
Vol.52, No.3 Journal of Shanghai Normal University (Natural Sciences) Jun., 2023

DOI:10.3969/J.ISSN.1000-5137.2023.03.004
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Abstract: In this paper, we introduce the lower dimensional Busemann-Petty problem on the entropy

of log-concave functions: for two even log-concave functions f and g with positive and finite integrals

in Rn, if
∫

Rn∩H
f(x)dx is smaller than

∫
Rn∩H

g(x)dx for every i-dimensional subspace H , whether

the entropy of f is larger than the entropy of g? Furthermore, partial answers to this problem are given,

which might provide a new path to study the long-standing lower dimensional Busemann-Petty problem

on convex bodies.
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1 Introduction

Let Vi(·) and V (·) denote the i-dimensional and the n-dimensional Lebesgue measure respectively, and let Gn,i

denote the Grassmann manifold of i-dimensional linear subspaces in Rn. Let Kn
o denote the set of n-dimensional

convex bodies containing the origin in their interiors, and let Sn−1 denote the Euclidean sphere. Throughout this

paper, we let 1 6 i 6 n − 1.

The lower dimensional Busemann-Petty problem which also called the generalized Busemann-Petty problem

asks: suppose that K and L are two origin-symmetric convex bodies in Rn so that

Vn−i(K ∩ H) 6 Vn−i(L ∩ H),

for every H ∈ Gn,n−i. Does it follow

V (K) 6 V (L)?

For i = 1, it is the celebrated Busemann-Petty problem. To solve this problem, in [1], LUTWAK introduced the

notion of the intersection body of a star body, and the problem has affirmative answer for 2 6 n 6 4 and has

negative answer for n > 5 (see more references in [2-8]). For 2 6 i 6 n − 1, in [ 9 ], BOURGAIN etc. proved that

the problem has a negative answer for 4 6 i 6 n − 1. For i = 2 and i = 3, it has still been an open problem in the

last two decades, and has gained extensive attention. In some special cases, the problem has made breakthroughs.

In [ 9 ], BOURGAIN etc. gave an affirmative answer for the case i = 2, when L is a ball and K is close to L. In

[10], RUBIN gave an affirmative answer when the body with smaller sections is a body of revolution. However,

the problem remains unsolved in a general situation. In order to better study this problem, ZHANG in [11] and

KOLDOBSKY in [12] gave the definition of i-intersection body respectively. In [12], MILMAN pointed that two

types of generalizations of the notion of intersection bodies are not equivalent.

A function f : Rn → [0, +∞) is log-concave if for every x, y ∈ Rn and 0 < t < 1, then we have

f((1 − t)x + ty) > f(x)1−tf(y)t. (1)

The class of log-concave functions is an important concept in convex geometry. It helps establish the relationship

between functions and convex bodies. In some cases, we can translate the properties of convex bodies into some

special classes of log-concave functions. In recent years, questions related to the log-concave functions have been

widely discussed and studied to solve various kinds of problems, especially in Brunn-Minkwoski theory. Moreover,

it has been applied in many fields, not only in mathematics. See more references in [14-17].

In this paper, we study the lower dimensional Busemann-Petty problem on the entropy of log-concave functions.

For an integrable function f : Rn → R, the total mass functional J(f) is defined by

J(f) =
∫

Rn

f(x)dx.

If f is log-concave with positive integral, the entropy of f is defined by

Ent(f) =
∫

Rn

f(x) log f(x)dx − J(f) log J(f).

In [18], FANG etc. introduced the Busemann-Petty problem on the entropy of log-concave functions. They established

the relationship between convex bodies and log-concave functions, and the problem has been solved completely.
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Theorem 1[18] The Busemann-Petty problem on the entropy of log-concave functions has affirmative answers

when 2 6 n 6 4 and has negative answers when n > 5.

Motivated by FANG etc. [18], we consider the following question, which is called the lower dimensional

Busemann-Petty problem on the entropy of log-concave functions.

Question Suppose that i is fixed. Let f and g be two even log-concave functions with finite positive integrals

in Rn, so that ∫

Rn∩H

f(x)dx 6
∫

Rn∩H

g(x)dx,

for every H ∈ Gn,n−i. Does it follow

Ent(f) > Ent(g)?

To solve our problem, we give the definition of i-intersection function In,if . It helps to establish the relationship

between the log-concave functions and the lower dimensional Busemann-Petty problem. This is based on the work

of KOLDOBSKY etc. For a convex body K ∈ Kn
o , they defined its i-intersection body In,iK in [12]. Additionally,

in [18], FANG etc. provided the definition of intersection functions to solve the functional Busemann-Petty problem.

We derive the following partial answer.

Theorem 2 The lower dimensional Busemann-Petty Problem on the entropy of log-concave functions in-

cludes the lower dimensional Busemann-Petty Problem.

2 Preliminaries

For a convex body K ∈ Kn
o , the support function of K is defined by

h(K, x) = sup {x · y : y ∈ K} , for x ∈ Rn,

where x · y is the usual inner product of x and y in Rn, and K◦ denotes the polar body of K,

K◦ = {x ∈ Rn : x · y 6 1 for all y ∈ K} .

