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Abstract: In this paper, we introduce the lower dimensional Busemann-Petty problem on the entropy
of log-concave functions: for two even log-concave functions f and g with positive and finite integrals
in R", if [, f(z)dz is smaller than [, . g(x)dz for every i-dimensional subspace H, whether
the entropy of f is larger than the entropy of g? Furthermore, partial answers to this problem are given,
which might provide a new path to study the long-standing lower dimensional Busemann-Petty problem

on convex bodies.
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1 Introduction

Let V;(+) and V(+) denote the i-dimensional and the n-dimensional Lebesgue measure respectively, and let G, ;
denote the Grassmann manifold of i-dimensional linear subspaces in R™. Let ' denote the set of n-dimensional
convex bodies containing the origin in their interiors, and let S”~! denote the Euclidean sphere. Throughout this
paper,weletl <7< n—1.

The lower dimensional Busemann-Petty problem which also called the generalized Busemann-Petty problem

asks: suppose that K and L are two origin-symmetric convex bodies in R™ so that
Vo—i(KNH) < V,_i(LNH),

for every H € G, ,,—;. Does it follow
V(K) < V(L)?

For ¢ = 1, it is the celebrated Busemann-Petty problem. To solve this problem, in [1], LUTWAK introduced the
notion of the intersection body of a star body, and the problem has affirmative answer for 2 < n < 4 and has
negative answer for n > 5 (see more references in [2-8]). For 2 <7 < n — 1,in [ 9 ], BOURGAIN etc. proved that
the problem has a negative answer for 4 < ¢ < n — 1. For 7 = 2 and ¢ = 3, it has still been an open problem in the
last two decades, and has gained extensive attention. In some special cases, the problem has made breakthroughs.
In [ 9 ], BOURGAIN etc. gave an affirmative answer for the case ¢ = 2, when L is a ball and K is close to L. In
[10], RUBIN gave an affirmative answer when the body with smaller sections is a body of revolution. However,
the problem remains unsolved in a general situation. In order to better study this problem, ZHANG in [11] and
KOLDOBSKY in [12] gave the definition of ¢-intersection body respectively. In [12], MILMAN pointed that two
types of generalizations of the notion of intersection bodies are not equivalent.

A function f: R™ — [0, +00) is log-concave if for every z,y € R™ and 0 < ¢ < 1, then we have

A=tz +ty) = fla) " fy)" (1)

The class of log-concave functions is an important concept in convex geometry. It helps establish the relationship
between functions and convex bodies. In some cases, we can translate the properties of convex bodies into some
special classes of log-concave functions. In recent years, questions related to the log-concave functions have been
widely discussed and studied to solve various kinds of problems, especially in Brunn-Minkwoski theory. Moreover,
it has been applied in many fields, not only in mathematics. See more references in [14-17].

In this paper, we study the lower dimensional Busemann-Petty problem on the entropy of log-concave functions.
For an integrable function f: R™ — R, the total mass functional J(f) is defined by

J(f)= | [flz)de.
RTL
If f is log-concave with positive integral, the entropy of f is defined by
Ent(f) = (z)log f(x)dz — J(f)log J(f).
R’Vl

In [18], FANG etc. introduced the Busemann-Petty problem on the entropy of log-concave functions. They established

the relationship between convex bodies and log-concave functions, and the problem has been solved completely.
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(18]

Theorem 1 The Busemann-Petty problem on the entropy of log-concave functions has affirmative answers

when 2 < n < 4 and has negative answers whenn > 5.

Motivated by FANG etc. [18], we consider the following question, which is called the lower dimensional

Busemann-Petty problem on the entropy of log-concave functions.

Question Suppose that i is fixed. Let f and g be two even log-concave functions with finite positive integrals

Ent(f) > Ent(g)?

in R™, so that

for every H € G, ,,—;. Does it follow

To solve our problem, we give the definition of i-intersection function I,, ; f. It helps to establish the relationship
between the log-concave functions and the lower dimensional Busemann-Petty problem. This is based on the work
of KOLDOBSKY etc. For a convex body K € K7, they defined its i-intersection body I, ; K in [12]. Additionally,
in [18], FANG etc. provided the definition of intersection functions to solve the functional Busemann-Petty problem.

