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1. Introduction

Due to practical applications, one of the important problems in the study of long-term behav
ior for stochastic differential equations (SDEs) is to consider various types of stochastic stability, 
including exponential stability in mean square, globally asymptotical stability in probability, 
and almost sure stability, which has been extensively and intensively investigated during past 
decades, see [10,11,16--18,20--23]. However, the existing literature primarily focuses on the sta
bility analysis of trivial or constant stationary solutions, both in finite-dimensional systems and 
infinite-dimensional frameworks. The main purpose of this paper is to establish the existence 
and global stability of nontrivial stationary solutions for SDEs by applying an abstract fixed 
point theorem for random dynamical systems (RDSs).

To be specific, in the finite-dimensional setting, Kozin [17] established fundamental results 
for linear stochastic systems, laying a rigorous foundation for subsequent research. Around the 
same period, Kushner [18] developed the Lyapunov function theory for strong Markov processes 
with applications to control problems. Building on these works, Kha’sminskii [16] made a com
prehensive work on the stability theory for solutions of Itô SDEs.

The investigation of stability for infinite-dimensional SDEs can go back by Haussmann [10] 
for linear systems and Ichikawa [11] for semilinear systems. These pioneering studies inspired 
significant follow-up work, including contributions by Caraballo and Real [4], Leha, Ritter and 
Maslowski [19], Liu [20] and Liu and Mao [21]. The primary tool employed in the research 
of stability for constant stationary solutions is the Lyapunov functional method, whose main 
challenge lies in constructing appropriate Lyapunov functions.

In contrast to constant stationary solutions, we are mainly interested in the asymptotical sta
bility of nontrivial stationary solutions. This issue has attracted limited attention in previous 
studies, such as [2,3,13--15]. For this problem, the Lyapunov functional method proves inade
quate, whereas techniques from RDSs can offer an effective solution approach. In fact, we can 
obtain much more information if the stochastic equation can induce an RDS, and then stationary 
solutions represent random attractors consisting of a single point, see [7--9]. Using this viewpoint, 
under the assumptions of commutativity on drift and diffusion coefficients, Caraballo, Kloeden 
and Schmalfuß [3] proved the existence of a unique stationary solution for semilinear stochastic 
evolution equations. In our recent works [13,14], we have demonstrated that the stochastic flow 
generated by SDEs admits a globally attracting random equilibrium, under the hypothesis that 
the nonlinear drift function is bounded and satisfies either monotonicity or anti-monotonicity 
conditions.

In this paper, we shall first establish a concise and easily verifiable criterion (see Theorem 2.1) 
for guaranteeing the globally attracting random equilibrium of RDSs. In the applications, we 
only consider the global stability of nontrivial stationary solutions for semilinear or nonlinear 
SDEs with additive or multiplicative white noise, respectively. Departing from the approaches 
in [3,13,14], we introduce a completely different technical route and significantly weaken the 
required assumptions, which is different from the classical Razumikhin methods and Lyapunov 
functionals for considering the global stability of trivial solutions. Actually, the methodology 
given here can also be extended to consider stochastic functional differential equations (SFDEs), 
stochastic partial differential equations (SPDEs) and related problems.

The rest of this paper is organized as follows. In Section 2, we introduce some basic notations 
and present an abstract criterion on the existence and global stability of random equilibria for 
random dynamical systems, see Theorem 2.1. In Section 3, we demonstrate the broad applicabil
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ity of Theorem 2.1 for the global stability of SDEs. In Section 4, we provide concluding remarks 
and give several open problems for future research.

2. An abstract criterion

In this section, we will prove an abstract criterion on the existence and global stability of 
random equilibria for RDSs. To do this, we need to introduce some basic definitions of RDSs, 
and then show our main results at the end of this section. The reader is referred to [1,5] for more 
details. Let (X,d) be a complete separable metric space (i.e., Polish space) equipped with the 
Borel σ -algebra B(X) and (Ω,F ,P ) be a probability space.

Definition 2.1. θ ≡ (︁Ω,F ,P , {θt , t ∈ R})︁ is called a metric dynamical system (MDS) if

θ : R× Ω ↦→ Ω, θ0 = id, θt2 ◦ θt1 = θt1+t2

for all t1, t2 ∈ R, which is 
(︁
B(R) ⊗ F ,F

)︁
-measurable. In addition, we assume that θtP = P

for all t ∈R.

Definition 2.2. An RDS on the state space X with an MDS θ is a mapping

φ :R+ × Ω × X ↦→ X, (t,ω, x) ↦→ φ(t,ω, x),

which is 
(︁
B(R+) ⊗ F ⊗ B(X),B(X)

)︁
-measurable such that for all ω ∈ Ω,

(i) φ(0,ω, ·) is the identity on X;
(ii) φ(t1 + t2,ω, x) = φ

(︁
t2, θt1ω,φ(t1,ω, x)

)︁
for all t1, t2 ∈R+ and x ∈ X;

(iii) φ(t,ω, ·) : X → X is continuous for all t ∈ R+.

Definition 2.3. A random variable R(ω) is said to be tempered with respect to the MDS θ ≡(︁
Ω,F ,P , {θt , t ∈ R})︁ if

sup
t≥0 

{︁
e−γ t |R(θ−tω)|}︁< ∞ f or all ω ∈ Ω and γ > 0.

Furthermore, a random variable R(ω) is said to be γ0-tempered (weakly tempered) with respect 
to the MDS θ ≡ (︁Ω,F ,P , {θt , t ∈R})︁ if

sup
t≥0 

{︁
e−γ t |R(θ−tω)|}︁< ∞ f or all ω ∈ Ω and γ ≥ γ0.

Remark 2.1. By Definition 2.3, a tempered random variable R(ω) must be γ0-tempered for all 
γ0 > 0. However, the inverse may not be true.

