ...

the coefficients u(T%)(e;, e;)’s are equal for alli=1,... k.
Proof. The case k = 1 is trivial. For k = 2, we consider o; € SL(n) such that
o161 = €3, 0162 =€y, 016, = —e€,, 016; =¢€;, Wwherej# 1,2 n.
Since oy fixes T2, the SL(n) equivariance of p gives
w(T?)(er,e1) = p(o1T?)(er, e1) = w(T?)(o1e1, 01e1) = p(T?) (€2, €2).

Now we assume k£ > 3. For [ =0,...,k — 3, consider the permutation 6, such that

therrr = ey, Orero = epq1, theys = e, Oie; = e;, where j # 1+ 1,1+ 2,1+ 3.

Since 6, fixes T*, the SL(n) equivariance of u gives

(T (er1, 1) = p(TF) (€10, e12) = p(TF) (€143, €143)-

Repeating the above for different [’s, we obtain the desired result.

Lemma 2.3. Let p : P} — M" be an SL(n) equivariant function. Then, for k = 2, ..

the coefficients u(T")(e;, e;)’s are equal for all 1 <i < j < k.

7n7

]

‘7n7

Proof. The case k = 2 is trivial. For k > 3, we apply all the possible permutations 6; defined
in Lemma 2.2 within ey, ..., e,. Since these permutations fix 7%, the SL(n) equivariance of

i implies the lemma.
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Lemma 2.4. Let i : P} — M" be an SL(n) equivariant function. Then, fork=1,...,n—1,
the coefficients u(T*)(e;, e;) =0 foralli=1,....k and j =k +1,...,n.

Proof. For k=1,....n—2and k+1 < 1; <ly <n, we consider o5 € SL(n) such that oy
reflects e;, and ey, i.e.

o9e;, = —€y,, O9€, = —€y,, T2ep = €p, where p # 14, [5.
Since oy fixes T*, the SL(n) equivariance of u gives
N(Tk)(eiv ell) = N(UQTk>(ei= ell) = :U'(Tk)(o-éeiv O-éell)
= N(Tk)(eh _ell) = _M(Tk)(eiv 6l1)a

which implies u(T%)(e;, e;,) = 0, where i = 1,...,k. Repeating the above for different I;’s
and [y’s, we obtain the desired result in this case.

To see the case kK = n — 1, we apply o7 defined in Lemma 2.2. Similarly, since o; fixes
T™=1, the SL(n) equivariance of u implies the lemma. N

Lemma 2.5. Let i : P — M" be an SL(n) equivariant function. Then, fork =0,...,n—1,
the coefficients u(T*) (e, e;) =0 foralli =k +1,...,n.

Proof. For k =n — 1, we consider p; € SL(n) such that
P1€n = €n_1 + €y, pie; = e;, where j =1,...,n—1.
Since p; fixes T""!, the SL(n) equivariance of y gives

,U(Tnil)(enfh en) = ,U(plTnilxenfl’ en) = ,U(Tnil)(pienfla pi€n)
= /L(Tn_l)(en—l + en, ) = /L(Tn_l)(en—h en) + /‘(Tn_l)(em €n),

which implies u(7" 1) (e, €,) = 0.
For k = n—2, we apply p; again and similarly obtain u(7"2)(e,, e,) = 0. Now, consider
o3 € SL(n) such that

03€6p_1 = €y, 036 = —€n_1, 03€; = €, where j =1,...,n — 2.
Since o3 fixes T2, the SL(n) equivariance of p gives

M(Tn_Q)(en—la en—l) = M(USTn_Q)(en—la en—l) = :u(Tn_Q)(Uitien—h 0_;:6”_1)
= 1(T" ) (—en, —€n) = w(T")(en, ) = 0.

For k = 0,...,n — 3, we also apply p; and similarly obtain u(T*)(e,,e,) = 0. Next, we
use ¢, defined in Lemma 2.2 for different [ = k,...,n—3. Similarly, since these permutations
fix T%, the SL(n) equivariance of y implies the lemma. O
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Lemma 2.6. Let i : P} — M" be an SL(n) equivariant function. Then, fork =0,...,n—2,
the coefficients u(T*)(e;, e;) =0 for allk+1<i<j<n,

Proof. For k = n — 2, we apply p; defined in Lemma 2.5 and similarly since p; fixes T2,
the SL(n) equivariance of u gives

(T 2)(en-1,€n-1) = WP T"?)(en-1, €n-1) = (T ) (pr€n-1, pren-—1)
(T ) (en—1, en—1) + 20(T" %) (en-1, €n) + u(T""*)(en, €n)-

Now, Lemma 2.5 implies u(T"2)(ep,_1,€,) = 0.