We derive the following partial answer.

Theorem 2 The lower dimensional Busemann-Petty Problem on the entropy of log-concave functions in-

cludes the lower dimensional Busemann-Petty Problem.

2 Preliminaries

For a convex body K € K7, the support function of K is defined by
hMK,z) =sup{z-y:ye K}, forxeR",
where x - y is the usual inner product of  and y in R", and K ° denotes the polar body of K,
Ke={zeR":z-y<1lforally e K}.
The radial function of a convex body K is defined by
pr(z) = p(K,z) =max{\ > 0: Az € K}, forx € R"\ {o}. )

If a compact star-shaped set (with respect to the origin) with a positive continuous radial function about the variable
 is called a star body. Let S}’ denote the set of n-dimensional all star bodies containing origin in their interiors. The

radial function is positively homogeneous of degree -1, that is,
p(K, tx) =t p(K,z), fort>0.
For a star body K € S, the Minkwoski functional of K is defined by
lz]|lxk =min{\A > 0:2 € AK}.

Then, for z € R™\ {0}, we have p(K, z) = ||z[|5".
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Letting ¢ : R™ — R U {+00}, ¢ is convex if for every z,y € R™ and ¢ € (0, 1),
p((1 =tz +ty) < (1 —t)p(z) +te(y).
From the definition of log-concave function (1), every log-concave function f: R™ — [0, +00) has the form
f=e%.

For an integrable function f : R™ — [0, +00) with f(0) > 0 and any p > 0, in [19], BALL introduced the set
of Kp(f).

K,(f) = {:c eR": /O+OO Flra)rdr > f;") } .

From the definition of radial function (2), we have

+oo %
Pr, () (x) = (ﬁ/o prp_lf(r:v)dr) , forxz e R™\ {o}.

In [20], we get the following properties. Let f : R™ — [0, +00) be an integrable function with f(o) > 0. For every
p > 0, we have that

(i) o€ Ky(f):
(i) Kp(f) is a star-shaped set;
(iil) Kp(f) is symmetric if f is even;

) V()= 57 fyn £ (@)
From [12], KOLDOBSKY gave the definition of i-intersection bodies, that is, for two origin-symmetric star
bodies K and L in R", K is an i-intersection body of L if for every H € G, ,,—; such that

Vi(KNHY) =V, (LN H).
By the polar formula for the volume, the above equality can be written as the form

. 7 —
N e N
Sn—1nHL n—1t Jgn-1nHg

So a star body K is an i-intersection body, if there exists a star body L such that K=1,, ;L.

3 Main results and proofs

In this section, we study the lower dimensional Busemann-Petty problem on the entropy of log-concave func-

tions. First, we give the definition of ¢-intersection function.

Definition 1 Let f : R” — [0,+00) be a positive integrable function. The i-interscetion function I,, ; f:
R™ — [0, +00) is defined as

1 .
I if(x) = exp {—mmnh,imi(ﬂ} :

f:R™ — [0,400) with f(0) > 0 is an i-intersection function, if there exists a positive integral function g such
that f(x)=I, g9(x).

Now, we study the equivalence between i-intersection bodies and ¢-intersection functions.
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Lemmal Let f:R™ — [0, +00) be a positive continuous integrable function with f(o) > 0. Then, f is an
i-intersection function, if and only if /,,_;(f) is an é-intersection body.
Proof If f is an i-intersection function, according to definition 1, there exists a positive continuous integrable

function g with g(0) > 0 such that

1 .
f(x) =1,,9(x) = exp {—@Hﬂ}n,mni(g)} :

Meanwhile, by the definition of K,,_;(g), we have

1
_ 1 n\ n— 1
preusn @) = 1)L (2) 7 9(0) o1, i) @):

It is clear that K,,_;(f) is an i-intersection body.

Reversely, if K,,—;(f) is an i-intersection body, there exists an origin-symmetric star body L such that

P, () (@) = pr, ;1 (T).