Definition 2.4. A random variable u : Ω → X is said to be a random equilibrium (or stationary 
solution) of the RDS (θ,φ) if it is invariant with respect to (θ,φ), i.e.

φ(t,ω)u(ω) = u(θtω) f or all t ≥ 0 and ω ∈ Ω.

3 



X. Lv Journal of Differential Equations 458 (2026) 114102 

In what follows, we can state our main results.

Theorem 2.1. Let (θ,φ) be an RDS with the state space X. Assume that (θ,φ) satisfies the 
following conditions:

(H1) There exist a real number λ > 0 and a random variable ˆ︁R(ω) such that for any x, y ∈ X,

d
(︁
φ(t, θ−tω, x),φ(t, θ−tω, y)

)︁≤ ˆ︁R(ω)e−λtd
(︁
x, y
)︁
, t ≥ t0, ω ∈ Ω, (1)

where t0 ≥ 0 is a positive constant;

(H2) For any x ∈ X, there exists a λ0-tempered random variable Rx(ω) such that

sup
t≥0 

d
(︁
φ(t, θ−tω, x), x

)︁≤ Rx(ω), ω ∈ Ω, (2)

where 0 < λ0 < λ.

Then there exists a unique random equilibrium U(ω) of the RDS (θ,φ) such that

lim 
t→∞φ(t, θ−tω, x) = U(ω) in X (3)

for any x ∈ X and ω ∈ Ω. Moreover, the random equilibrium U : Ω → X is λ0-tempered, i.e.,

d
(︁
U(ω), x

)︁≤ Rx(ω) (4)

for any x ∈ X and ω ∈ Ω.

Proof. First, we claim that for any x ∈ X, {φ(t, θ−tω, x) : t ≥ 0} is Cauchy in X, i.e., there exists 
a random equilibrium Ux : Ω → X such that

lim 
t→∞φ(t, θ−tω, x) = Ux(ω), ω ∈ Ω. (5)

In fact, using (H1) and (H2), for any t0 ≤ t1 < t2 and ω ∈ Ω, it is easy to see that

d
(︁
φ(t2, θ−t2ω,x),φ(t1, θ−t1ω,x)

)︁
=d
(︂
φ
(︁
t1, θ−t1ω,φ(t2 − t1, θ−t2ω,x)

)︁
, φ(t1, θ−t1ω,x)

)︂
≤ˆ︁R(ω)e−λt1d

(︁
φ(t2 − t1, θ−(t2−t1) ◦ θ−t1ω,x), x

)︁
≤ˆ︁R(ω)e−λt1 sup

t≥0 
d
(︁
φ(t, θ−t ◦ θ−t1ω,x), x

)︁
≤ˆ︁R(ω)e−λt1Rx(θ−t1ω)

=e−(λ−λ0)t1ˆ︁R(ω)e−λ0t1Rx(θ−t1ω)

≤e−(λ−λ0)t1ˆ︁R(ω) sup
t≥0 

{︁
e−λ0tRx(θ−tω)

}︁
4 
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−→ 0 as t1 → ∞, (6)

which implies that (5) holds. Besides this, we can also have that

φ
(︁
t,ω,Ux(ω)

)︁
=φ
(︁
t,ω, lim 

t̃→∞
φ(t̃, θ−t̃ ω, x)

)︁
by (5)

= lim 
t̃→∞

φ
(︁
t,ω,φ(t̃, θ−t̃ ω, x)

)︁
by continuity

= lim 
t̃→∞

φ(t + t̃ , θ−t̃ ω, x) by cocycle

= lim 
t̃→∞

φ(t + t̃ , θ−(t+t̃ ) ◦ θtω, x)

=Ux(θtω), t ≥ 0, ω ∈ Ω. (7)

That is, Ux(ω) is a random equilibrium. Furthermore, by (2) and (5), it is clear that

d
(︁
Ux(ω), x

)︁≤ Rx(ω) (8)

for all x ∈ X and ω ∈ Ω. Finally, we will show that for any x, y ∈ X,

Ux(ω) = Uy(ω), ω ∈ Ω. (9)

Since Ux(ω) and Uy(ω) are two random equilibria of (θ,φ), it follows that

φ
(︁
t, θ−tω,Ux(θ−tω)

)︁= Ux(ω), t ≥ 0 (10)

and

φ
(︁
t, θ−tω,Uy(θ−tω)

)︁= Uy(ω), t ≥ 0 (11)

for all ω ∈ Ω. Combining (1), (2), (8), (10) and (11), we can easily get that

d
(︁
Ux(ω),Uy(ω)

)︁
=d
(︂
φ
(︁
t, θ−tω,Ux(θ−tω)

)︁
, φ
(︁
t, θ−tω,Uy(θ−tω)

)︁)︂
≤ˆ︁R(ω)e−λtd

(︁
Ux(θ−tω),Uy(θ−tω)

)︁
≤ˆ︁R(ω)e−λt

[︁
d
(︁
Ux(θ−tω), x

)︁+ d
(︁
Uy(θ−tω), y

)︁+ d(x, y)
]︁

≤ˆ︁R(ω)e−λt
[︁
Rx(θ−tω) + Ry(θ−tω) + d(x, y)

]︁
=e−(λ−λ0)t ˆ︁R(ω)

[︁
e−λ0tRx(θ−tω) + e−λ0tRy(θ−tω) + e−λ0t d(x, y)

]︁
≤e−(λ−λ0)t ˆ︁R(ω)

(︄
sup
t≥0 

{︁
e−λ0tRx(θ−tω)

}︁+ sup
t≥0 

{︁
e−λ0tRy(θ−tω)

}︁+ d(x, y)

)︄
(12)
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where t ≥ t0 and ω ∈ Ω. Let t → ∞ in (12), it is immediate that (9) is true, which ends the 
proof. □
Remark 2.2. If there exists a x0 ∈ X such that φ(t,ω, x0) = x0 for all ω ∈ Ω and t ≥ 0, then x0
is a globally stable random equilibrium.