For k =0,...,n—3, we apply p; as above again and similarly obtain u(T%)(e,_1,¢€,) = 0.
Next, consider all the possible permutations #; defined in Lemma 2.2 within ey q,...,e,.
Similarly, since these permutations fix 7%, the SL(n) equivariance of y implies the lemma. [

We remark that there are some similar results for 7" in [34].

3 Characterizations on P}

First, we consider s72 for s > 0 and obtain the following representation of such valuations.

Lemma 3.1. Letn >3, s > 0 and p : P} — M™ be an SL(n) equivariant valuation. Then,
there is a constant ¢ € R such that u(sT?) = cs*(e; ® €1 + €3 @ e3).

Proof. Due to Lemmas 2.2-2.6, it suffices to show the following. First, we use the triangula-
tion in Definition 2.1. Since p is a valuation, we have

p(T?) + (T = (1 T?) + p(ih T?).
Then, the equivariance of u gives
(1) + (1) 0 ¢y = u(T?) 0 ¢y + p(T?) 0 Uy
On one hand,
w(T?)(er,e1) + u(TH (Ner, Aer) = u(T?)(Ner, Aer) + u(T?)(er + Aea, e1 + Aea),
which implies

u(T?)(ex, e1)+X (T (e1, €1) = N pu(T?)(ex, e1)+u(T?) (e, e1)+2Mu(T?) (e1, €2)+Xu(T?) (€2, €2).



By Lemma 2.2, we get

Mu(TY) (e, e1) = 2Au(T?)(e1, e1) + 2u(T?)(eq, €2). (3.1)
On the other hand,
w(T?)(e1, e2)+u(TH)(Aer, (1=N)er+es) = u(T*)(Ner, (1=N)eg+ez)+u(T?) (e1+Aea, (1—N)ey).
It follows from Lemma 2.4 that

u(T?) (e, e2) + A1 = N)p(T) (ex, e1)
=M1 = Nu(T?)(er, e1) + Au(T?)(ers e2) + (1= N p(T?) (e, e2) + M1 — N)u(T%)(ea, e2).

By Lemma 2.2, we get
p(TH)(er, 1) = 20(T?) (e, e1). (3.2)

Thus, equations (3.1) and (3.2) imply u(7?)(e1, ez) = 0.
Next, let s > 0 and consider py € SL(n) such that

2 .
P21 = S€1, P26y = S€a, P2y = en/s . pP2ej = e, where 7 # 1,2, n.

Since poT? = sT?, the SL(n) equivariance of u gives

u(sT?)(er, e1) = p(p2T?)(ex, 1) = u(T?)(pher, pher)
= p(T?)(ser, se1) = s°u(T?)(er, e1).

Finally, we finish the proof by applying Lemma 2.2 again. [
Next, we treat the case n = 3 and obtain the following characterization.

Lemma 3.2. Let ji: Py — M3 be an SL(3) equivariant valuation. Then, there is a constant
c € R such that
pu(P) =cMP

for every P € P§.

Proof. Let s > 0. Due to Lemmas 2.2-2.6, it suffices to show that p is simple, p(sT?)(ey, e1) =
21(sT?)(e1, e2) and p(sT?) = s°u(T?) as the moment matrix satisfies those properties. We
use the triangulation in Definition 2.2. Since p is a valuation, we have

p(sT?) + p(asT?) = pa(dosT?) + pu(t0sT?).



Note that both ¢o/v/A and 15 /¥/1 — X belong to SL(3). The SL(3) equivariance of y gives
i(sT?) + p(VAST?) 0 (A7565) = p(VAST?) 0 (A756%) + p(VT = AsT?) o (1 = A)75¢5).
Replacing s by /s, we get
p(V/ST?) + p(VAST?) 0 (A364) = pu(VAST®) 0 (A7564) + pu( 3/ (1= N)sT?) o (1= A)"5¢h).
On one hand, Lemma 3.1 implies
(/5T (1, €5) = A3 p(VAST®) (Aer, e3) + (1= N) 75 p(/(1 = X)sT%)(ex + Aea, e5).