Set g(z)=e~I7ll., g(0) = 1. A direct calculation yields K,,_;(g)=I'(n — i + 1)~ 7 L. Then, L=I'(n — i +

1) T K (9), and from the definition of i-intersection body, we have
Koi(f) = Tl = L g(Tn =i+ 1) 7 Ko i(9)) = T(n =i + 1) 1 iBKoni():
Thus,
. _1
P (@) =T =i+ 1)""pr, ke, i(g) (2)-

By the definition of K,,_;(f) and its radial function, we have

. +OO .
P?(:Z,i(]n,ig) (z) = (n— 1)/0 T g (re)dr
n n—i
:r(z)ﬁmK%Km@y

Therefore,

n 1
k2

1
PK,_.(5)(T) = cpK, _.(1,.9(x), c¢=T (;) Pn—i+1)"7.

By [18], for fixed p > 0 and ¢ > 0, we have K, (f) = tK,(g), if and only if f(z) = g(t~'z). Therefore, f is

an ¢-intersection function.

Next, we give the following lemma to better understand the relationship between the integral of log-concave

functions and the volume of star bodies.

Lemma 2 Let K be an origin-symmetric star body in R™, f(z) = e~lzllx forz e R™, H € Gy n—i. Then,
/ F@)de = T(n — i + DV_o(K 0 H),
RrNH
f(z)dz =T(n+ 1)V (K),
Rn

- f(@)log f(x)dz = —nl(n + 1)V (K).
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Proof By polar coordinates and the volume formula, we have

[ swar=[ e
R*NH R*NH

+o0o ) .
= / / proitlemeT (Koru) qudy
0 S»—1nH

+oo
=(n—9)Vu_i(KNH) / tni e dt
0

=T(n—i+1)V,_i(K N H).

Similarly, we have

/nf(a:)dx :/ emP (Kl qy

]Rn

+oo .

= P le P (Kr) qudy
0 Snfl

+oo
=nV(K) / thletde
0

=T(n+1)V(K),

and
[ sy fepta = [ e 005 2
+oo .
=— / / i lemr ) =1 ) dudr
0 sn—1
=-—nl'(n+ 1)V(K).
We also need the following geometric result.
Lemma 3['!] Let K be an i-intersection body in R” and let L be an origin-symmetric star body in R™ satis-
fying

Vo io(KNH) < Vo_i(L N H),

forevery H € G, ,—;. Then,
V(K) < V(L).

Now, we give the main results and their proofs.

Theorem 3 The lower dimensional Busemann-Petty problem on the entropy of log-concave functions has
affirmative answers for f(z) = e~ lI7llx and g(2) = e~ lI*llz | where 2 € R™, K is an i-intersection body in R” and

L is an origin-symmetric star body in R".

Proof Let K be an i-intersection body in R™ and let L be an origin-symmetric star body in R™, and let f(z) =
eIl and g(x) = e~ I#llz for z € R™. Since the function ¢ log t is increasing for ¢ > e~! and Ent(cf) = cEnt(f)
for a constant ¢, without loss of generality, we assume J(f) > e~ ! and J(g) > e~ . Now, for an arbitrary H €

Gryn—i» SUpPOse [i, -y f(2)dx < [ 5 9(x)dz. By lemma, this is equivalent to V,, (K N H) < V,, (L N H).
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By lemma , we have V(K) < V(L). Thus,

Ent(f) = - f(@)log f(x)dx — J(f)log J(f)
= —nI'(n+ DV (K) = T(n + 1)V (K) log(T'(n + 1)V (K))
> —nl'(n + 1)V(L) — T'(n + 1)V(L) log(T'(n + 1)V (L))
= Ent(g),

which completes the proof.

Finally, we further investigate the relationship between the original lower dimensional Busemann-Petty problem
and its version on the entropy of log-concave functions, which might provide a new path to study this long-standing

open problem.

Proof of theorem 2 Let K, L € K. Similar to [18], without loss of generality, we assume V' (K) > 1 and
V(L) > 1. Let H be an arbitrary (n — i)-dimensional subspace in R™, and let f(z) = e~ II*llx and g(x) = e~ lI=llz,

for x € R™. By lemma 2 , we have

/ f(@)dz =T(n—i+ 1)V,_;(K N H).
R"NH

Similarly,
J(f) =T(n+HV(K),
/n f(x)log f(z)dz = —nl'(n + 1)V (K).
Hence,
Ent(f) = - f(@)log f(x)dz — J(f)log J(f)
=-T(n+1)V(K)(n+logT'(n + 1)log V(K)).
Analogies hold for L.