The radial function of a convex body K is defined by

ρK(x) = ρ(K, x) = max {λ > 0 : λx ∈ K} , for x ∈ Rn\ {o} . (2)

If a compact star-shaped set (with respect to the origin) with a positive continuous radial function about the variable

x is called a star body. Let Sn
o denote the set of n-dimensional all star bodies containing origin in their interiors. The

radial function is positively homogeneous of degree -1, that is,

ρ(K, tx) = t−1ρ(K, x), for t > 0.

For a star body K ∈ Sn
o , the Minkwoski functional of K is defined by

‖x‖K = min {λ > 0 : x ∈ λK} .

Then, for x ∈ Rn\ {o}, we have ρ(K, x) = ‖x‖−1
K .
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Letting ϕ : Rn → R ∪ {+∞}, ϕ is convex if for every x, y ∈ Rn and t ∈ (0, 1),

ϕ((1 − t)x + ty) 6 (1 − t)ϕ(x) + tϕ(y).

From the definition of log-concave function (1), every log-concave function f : Rn → [0, +∞) has the form

f = e−ϕ.

For an integrable function f : Rn → [0, +∞) with f(o) > 0 and any p > 0, in [19], BALL introduced the set

of Kp(f),

Kp(f) =
{

x ∈ Rn :
∫ +∞

0

f(rx)rp−1dr >
f(o)

p

}
.

From the definition of radial function (2), we have

ρKp(f)(x) =
(

1
f(o)

∫ +∞

0

prp−1f(rx)dr

) 1
p

, for x ∈ Rn\ {o} .

In [20], we get the following properties. Let f : Rn → [0, +∞) be an integrable function with f(o) > 0. For every

p > 0, we have that

(i) o ∈ Kp(f);

(ii) Kp(f) is a star-shaped set;

(iii) Kp(f) is symmetric if f is even;

(iv) V (Kn(f))= 1
f(o)

∫
Rn f(x)dx.

From [12], KOLDOBSKY gave the definition of i-intersection bodies, that is, for two origin-symmetric star

bodies K and L in Rn, K is an i-intersection body of L if for every H ∈ Gn,n−i such that

Vi(K ∩ H⊥) = Vn−i(L ∩ H).

By the polar formula for the volume, the above equality can be written as the form
∫

Sn−1∩H⊥
‖u‖−i

K du =
i

n − i

∫

Sn−1∩H

‖u‖−n+i
L du.

So a star body K is an i-intersection body, if there exists a star body L such that K=In,iL.

3 Main results and proofs

In this section, we study the lower dimensional Busemann-Petty problem on the entropy of log-concave func-

tions. First, we give the definition of i-intersection function.

Definition 1 Let f : Rn → [0, +∞) be a positive integrable function. The i-interscetion function In,if :

Rn → [0, +∞) is defined as

In,if(x) = exp
{
−

1
f(o)

‖x‖i
In,iKn−i(f)

}
.

f : Rn → [0, +∞) with f(o) > 0 is an i-intersection function, if there exists a positive integral function g such

that f(x)=In,ig(x).

Now, we study the equivalence between i-intersection bodies and i-intersection functions.
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Lemma 1 Let f : Rn → [0, +∞) be a positive continuous integrable function with f(o) > 0. Then, f is an

i-intersection function, if and only if Kn−i(f) is an i-intersection body.

Proof If f is an i-intersection function, according to definition 1, there exists a positive continuous integrable

function g with g(o) > 0 such that

f(x) = In,ig(x) = exp
{
−

1
g(o)

‖x‖i
In,iKn−i(g)

}
.

Meanwhile, by the definition of Kn−i(g), we have

ρKn−i(f)(x) = f(o)−
1

n−i Γ
(n

i

) 1
n−i

g(o)
1
i ρIn,iKn−i(g)(x).

It is clear that Kn−i(f) is an i-intersection body.

Reversely, if Kn−i(f) is an i-intersection body, there exists an origin-symmetric star body L such that

ρKn−i(f)(x) = ρIn,iL(x).

Set g(x)=e−‖x‖L , g(o) = 1. A direct calculation yields Kn−i(g)=Γ(n − i + 1)−
1

n−i L. Then, L=Γ(n − i +

1)
1

n−i Kn−i(g), and from the definition of i-intersection body, we have

Kn−i(f) = In,iL = In,i(Γ(n − i + 1)
1

n−i Kn−i(g)) = Γ(n − i + 1)
1
i In,iKn−i(g).

Thus,

ρKn−i(f)(x) = Γ(n − i + 1)−
1
i ρIn,iKn−i(g)(x).

By the definition of Kn−i(f) and its radial function, we have

ρn−i
Kn−i(In,ig)(x) = (n − i)

∫ +∞

0

rn−i−1In,ig(rx)dr

= Γ
(n

i

)
ρn−i

In,iKn−i(g)(x).

Therefore,

ρKn−i(f)(x) = cρKn−i(In,ig)(x), c = Γ
(n

i

)− 1
n−i

Γ(n − i + 1)−
1
i .