Remark 2.3. Actually, the constant t0 given in (H1) can depend on the parameter ω, which is 
independent of x and y.

Remark 2.4. In fact, the constant λ0 given in (H2) can depend on the initial value x.

Remark 2.5. For the case of discrete time, assumptions (H1) and (H2) can be replaced by the 
following version (H1’) and (H2’)

(H1’) There exist a real number λ > 0 and a random variable ˆ︁R(ω) such that for any x, y ∈ X,

d
(︁
φ(n, θ−nω,x),φ(n, θ−nω,y)

)︁≤ ˆ︁R(ω)e−λnd
(︁
x, y
)︁
, n ≥ n0, ω ∈ Ω,

where n0 ≥ 1 is a positive integer;

(H2’) For any x ∈ X, there exists a λ0-tempered random variable Rx(ω) such that

sup 
n∈N

d
(︁
φ(n, θ−nω,x), x

)︁≤ Rx(ω), ω ∈ Ω,

where 0 < λ0 < λ.

3. Applications

In this section, we will use Theorem 2.1 to consider the global stability of random equilibria 
for different stochastic systems, which will be divided into four parts. For tractability, we con
sider only the case of SDEs. Nevertheless, the core methodology can be generalized naturally to 
SFDEs, SPDEs and so on.

3.1. Additive white noise: globally Lipschitz condition

Firstly, we consider the following n-dimensional SDEs with additive white noise

dx(t) =
[︂
Ax(t) + f

(︁
x(t)
)︁]︂

dt + ΣdB(t), (13)

where B(t) = (B1(t), . . . ,Bm(t))T is an m-dimensional two-sided Brownian motion on the 
standard Wiener space (Ω,F ,P ). Here, F is the Borel σ -algebra of Ω = C0(R,Rm) =
{ω(t) is continuous, ω(0) = 0, t ∈ R}. In addition, A = (Aij )n×n is an n × n-dimensional ma
trix, f :Rn → Rn and Σ = (Σij )n×m is an n × m-dimensional matrix.

From now on, we set the Euclidean norm |x|:=( 
∑︁n

i=1|xi |2) 1
2 and ∥D∥:=( 

∑︁n
i=1
∑︁m

j=1|Dij |2) 1
2 , 

where x ∈ Rn and D ∈ Rn×m. Let us denote by θ the Wiener shift operator defined by 

6 
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θtω(·) = ω(t + ·) − ω(t) for all t ∈ R, which is an ergodic MDS. To our purpose, we will 
present some hypotheses on A and f :

(A1) The top Lyapunov exponent of Φ(t) = eAt is a negative real number. That is, there exist 
two positive constants λ > 0 and C > 0 such that

∥Φ(t)∥ :=
⎛⎝ n ∑︂

i=1 

n ∑︂
j=1 

|Φij (t)|2
⎞⎠

1
2

≤ Ce−λt (14)

for all t ≥ 0.

(A2) f is globally Lipschitz continuous, i.e.,

|f (x) − f (y)| ≤ L|x − y| (15)

for all x, y ∈Rn, where L > 0 is the Lipschitz constant satisfying LC
λ < 1.

Define φ1(t,ω, x) = x(t,ω, x) to be the unique solution of (13) with the initial value x(0) =
x ∈Rn, it is well known that (θ,φ1) is an RDS generated by (13). In what follows, we will show 
the asymptotic behavior of φ1.

Theorem 3.1. Assume that (A1) and (A2) hold, then there exists a unique random equilibrium 
V1(ω) of the RDS (θ,φ1) such that

lim 
t→∞φ1(t, θ−tω, x) = V1(ω) (16)

for any x ∈ Rn and ω ∈ Ω. Moreover, the random equilibrium V1 : Ω → Rn is tempered.

Proof. In order to use Theorem 2.1, it is sufficient to verify (H1) and (H2). Due to the variation
of-constants formula [22, Theorem 3.1], it is evident that

φ1(t,ω, x) = Φ(t)x +
t∫︂

0 

Φ(t − s)f
(︁
φ1(s,ω, x)

)︁
ds +

t∫︂
0 

Φ(t − s)ΣdB(s). (17)

Thus, for any different initial values x, y ∈ Rn, we deduce that

|φ1(t,ω, x) − φ1(t,ω, y)|

≤∥Φ(t)∥ · |x − y| +
t∫︂

0 

∥Φ(t − s)∥ · ⃓⃓f (︁φ1(s,ω, x)
)︁− f

(︁
φ1(s,ω, y)

)︁⃓⃓
ds

≤Ce−λt |x − y| + LCe−λt

t∫︂
0 

eλs |φ1(s,ω, x) − φ1(s,ω, y)|ds, (18)
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and then

eλt |φ1(t,ω, x) − φ1(t,ω, y)| ≤ C|x − y| + LC

t∫︂
0 

eλs |φ1(s,ω, x) − φ1(s,ω, y)|ds. (19)

Applying the Gronwall inequality, it is obvious that

|φ1(t, θ−tω, x) − φ1(t, θ−tω, y)| ≤ C|x − y|e−(λ−LC)t (20)

for all x, y ∈ Rn, t ≥ 0 and ω ∈ Ω, which proves (H1).
Furthermore, set

z1(t,ω) ≡ z1(θtω) =
t∫︂

−∞
Φ(t − s)ΣdB(s) (21)

for all t ∈R and ω ∈ Ω, which is the Ornstein-Uhlenbeck process satisfying the following a�ine 
SDEs

dz1(t) = Az1(t)dt + ΣdB(t). (22)

By (A1), it is easy to see that the random variable z1(ω) is tempered with respect to θ and 
z1(θtω) is continuous on R for any ω ∈ Ω, see Lemma 2.5.1 in [5] or Proposition 3.1 in [6]. Let 
φz1(t,ω, x) = φ1(t,ω, x) − z1(t,ω), applying Itô’s formula, it follows immediately that

d[φz1(t,ω, x)] = Aφz1(t,ω, x) + f
(︁
φz1(t,ω, x) + z1(t,ω)