Now, we assume V,,_;(K N H) < V,,_;(L N H) forevery H € G,, ,,—;, by lemma 2 , which is equivalent to

/ flz)da < / g(z)dz. If the lower dimensional Busemann-Petty problem on the entropy of log-concave
RPN H RPN H

functions has affirmative answer, we have Ent(f) > Ent(g), which implies V(K) < V/(L). Therefore, the lower

dimensional Busemann-Petty problem also has affirmative answer.

References:

[1] LUTWAKE. Intersection bodies and dual mixed volumes [J]. Advances in Mathematics, 1988, 71(2): 232-261.
[2] BUSEMANN H, PETTY C M. Problems on convex bodies [J]. Mathematica Scandinavica, 1956, 4: 88-94.

[3] GARDNER R J. Intersection bodies and the Busemann-Petty problem [J]. Transactions of the American Mathematical
Society, 1994, 342(1): 435-445.



310

J. Shanghai Normal Univ. (Nat. Sci.) Jun. 2023

[4]

[5]

[6]
[7]

[8]

[9]

[10]

[11]
[12]
[13]
[14]

[15]

[16]

[17]
[18]

[19]

[20]

GARDNER R J, KOLDOBSKY A, SCHLUMPRECHT T. An analytic solution to the Busemann-Petty problem on sections
of convex bodies [J]. Annals of Mathematics, 1999, 149(2): 691-703.

GIANNOPOULOS A. A note on a problem of H. Busemann and C. M. Petty concerning sections of symmetric convex
bodies [J]. Mathematika, 1990, 37(2): 239-244.

KOLDOBSKY A. Intersection bodies in R* [J]. Advances in Mathematics, 1998, 136(1): 1-14.

GARDNER R J,ZHANG G. Centered bodies and dual mixed volumes [J]. Transactions of the American Mathematical
Society, 1994, 345(2): 777-801.

ZHANG G. A positive solution to the Busemann-Petty problem in R* [J]. Annals of Mathematics, 1999, 149(2): 535-543.

BOURGAIN J, ZHANG G. On a Generalization of the Busemann-Petty Problem [C]// Convex Geometric Analysis,
volume 34 of Mathematical Sciences Research Institute Publications. Cambridge: Cambridge University Press, 1999:
65-76.

RUBIN B. The lower dimensional Busemann-Petty problem for bodies with the generalized axial symmetry [J]. Israel
Journal of Mathematics, 2009, 173: 213-233.

ZHANG G. Sections of convex bodies [J]. American Journal of Mathematics, 1996, 118(2): 319-340.
KOLDOBSKY A. Fourier Analysis in Convex Geometry [M]. Providence, RI: American Mathematical Society, 2005.
MILMAN E. Generalized intersection bodies are not equivalent [J]. Advances in Mathematics, 2008, 217(6): 2822-2840.

COLESANTI A. Brunn-Minkowski inequalities for variational functionals and related problems [J]. Advances in Mathe-
matics, 2005, 194(1): 105-140.

COLESANTI A, FRAGALA 1. The first variation of the total mass of log-concave functions and related inequalities [J].
Advances in Mathematics, 2013, 244: 708-749.

FANG N, ZHOU J. LYZ ellipsoid and Petty projection body for log-concave functions [J]. Advances in Mathematics,
2018, 340: 914-959.

LV S. A functional Busemann intersection inequality [J]. Journal of Geometric Analysis, 2021, 31(6): 6274—-6291.

FANG N, ZHOU J. The Busemann-Petty problem on entropy of log-concave functions [J]. Science China Mathematics,
2022, 65(10): 2171-2182.

BALL K. Logarithmically concave functions and sections of convex sets in R™ [J]. Studia Mathematica, 1988, 88(1): 69—
84.

ARTSTEIN-AVIDAN S, GIANNOPOULOS A, MILMAN V D. Asymptotic Geometric Analysis, Part I [M]. Providence,
RI: American Mathematical Society, 2015.

(% B35 3%)