It follows from Lemma 2.3 that

(/5T (er, e3) = A3 u(VAST?) (e1, e2) + (1 4+ A)( (/A= N)sT) (e, e2).  (3.3)
On the other hand, Lemma 3.1 also implies
(/5T (ea, e3) = A3 u(VAST?) (1= N)er +e, e3) + (3 (1= N)sT?) (1= Nes, e3).

It follows from Lemma 2.3 that
(/ST (ex, €2) = (2 = MATSp(VAST?) (€1, ) + (1= N3 p(3/(1 = N)sT?)(er,e5). (34)
Thus, equations (3.3) and (3.4) imply
AT p(VAST?)(ex, €2) = (1= A) 73 u(/(1 = N)sT%) (ex, e2).

Let a,b > 0. Setting s =a+ b and A\ = we obtain

+b
a3 u(/aT?)(er, e2) = b3 pu(VOT%) (e1, e).

Hence,
p(sT?) (e, e2) = " u(T°)(er, €2). (3.5)

Moreover, Lemma 3.1 similarly implies the following equations. First,

p(VsT?) (er, en) + M(\B/ETQ)()\% /\61)
:)\’%u(\/g’ AsT?)(Ney, Aep) + (1 — 3/L (1= N)sT?)(e1 + Neg, e1 + Aea).
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It follows from equation (3.5) and Lemma 2.2 that
p(VsT?) (ers er) + N u(¥/sT%) (er, e1)
=23 (VAT (e1, e1) + (1 + A2 (1 = N) "3 p(Y/ (1 = N)sT?)(ex, e1) (3.6)
+2M(1 = Mu(V/sT?) (er, e2).
Second,
p(V/sT%) (ea, €2) + p(V/sT?)((1 = ey + ea, (1 — )\)61 + 62)
=N p(VAST?) (1 = Neq + ea, (1 — Neg +e2) + (1= N5 u(/ (1 = N)sT?) (1 = Aea, (1 — Nea).
It follows from equation (3.5), Lemma 2.2 and Lemma 3.1 that
p(V/sT%)(er,e1) + (A = 2X + 2)p (\3‘/_T2)(€1761)
—(A2 — 2\ + 2N 5 pu(VAST?) (er, e1) + w(/ (1= N)sT?)(eq, e1) (3.7)
+2)\(1 — ) (\/_T?’)(el,eg).
Next,
p(V/sT?)(er, ea) + p(V/sT?)(Nex, (1 — Ner + eo)
=X\ 3 (VAT (Ner, (1= Ner + e2) + (1= X) 73 u(Y/ (1 = X)sT?)(e1 + Aea, (1 — Nea).
It follows from equation (3.5), Lemma 2.2 and Lemma 3.1 that
AL = Nu(V/sT?) (e, e1)
=(1 = A5 p(VAST?) (1, e1) + A(1 = A5 (/1= N)sT?) (e, e1) (3.8)
+ 20\ = Du(V/sT%) (er, e2).
Thus, equations (3.6) and (3.7) imply

(/ST (er,e1) = A5 (VAT ) (er, 1) — A1 = A) 73 p(3/ (1= N)sT%) (er,en).  (3.9)

Furthermore, equations (3.8) and (3.9) imply
_5
3

]_ — \/ T 61,61 (\"‘/ET?’)(el,@).
Hence,
w(sT?)(er,e1) = 25°u(T?)(ey, e3). (3.10)
Putting (3.10) back to (3.9) we get u(sT?)(e1,e;) = 0. By Lemma 2.2 and Lemma 3.1, we
obtain p(sT?) = 0. Finally, (3.2) and Lemmas 2.4-2.6 imply p(7") = 0. O
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Now, we assume n > 4 and obtain the following Lemma.

Lemma 3.3. Let n > 4 and p : Py — M" be an SL(n) equivariant valuation. Then, p is
simple.

Proof. Due to Lemmas 2.2-2.6, it suffices to show that u(T%)(ei,e1) = u(T%)(e1,e9) = 0 for
k=1,...,n — 1. First, consider T°. We use the triangulation in Definition 2.1. Since y is a
valuation, we have

W(T%) + (1 T%) = (6 T%) + p(n T°).
Then, the equivariance of u gives
W(T°) + u(T?) 0 ¢y = W(T%) 0 ¢ + p(T?) 0 ¢y,
It follows from Lemma 3.1 that

u(T?) (e, e3) = p(T%)(Ner, e3) + pu(T?) (e1 + Aea, €3).