)︁
, (23)

and then

φz1(t,ω, x) = Φ(t)x +
t∫︂

0 

Φ(t − s)f
(︁
φz1(s,ω, x) + z1(s,ω)

)︁
ds (24)

for all t ≥ 0 and ω ∈ Ω. Therefore, by (A1) and (A2), it is easily seen that

⃓⃓
φz1(t,ω, x)

⃓⃓≤Ce−λt |x| + Ce−λt

t∫︂
0 

eλs
(︁
L|z1(θsω)| + |f (0)|)︁ds

+ LCe−λt

t∫︂
0 

eλs
⃓⃓
φz1(s,ω, x)

⃓⃓
ds, (25)

which implies that
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eλt
⃓⃓
φz1(t,ω, x)

⃓⃓≤C|x| + C

t∫︂
0 

eλs
(︁
L|z1(θsω)| + |f (0)|)︁ds

+ LC

t∫︂
0 

eλs
⃓⃓
φz1(s,ω, x)

⃓⃓
ds. (26)

Using (26) and the Gronwall inequality, we have that

eλt
⃓⃓
φz1(t,ω, x)

⃓⃓≤ C|x|eLCt + C

t∫︂
0 

eLC(t−s)eλs
(︁
L|z1(θsω)| + |f (0)|)︁ds (27)

and so

⃓⃓
φz1(t,ω, x)

⃓⃓≤ C|x|e−(λ−LC)t + C

t∫︂
0 

e−(λ−LC)(t−s)
(︁
L|z1(θsω)| + |f (0)|)︁ds, (28)

which together with the definition of θ gives that⃓⃓
φz1(t, θ−tω, x)

⃓⃓
≤C|x|e−(λ−LC)t + C

t∫︂
0 

e−(λ−LC)(t−s)
(︁
L|z1(θs−tω)| + |f (0)|)︁ds

=C|x|e−(λ−LC)t + C

0 ∫︂
−t 

e(λ−LC)s
(︁
L|z1(θsω)| + |f (0)|)︁ds

≤C|x| + C

0 ∫︂
−∞

e(λ−LC)s
(︁
L|z1(θsω)| + |f (0)|)︁ds

≜˜︁R1
x(ω), (29)

where the second last inequality is based on the temperedness of z1(θtω), see Lemma 2.5.1 in 
[5] or Proposition 3.1 in [6]. Since LC < λ and z1 is tempered, by the similar argument in [15], 
we see at once that ˜︁R1

x(ω) is also a tempered random variable. Consequently,

|φ1(t, θ−tω, x) − x| ≤ |x| + ⃓⃓φz1(t, θ−tω, x)
⃓⃓+ |z1(ω)|

≤ |x| + ˜︁R1
x(ω) + |z1(ω)|

≜R1
x(ω) (30)

for all x ∈ Rn, t ≥ 0 and ω ∈ Ω. This together with Remark 2.1 shows that (H2) is true. The 
proof is complete. □
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3.2. Additive white noise: one-sided dissipative Lipschitz condition

Secondly, we study the following n-dimensional SDEs with additive white noise

dx(t) = g
(︁
x(t)
)︁
dt + ΣdB(t), (31)

where B(t) and Σ are given in (13), g :Rn → Rn is a continuously differentiable function satis
fying

(A3) For any x, y ∈ Rn,

⟨x − y,g(x) − g(y)⟩ ≤ −L|x − y|2, (32)

where L > 0 and ⟨·, ·⟩ is the standard inner product in Rn.

(A4) There exist constants a > 0, b > 0 and p ≥ 1 such that

|g(x)| ≤ a|x|p + b (33)

for all x ∈Rn.

Remark 3.1. In fact, for n ≥ 2, (A3) cannot generally be obtained from (A1). For example, set

A =
[︃

0 −2
3 −1

]︃
, (34)

it is a simple matter to check that the eigenvalues λ1,2 = −1±√
23i

2 ,

Φ(t) = e− t
2

⎡⎢⎢⎣ cos
(︂√

23
2 t
)︂

+ sin
(︂√

23
2 t
)︂

√
23

− 4 sin
(︂√

23
2 t
)︂

√
23

6 sin
(︂√

23
2 t
)︂

√
23

cos
(︂√

23
2 t
)︂

− sin
(︂√

23
2 t
)︂

√
23

⎤⎥⎥⎦ , (35)

and then

∥Φ(t)∥ = e− t
2

⌜⃓⃓⎷2 + 8 
23

sin2

(︄√
23

2 
t

)︄
≤ 3

√︃
6 

23
e− t

2 . (36)

On the other hand,

⟨x,Ax⟩ = x1x2 − x2
2 , x ∈R2, (37)

which implies that we can not find any L > 0 such that

⟨x,Ax⟩ ≤ −L|x|2, x ∈R2. (38)

That is, (A1) is true, but (A3) is false.

10 
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Set φ2(t,ω, x) = x(t,ω, x), where x(t,ω, x) is the solution of (31) with the initial value 
x(0) = x ∈ Rn. Thanks to the continuous differentiability of g, one-sided dissipative Lipschitz 
condition (A3) and the Ornstein-Uhlenbeck process, we can easily show that (θ,φ2) is an RDS 
generated by (31), see Theorem 2.1.1 and Corollary 2.1.1 in [5]. Our main results in this subsec
tion are the following theorems.

Theorem 3.2. Assume that (A3) and (A4) hold, then there exists a unique random equilibrium 
V2(ω) of the RDS (θ,φ2) such that

lim 
t→∞φ2(t, θ−tω, x) = V2(ω) (39)

for any x ∈ Rn and ω ∈ Ω. Moreover, the random equilibrium V2 : Ω → Rn is tempered.