By [18], for fixed p > 0 and t > 0, we have Kp(f) = tKp(g), if and only if f(x) = g(t−1x). Therefore, f is

an i-intersection function.

Next, we give the following lemma to better understand the relationship between the integral of log-concave

functions and the volume of star bodies.

Lemma 2 Let K be an origin-symmetric star body in Rn, f(x) = e−‖x‖K , for x ∈ Rn, H ∈ Gn,n−i. Then,
∫

Rn∩H

f(x)dx = Γ(n − i + 1)Vn−i(K ∩ H),
∫

Rn

f(x)dx = Γ(n + 1)V (K),
∫

Rn

f(x) log f(x)dx = −nΓ(n + 1)V (K).
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Proof By polar coordinates and the volume formula, we have

∫

Rn∩H

f(x)dx =
∫

Rn∩H

e−ρ−1(K,x)dx

=
∫ +∞

0

∫

Sn−1∩H

rn−i−1e−ρ−1(K,ru)dudr

= (n − i)Vn−i(K ∩ H)
∫ +∞

0

tn−i−1e−tdt

= Γ(n − i + 1)Vn−i(K ∩ H).

Similarly, we have

∫

Rn

f(x)dx =
∫

Rn

e−ρ−1(K,x)dx

=
∫ +∞

0

∫

Sn−1
rn−1e−ρ−1(K,ru)dudr

= nV (K)
∫ +∞

0

tn−1e−tdt

= Γ(n + 1)V (K),

and

∫

Rn

f(x) log f(x)dx = −
∫

Rn

e−ρ−1(K,x)ρ−1(K, x)dx

= −
∫ +∞

0

∫

Sn−1
rn−1e−ρ−1(K,ru)ρ−1(K, ru)dudr

= −nΓ(n + 1)V (K).

We also need the following geometric result.

Lemma 3[11] Let K be an i-intersection body in Rn and let L be an origin-symmetric star body in Rn satis-

fying

Vn−i(K ∩ H) 6 Vn−i(L ∩ H),

for every H ∈ Gn,n−i. Then,

V (K) 6 V (L).

Now, we give the main results and their proofs.

Theorem 3 The lower dimensional Busemann-Petty problem on the entropy of log-concave functions has

affirmative answers for f(x) = e−‖x‖K and g(x) = e−‖x‖L , where x ∈ Rn, K is an i-intersection body in Rn and

L is an origin-symmetric star body in Rn.

Proof Let K be an i-intersection body in Rn and let L be an origin-symmetric star body in Rn, and let f(x) =

e−‖x‖K and g(x) = e−‖x‖L for x ∈ Rn. Since the function t log t is increasing for t > e−1 and Ent(cf) = cEnt(f)

for a constant c, without loss of generality, we assume J(f) > e−1 and J(g) > e−1. Now, for an arbitrary H ∈

Gn,n−i, suppose
∫

Rn∩H
f(x)dx 6

∫
Rn∩H

g(x)dx. By lemma , this is equivalent to Vn−i(K ∩H) 6 Vn−i(L∩H).



Vol.52, No.3 MA D, WANG Y L: The Lower Dimensional Busemann-Petty Problem on... 309

By lemma , we have V (K) 6 V (L). Thus,

Ent(f) =
∫

Rn

f(x) log f(x)dx − J(f) log J(f)

= −nΓ(n + 1)V (K) − Γ(n + 1)V (K) log(Γ(n + 1)V (K))

> −nΓ(n + 1)V (L) − Γ(n + 1)V (L) log(Γ(n + 1)V (L))

= Ent(g),

which completes the proof.

Finally, we further investigate the relationship between the original lower dimensional Busemann-Petty problem

and its version on the entropy of log-concave functions, which might provide a new path to study this long-standing

open problem.

Proof of theorem 2 Let K, L ∈ Kn
o . Similar to [18], without loss of generality, we assume V (K) > 1 and

V (L) > 1. Let H be an arbitrary (n − i)-dimensional subspace in Rn, and let f(x) = e−‖x‖K and g(x) = e−‖x‖L ,

for x ∈ Rn. By lemma 2 , we have
∫

Rn∩H

f(x)dx = Γ(n − i + 1)Vn−i(K ∩ H).

Similarly,

J(f) = Γ(n + 1)V (K),
∫

Rn

f(x) log f(x)dx = −nΓ(n + 1)V (K).

Hence,

Ent(f) =
∫

Rn

f(x) log f(x)dx − J(f) log J(f)

= −Γ(n + 1)V (K)(n + log Γ(n + 1) logV (K)).

Analogies hold for L.

Now, we assume Vn−i(K ∩ H) 6 Vn−i(L ∩ H) for every H ∈ Gn,n−i, by lemma 2 , which is equivalent to
∫

Rn∩H

f(x)dx 6
∫

Rn∩H

g(x)dx. If the lower dimensional Busemann-Petty problem on the entropy of log-concave

functions has affirmative answer, we have Ent(f) > Ent(g), which implies V (K) 6 V (L). Therefore, the lower

dimensional Busemann-Petty problem also has affirmative answer.
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