Thus, Lemma 2.3 imply
w(T?)(eq, e9) = 0. (3.11)

Moreover, we similarly have, on one hand,
w(T?)(e1,e1) + u(T*)(Ney, Aer) = u(T?)(Ner, Aey) + u(T?)(er + Aea, e1 + ea).
Then, equation (3.11) and Lemma 2.2 imply
u(T?)(er,e1) = 2u(T%) (ex, €1). (3.12)
On the other hand,

() (ea, €2) + p(T?)((1 = Ner + ea, (1 — Ner + ea)
=u(T°)((1 = Ner + ez, (1= Ner +ea) + u(T°)((1 = Nea, (1 = Nea).

It follows from equation (3.11), Lemma 2.2 and Lemma 3.1 that

u(T%)(er,e1) = 0.

Therefore, using equations (3.2) and (3.12), we obtain
p(Th) = p(1%) = w(T%) = 0.

Now, assume n > 5 and
u(T1) =0, (3.13)
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for k =4,...,n — 1. We consider 7% and use the triangulation in Definition 2.1. Since p is
a valuation, we have

PTE) + (T = (@ T*) + p(en T).
Then, equation (3.13) and the equivariance of p give

p(T) = p(T*) 0 ¢ + p(T*) 0 by
On one hand,
p(T%) (e, e3) = p(T*)(Ney, e3) + u(TF)(er + Aea, e3).
It follows from Lemma 2.3 that
w(T*)(e1, e2) = 0. (3.14)
On the other hand,
(T (e1,e1) = u(TF)(Ner, Aex) 4+ pw(TF)(er 4 Aea, e + Aea).
It follows from equation (3.14) and Lemma 2.2 that

w(T*)(e1,e1) = 0.
Hence, we obtain p(T*) = 0. Finally, we use the induction on k and finish the proof. O
Finally, we finish the proof of the classification.

Proof of Theorem 1.4. On one hand, it is clear that the moment matrix operator is an SL(n)
equivariant valuation. On the other hand, since the case n = 3 is already included in Lemma
3.2, it remains to consider n > 4. Let s > 0. Due to Lemmas 2.2-2.6, it suffices to show that
p(sT™) = s 2u(T™) and pu(T™)(er, e1) = 2u(T™)(e1, e2) as the moment matrix satisfies those
properties. We use the triangulation in Definition 2.2. Since p is a valuation, we have

(ST™) + p(@2sT" 1) = p(9asT™) + p(thasT™).

Then, Lemma 3.3 implies

p(sT") = pa(p28T™) + p(epasT™).
Note that both ¢o/ /X and 15//T — X belong to SL(n). The SL(n) equivariance of u gives

p(sT") = p(V/AST™) 0 (A7) + (VT = AsT™) o (1 = N) 7).
Replace s by {/s and we have

p(/ST™) = p(V/AST™) o (A7) + p( /(1 = N)sT™) A) ).
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On one hand,

(/ST (1, e3) = A~ u( V/AST™)(Ney, e5) + (3 (1= N)sT™)(e1 + Ao, e3).

It follows from Lemma 2.3 that

1(/ST™) (eq, e2) = A0 pu(/AST™) (e1, e2) + (1 +A)(1 (/1= ")(e1,e2). (3.15)
On the other hand,

(/ST (€2, €5) = A~ pu(VAST™) (1= N)er+e3, e3)+ 1/ (L= N)sT™)((1=N)es, €3).
It follows from Lemma 2.3 that
pu(/sT™) (e, e2) = (2— A)A np(\/ sT™)(e1, e2) + p(A/ (1 — ")(e1, e2). (3.16)

Thus, equations (3.15) and (3.16) imply
(VST (e, €2) = (1= A) A u(R/(1 = \)sT™) (er, e2).
Hence,
w(sT™)(eq, e9) = s"2u(T™)(e1, e3). (3.17)

Moreover, we similarly have the following equations. First,
1(/ST™) (e, 1) = A~ (Y AST™) (e, Aer) + (1 — A) " w u(3/(1 — A)sT™)(e1 + Nea, €1 + Ae).
It follows from equation (3.17) and Lemma 2.2 that

(/ST (er, ex) =N (VAT (er, ex) + (14 A2)(1 = X)"nu( /(1= \)sT™)(ex, e1)

+2X(1 = N)pu(/sT") (e1, e2).
(3.18)

Second,

u(V/sT™) (2, €2) = "M(\/_Tn)(( Aer + ea, (1 —Aer + ez)
—f- \/ 1— Tn /\ 62,(1—)\)62).