Proof. The proof will be divided into two parts. By (31), it follows naturally that

φ2(t,ω, x) − φ2(t,ω, y) = x − y +
t∫︂

0 

(︂
g
(︁
φ2(s,ω, x)

)︁− g
(︁
φ2(s,ω, y)

)︁)︂
ds (40)

which together with (A3) implies that

d

dt
|φ2(t,ω, x) − φ2(t,ω, y)|2

=2
⟨︁
φ2(t,ω, x) − φ2(t,ω, y), g

(︁
φ2(t,ω, x)

)︁− g
(︁
φ2(t,ω, y)

)︁⟩︁
≤ − 2L|φ2(t,ω, x) − φ2(t,ω, y)|2. (41)

Combining this and the Gronwall inequality, it is obvious that

|φ2(t, θ−tω, x) − φ2(t, θ−tω, y)| ≤ e−Lt |x − y| (42)

for all x, y ∈ Rn, t ≥ 0 and ω ∈ Ω, which shows (H1).
Moreover, define

z2(t,ω) ≡ z2(θtω) =
t∫︂

−∞
e−(t−s)ΣdB(s), (43)

which is the stationary solution (Ornstein-Uhlenbeck process) of the following a�ine SDEs

dz2(t) = −z2(t)dt + ΣdB(t). (44)

Using Itô’s formula, we can easily have that

φ2(t,ω, x) − z2(t,ω) = x − z2(ω) +
t∫︂

0 

(︂
g
(︁
φ2(s,ω, x)

)︁+ z2(s,ω)
)︂
ds, (45)

11 
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which yields that

d

dt
|φ2(t,ω, x) − z2(t,ω)|2

=2
⟨︁
φ2(t,ω, x) − z2(t,ω), g

(︁
φ2(t,ω, x)

)︁+ z2(t,ω)
⟩︁

=2
⟨︁
φ2(t,ω, x) − z2(t,ω), g

(︁
φ2(t,ω, x)

)︁− g
(︁
z2(t,ω)

)︁⟩︁
+ 2
⟨︁
φ2(t,ω, x) − z2(t,ω), g

(︁
z2(t,ω)

)︁+ z2(t,ω)
⟩︁

≤ − 2L|φ2(t,ω, x) − z2(t,ω)|2 + L|φ2(t,ω, x) − z2(t,ω)|2

+ 1 
L

|g(︁z2(t,ω)
)︁+ z2(t,ω)|2

= − L|φ2(t,ω, x) − z2(t,ω)|2 + 1 
L

|g(︁z2(t,ω)
)︁+ z2(t,ω)|2. (46)

Hence, by the Gronwall inequality and (A4), it is clear that

|φ2(t,ω, x) − z2(t,ω)|2

≤e−Lt |x − z2(0,ω)|2 + 1 
L

t∫︂
0 

e−L(t−s)|g(︁z2(s,ω)
)︁+ z2(s,ω)|2ds

≤e−Lt |x − z2(ω)|2 + 2 
L

t∫︂
0 

e−L(t−s)
(︂
|g(︁z2(s,ω)

)︁|2 + |z2(s,ω)|2
)︂

ds

≤e−Lt |x − z2(ω)|2 + 2 
L

t∫︂
0 

e−L(t−s)
(︂

2a2|z2(s,ω)|2p + 2b2 + |z2(s,ω)|2
)︂

ds

≤e−Lt |x − z2(ω)|2 + 2 
L

t∫︂
0 

e−L(t−s)
(︂

2a2|z2(s,ω)|2p + 2b2 + |z2(s,ω)|2p + 1
)︂

ds

≤4b2 + 2

L2 + e−Lt |x − z2(ω)|2 + 4a2 + 2

L 

t∫︂
0 

e−L(t−s)|z2(s,ω)|2pds (47)

and then

|φ2(t, θ−tω, x) − z2(t, θ−tω)|2
=|φ2(t, θ−tω, x) − z2(ω)|2

≤4b2 + 2

L2 + e−Lt |x − z2(θ−tω)|2 + 4a2 + 2

L 

t∫︂
0 

e−L(t−s)|z2(s, θ−tω)|2pds

12 
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=4b2 + 2

L2 + e−Lt |x − z2(θ−tω)|2 + 4a2 + 2

L 

0 ∫︂
−t 

eLs |z2(θsω)|2pds

≤4b2 + 2

L2 + sup
t≥0 

{︂
e−Lt |x − z2(θ−tω)|2

}︂
+ 4a2 + 2

L 

0 ∫︂
−∞

eLs |z2(θsω)|2pds

≜˜︁R2
x(ω). (48)

Note that z2 is a tempered random variable and so also is |z2|p for any p ≥ 1, we can directly 
verify that the random variable ˜︁R2

x is tempered. Accordingly,

|φ2(t, θ−tω, x) − x|2 ≤ 2|x|2 + 4|φ2(t, θ−tω, x) − z2(ω)|2 + 4|z2(ω)|2
≤ 2|x|2 + 4˜︁R2

x(ω) + 4|z2(ω)|2
≜ R2

x(ω), t ≥ 0, x ∈ Rn, (49)

which together with Remark 2.1 gives (H2). Using Theorem 2.1, the proof is complete. □
3.3. Multiplicative white noise: globally Lipschitz condition

Thirdly, we investigate the following n-dimensional SDEs with multiplicative white noise

dx(t) =
[︂
Ax(t) + h

(︁
x(t)
)︁]︂

dt +
m ∑︂

k=1 
σkx(t)dBk(t), (50)

where B(t) and A are given in (13), h : Rn → Rn and σk = (σ
ij
k )n×n are n × n-dimensional 

matrices, k = 1, . . . ,m. Let (θ,Ψ) denote the RDS generated by the corresponding linear SDEs

dx(t) = Ax(t)dt +
m ∑︂

k=1 
σkx(t)dBk(t), (51)

where Ψ(t) = (︁Ψij (t)
)︁
n×n

is the fundamental matrix of (51). To prove our main results, we need 
to make some assumptions on (θ,Ψ)

(A5) The top Lyapunov exponent for the linear RDS (θ,Ψ) is a negative real number, i.e., there 
exist a constant λ > 0 and a tempered random variable R(ω) > 0 such that

∥Ψ(t,ω)∥ :=
⎛⎝ n ∑︂

i=1 

n ∑︂
j=1 

|Ψij (t,ω)|2
⎞⎠

1
2

≤ R(ω)e−λt (52)

holds for all t ≥ 0, ω ∈ Ω. In addition, R ∈ ℒ1(Ω,F ,P ;R+) and

13 
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∥R∥ℒ1 = ER =
∫︂
Ω 

R(ω)P (dω).

(A6) h is globally Lipschitz continuous, i.e.,

|h(x) − h(y)| ≤ L|x − y| (53)

for all x, y ∈Rn, where L > 0 is the Lipschitz constant satisfying 
L∥R∥ℒ1

λ < 1

Let φ3(t,ω, x) be the RDS generated by the SDEs (50), where φ3(t,ω, x) = x(t,ω, x) stands 
for the solution of (50) with the initial value x(0) = x ∈ Rn. The following theorem describes 
the existence and global stability of random equilibria for (θ,φ3).

Theorem 3.3. Assume that (A5) and (A6) hold, then there exists a unique random equilibrium 
V3(ω) of the RDS (θ,φ3) such that

lim 
t→∞φ3(t, θ−tω, x) = V3(ω) (54)

for any x ∈ Rn and ω ∈ Ω. Moreover, the random equilibrium V3 : Ω → Rn is tempered.

Proof. Combining the variation-of-constants formula [22, Chapter 3, Theorem 3.1] and the co
cycle property of Ψ, it is easily seen that

φ3(t,ω, x) = Ψ(t,ω)x + Ψ(t,ω)

t∫︂
0 

Ψ−1(s,ω)h
(︁
φ3(s,ω, x)

)︁
ds

= Ψ(t,ω)x +
t∫︂

0 

Ψ(t − s, θsω)h
(︁
φ3(s,ω, x)

)︁
ds, (55)

which together with (A5) and (A6) deduces that for any x, y ∈ Rn,

|φ3(t,ω, x) − φ3(t,ω, y)|

≤R(ω)e−λt |x − y| +
t∫︂

0 

R(θsω)e−λ(t−s)L|φ3(s,ω, x) − φ3(s,ω, y)|ds (56)

and hence

eλt |φ3(t,ω, x) − φ3(t,ω, y)|

≤R(ω)|x − y| + L

t∫︂
0 

R(θsω)eλs |φ3(s,ω, x) − φ3(s,ω, y)|ds. (57)

14 
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Applying the Gronwall inequality, we have that

eλt |φ3(t,ω, x) − φ3(t,ω, y)| ≤ R(ω)|x − y|eL
∫︁ t

0 R(θsω)ds . (58)

In order to verify the condition (H1) in Theorem 2.1, since λ > L∥R∥ℒ1 by (A6), let 0 < ε0 <
λ−L∥R∥ℒ1

2 , it is easy to check that

|φ3(t, θ−tω, x) − φ3(t, θ−tω, y)|
≤R(θ−tω)|x − y|e−λt+L

∫︁ t
0 R(θs−t ω)ds

≤e−ε0tR(θ−tω)e−(λ−2ε0)t+L
∫︁ 0
−t R(θsω)dse−ε0t |x − y|

≤ sup
t≥0 

{︁
e−ε0tR(θ−tω)

}︁ · sup
t≥0 

{︂
e−(λ−2ε0)t+L

∫︁ 0
−t R(θsω)ds

}︂
e−ε0t |x − y|

≜ˆ︁R1(ω)e−ε0t |x − y|. (59)

Here, since the MDS θ ≡ (︁Ω,F ,P , {θt , t ∈R})︁ is ergodic, using the Birkhoff-Khintchin ergodic 
theorem (see Arnold [1, Appendix]) and (A6), it follows that

lim 
t→∞ e−(λ−2ε0)t+L

∫︁ 0
−t R(θsω)ds = 0, ω ∈ Ω, (60)

which together with the temperedness of R yields that the random variable ˆ︁R1 is well defined. 
Therefore, the condition (H1) is correct.

In addition, using (55), (A5) and (A6), we can see that

|φ3(t,ω, x)| ≤ R(ω)e−λt |x| +
t∫︂

0 

R(θsω)e−λ(t−s)
[︁
L|φ3(s,ω, x)| + |h(0)|]︁ds (61)

and thus

eλt |φ3(t,ω, x)|

≤R(ω)|x| + L

t∫︂
0 

R(θsω)eλs |φ3(s,ω, x)|ds +
t∫︂

0 

R(θsω)eλs |h(0)|ds. (62)

Again thanks to the Gronwall inequality, it is clear that

eλt |φ3(t,ω, x)| ≤ R(ω)|x|eL
∫︁ t

0 R(θsω)ds +
t∫︂

0 

R(θsω)eλs |h(0)|eL
∫︁ t
s R(θuω)duds (63)

and so
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|φ3(t, θ−tω, x)|

≤R(θ−tω)e−λt+L
∫︁ t

0 R(θs−t ω)ds |x| +
t∫︂

0 

R(θs−tω)e−λ(t−s)|h(0)|eL
∫︁ t
s R(θu−t ω)duds

=R(θ−tω)e−λt+L
∫︁ 0
−t R(θsω)ds |x| +

t∫︂
0 

R(θs−tω)e−λ(t−s)|h(0)|eL
∫︁ 0
s−t R(θuω)duds

=R(θ−tω)e−λt+L
∫︁ 0
−t R(θsω)ds |x| +

0 ∫︂
−t 

R(θsω)eλs |h(0)|eL
∫︁ 0
s R(θuω)duds

≤ sup
t≥0 

{︁
e−ε0tR(θ−tω)