It follows from equation (3.17) and Lemma 2.2 that

(/ST (e1, e1) =(A% — 24 + 2)A™ 7 (VAT (ex, e1) + (1 — N) 277 u( 3/ (1 = N)sT™)(eq, e1)

+2A(1 = N)u(/sT") (e1, e2).
(3.19)
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Thus, equations (3.18) and (3.19) imply

AT (NST™) (€1, 1) = (1 — A) " (/1 = N)sT™) (e, e1).
Hence,
w(sT™)(er,e1) = s"2u(T™) (e, e1). (3.20)
Finally, put (3.17) and (3.20) into (3.18) and we obtain u(7™)(e1,e1) = 2u(T™)(e1, €2). This
completes the proof. O

4 Characterizations on P"

Since all the steps also work on T%’s for k = 1, ..., n, including reductions in Lemmas 2.2-2.6
and triangulations in Definitions 2.1 and 2.2, we similarly obtain the following Lemma.

Lemma 4.1. Let n > 3 and p : P* — M" be an SL(n) equivariant valuation. Then,
u(P) =0 for every P € P" with dim P <n —2 and 0 ¢ aff P.

Next, we determine such valuations on every P € P™ with dim P <n — 1 and 0 € aff P.

Lemma 4.2. Let n > 3 and p : P* — M" be an SL(n) equivariant valuation. Then,
w(P) =0 for every P € P" withdim P <n —1 and 0 € aff P.

Proof. Let P € P" with dim P <n — 1 and 0 € aff P. The case 0 € P is already included
in Theorem 1.4. It suffices to consider such polytopes that do not contain the origin. Let
Fi, ..., F, be the facets of P wisible from the origin, i.e. P Nrelint [0, F;] = @. Since p is a
valuation, the inclusion-exclusion principle yields

0 =pn([0, P)
=u(P) + Zu(w) — ) (—1) Z M(lO,Fil] - N [O,Fz'j])
i=1 Py Jj=2 1<ip << <r 6‘7;(?

<

~SHEFEINP I S (RN N[0, F N0 P)

i=1 ~7 =2 1<y << <r

dim<n-—3

=u(P),
where the steps follow from Theorem 1.4 and Lemma 4.1. [

Now, we obtain the following characterization for (n — 1)-dimensional polytopes that do
not contain the origin in their affine hull.
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Lemma 4.3. Letn > 3 and p : P" — M" be an SL(n) equivariant valuation. Then, there is

a constant ¢ € R such that
u(P) = M0, P)

for every P € P™ with dim P =n —1 and 0 ¢ aff P.

Proof. First, we consider sT™ for s > 0 and use the triangulation in Definition 2.2. Since p
is a valuation, we have

p(ST™) + p(GasT" ) = p(928T™) + pltfasT™).

Similar to Theorem 1.4, we obtain that there exists a constant ¢ € R such that
u(sT™) = eM|0, sT™). (4.1)

Next, let P be an (n — 1)-dimensional polytope with 0 ¢ aff P. Triangulate P into
simplices T, ..., T,. Using the inclusion-exclusion principle, (4.1) and Lemmas 4.1-4.2, we

obtain
Z u(T3) = eM[0, P.

Finally, we finish the proof of the classification on P".

Proof of Theorem 1.5. Let P € P™. On one hand, it is clear that MP and M|0, P] are SL(n)
equivariant valuations. On the other hand, due to Theorem 1.4, Lemma 3.3 and Lemmas
4.2-4.3, it remains to consider full dimensional polytopes. Let Fi,..., F, be the facets of P
visible from the origin. Since p is a valuation, the inclusion-exclusion principle yields that
there are constants ¢q, co € R such that

M0, P] =p([0, P])

T

+Zu (0,ED =Y (=1 > w0, FJn--N[0,E])

=2 1<iy << <r

ne
S WEEINP I Y w(0.Fn-n [0, F )N P)

i=1 7 j=2 1<y << <r

~
dim<n-—2

<3

+Zu (0. F) = Y ul(Fy)

=1

—u(P) + & ZM[O,E] —c ZM[O,Fi],

i=1
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where the steps follow from Theorem 1.4, Lemma 4.1 and Lemma 4.3. Finally, we finish the
proof by setting ¢; = ¢; — ¢s. [
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