}︁ · sup
t≥0 

{︂
e−(λ−ε0)t+L

∫︁ 0
−t R(θsω)ds

}︂
|x|

+
0 ∫︂

−∞
R(θsω)eλs |h(0)|eL

∫︁ 0
s R(θuω)duds

≜˜︁R3
x(ω) + ˜︁R4(ω) (64)

for all t ≥ 0 and ω ∈ Ω, where 0 < ε0 <
λ−L∥R∥ℒ1

2 .
Next, we will show that ˜︁R3

x and ˜︁R4 are both tempered. Note that R is tempered, in order to 
prove the temperedness of ˜︁R3

x , it is sufficient to show that ˜︁R5 is tempered, where

˜︁R5(ω) = sup
t≥0 

{︂
e−(λ−ε0)t+L

∫︁ 0
−t R(θsω)ds

}︂
. (65)

For any γ > 0 and ω ∈ Ω, observe that the MDS θ ≡ (︁Ω,F ,P , {θt , t ∈ R})︁ is ergodic, 
using the Birkhoff-Khintchin ergodic theorem (see Arnold [1, Appendix]), choose ε1 <

min{ γ
4L

,
λ−ε0−L∥R∥ℒ1

L }, then there exists T = T (ω, ε1) > 0 such that

(︁∥R∥ℒ1 − ε1
)︁
t ≤

0 ∫︂
−t 

R(θuω)du ≤ (︁∥R∥ℒ1 + ε1
)︁
t, t ≥ T ,

which yields that

sup
t≥0 

{︁
e−γ t ˜︁R5(θ−tω)

}︁
= sup

t≥0 

{︄
e−γ t sup

s≥0 

{︂
e−(λ−ε0)s+L

∫︁ 0
−s R(θu◦θ−t ω)du

}︂}︄

= sup
t≥0 

{︄
e−γ t sup

s≥0 

{︂
e−(λ−ε0)s+L

∫︁ −t
−s−t R(θuω)du

}︂}︄
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≤ sup 
0≤t≤T

{︄
e−γ t sup

s≥0 

{︂
e−(λ−ε0)s+L

∫︁ −t
−s−t R(θuω)du

}︂}︄

+ sup 
t≥T

{︄
e−γ t sup

s≥0 

{︂
e−(λ−ε0)s+L

∫︁ −t
−s−t R(θuω)du

}︂}︄

≤ sup 
0≤t≤T

{︄
e(λ−ε0−γ )t sup

s≥0 

{︂
e−(λ−ε0)(s+t)+L

∫︁ 0
−s−t R(θuω)du

}︂}︄

+ sup 
t≥T

{︄
e−γ t sup

s≥0 

{︂
e−(λ−ε0−L∥R∥ℒ1 −Lε1)s+2Lε1t

}︂}︄

≤e(λ−ε0)T sup
s≥0 

{︂
e−(λ−ε0)s+L

∫︁ 0
−s R(θuω)du

}︂
+ e−(γ−2Lε1)T

<∞. (66)

That is, ˜︁R3
x is tempered. Furthermore, note that

0 ∫︂
−∞

R(θsω)eλs |h(0)|eL
∫︁ 0
s R(θuω)duds

≤ sup
s≤0 

{︂
e(λ−ε0)s+L

∫︁ 0
s R(θuω)du

}︂ 0 ∫︂
−∞

R(θsω)eε0s |h(0)|ds

=˜︁R5(ω)

0 ∫︂
−∞

R(θsω)eε0s |h(0)|ds, (67)

which together with the temperedness of ˜︁R5 and R implies that ˜︁R4 is also tempered. Let R3
x =˜︁R3

x + ˜︁R4, it follows immediately that R3
x is a tempered random variable. Combining this and 

Remark 2.1, it is easy to verify the condition (H2). From Theorem 2.1, the proof is complete. □
3.4. Multiplicative white noise: one-sided dissipative Lipschitz condition

Fourthly, for convenience, we will discuss the following n-dimensional Stratonovich SDEs 
with multiplicative white noise

dxi(t) = gi

(︁
x(t)
)︁
dt +

m ∑︂
k=1 

ckxi(t) ◦ dBk(t), i = 1, . . . , n, (68)

where ck for k = 1, . . . ,m are constants, B(t) is defined in (13) and g = (g1, . . . , gn) : Rn → Rn

is given in (31) satisfying (A3).
Define φ4(t,ω, x) = x(t,ω, x), where x(t,ω, x) is the solution of (68) with the initial value 

x(0) = x ∈ Rn. In what follows, we will denote by u(ω) the random variable in Rm such that 
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u(t,ω) ≜ u(θtω) = (︁u1(θtω), . . . , um(θtω)
)︁

is the stationary Ornstein-Uhlenbeck process which 
solves the equations

duk(t) = −uk(t)dt + dBk(t), k = 1, . . . ,m. (69)

In order to verify the existence of stochastic flows, set y(t,ω, y) ≜ x(t,ω, x) · exp{−uc(θtω)}, 
where

uc(ω) =
m ∑︂

k=1 
ckuk(ω) (70)

is a tempered random variable satisfying

lim 
t→±∞

|uc(θtω)|
|t | = 0, ω ∈ Ω. (71)

Using Itô’s formula and (68), we have that

dy(t)

dt 
= G
(︁
θtω, y(t)

)︁
, (72)

where

G
(︁
ω,y
)︁= e−uc(ω)g

(︁
euc(ω)y

)︁+ uc(ω)y. (73)

Thanks to Theorem 2.1.1 and Corollary 2.1.1 in [5], it follows that the RDEs (72) generates an 
RDS (θ,ψ) in Rn. Moreover, we can get the relation

φ4(t,ω, x) = T
(︂
θtω,ψ

(︁
t,ω,T −1(ω, x)

)︁)︂
, t ≥ 0, ω ∈ Ω, (74)

where the linear mapping T (ω, ·) is a homeomorphism on Rn given by

T (ω,y) = euc(ω)y, ω ∈ Ω. (75)

Applying Lemma 2.2 in [3], it is clear that (θ,φ4) is an RDS generated by (68). Now, we can 
show the existence of globally stable stationary solutions for (θ,φ4) in the following theorems.

Theorem 3.4. Assume that (A3) holds, then there exists a unique random equilibrium V4(ω) of 
the RDS (θ,φ4) such that

lim 
t→∞φ4(t, θ−tω, x) = V4(ω) (76)

for any x ∈ Rn and ω ∈ Ω. Moreover, the random equilibrium V4 : Ω → Rn is tempered.
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Proof. By Theorem 2.1, we only need to show (H1) and (H2). Firstly, from (68) and Itô’s for
mula, we have that

d |φ4(t,ω, x) − φ4(t,ω, y)|2

=2
⟨︂
φ4(t,ω, x) − φ4(t,ω, y), g

(︁
φ4(t,ω, x)

)︁− g
(︁
φ4(t,ω, y)

)︁⟩︂
dt

+ 2 |φ4(t,ω, x) − φ4(t,ω, y)|2 ◦
m ∑︂

k=1 
ckdBk(t)

≤ − 2L |φ4(t,ω, x) − φ4(t,ω, y)|2 dt

+ 2

⌜⃓⃓⎷ m ∑︂
k=1 

c2
k · |φ4(t,ω, x) − φ4(t,ω, y)|2 ◦ d˜︁B(t), (77)

where

˜︁B(t) = 1 √︂∑︁m
k=1 c2

k

m ∑︂
k=1 

ckBk(t), t ≥ 0, (78)

is a one dimensional two-sided Brownian motion, see Theorem 1.4.4 in [22]. Combining (77) 
and the comparison theorem for solutions of SDE, see Theorem 1.1 in [12], it is evident that

|φ4(t,ω, x) − φ4(t,ω, y)|2 ≤ |x − y|2e−2Lt+2
√︂∑︁m

k=1 c2
k
˜︁B(t,ω) (79)

for all t ≥ 0 and ω ∈ Ω. Let C =
√︂∑︁m

k=1 c2
k , it is a simple matter that

|φ4(t, θ−tω, x) − φ4(t, θ−tω, y)|
≤|x − y|e−Lt−C˜︁B(−t,ω)

≤ sup
t≥0 

{︂
e−ε2t−C˜︁B(−t,ω)

}︂
e−(L−ε2)t |x − y|

≜ˆ︁R2(ω)e−(L−ε2)t |x − y|, (80)

where 0 < ε2 < L and the random variable ˆ︁R2 is well defined based on the law of iterated 
logarithm. Therefore, we have proved the condition (H1).

In the other hand, by (72) and (73), we can obtain that

d

dt
|ψ(t,ω, y)|2

=2
⟨︂
ψ(t,ω, y),G

(︁
θtω,ψ(t,ω, y)

)︁⟩︂
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=2
⟨︂
ψ(t,ω, y), e−uc(θtω)g

(︁
euc(θtω)ψ(t,ω, y)

)︁⟩︂+ 2uc(θtω)|ψ(t,ω, y)|2

=2e−2uc(θtω)
⟨︂
euc(θtω)ψ(t,ω, y), g

(︁
euc(θtω)ψ(t,ω, y)

)︁⟩︂+ 2uc(θtω)|ψ(t,ω, y)|2

≤ − 2Le−2uc(θtω)
⃓⃓⃓
euc(θtω)ψ(t,ω, y)

⃓⃓⃓2 + 2e−2uc(θtω)
⟨︂
euc(θtω)ψ(t,ω, y), g(0)

⟩︂
+ 2uc(θtω)|ψ(t,ω, y)|2

≤ − 2L |ψ(t,ω, y)|2 + L |ψ(t,ω, y)|2 + 1 
L

e−2uc(θtω)|g(0)|2

+ 2uc(θtω)|ψ(t,ω, y)|2

=(︁−L + 2uc(θtω)
)︁ |ψ(t,ω, y)|2 + |g(0)|2

L 
e−2uc(θtω), (81)

which together with the Gronwall inequality implies that

|ψ(t,ω, y)|2

≤e−Lt+2
∫︁ t

0 uc(θsω)ds |y|2 + |g(0)|2
L 

t∫︂
0 

e−2uc(θsω)e−L(t−s)+2
∫︁ t
s uc(θτ ω)dτ ds. (82)

From (74) and (75), it is obvious that

φ4(t,ω, x) = euc(θtω) · ψ(︁t,ω, e−uc(ω)x
)︁
, t ≥ 0, ω ∈ Ω, (83)

and then

|φ4(t,ω, x)|2

≤e−Lt+2uc(θtω)−2uc(ω)+2
∫︁ t

0 uc(θsω)ds |x|2

+ |g(0)|2
L 

e2uc(θtω)

t∫︂
0 

e−2uc(θsω)e−L(t−s)+2
∫︁ t
s uc(θτ ω)dτ ds. (84)

Therefore,

|φ4(t, θ−tω, x)|2

≤e−Lt+2uc(ω)−2uc(θ−t ω)+2
∫︁ t

0 uc(θs−t ω)ds |x|2

+ |g(0)|2
L 

e2uc(ω)

t∫︂
0 

e−2uc(θs−t ω)e−L(t−s)+2
∫︁ t
s uc(θτ−t ω)dτ ds

=e−Lt+2uc(ω)−2uc(θ−t ω)+2
∫︁ 0
−t uc(θsω)ds |x|2
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+ |g(0)|2
L 

e2uc(ω)

0 ∫︂
−t 

e−2uc(θsω)+Ls+2
∫︁ 0
s uc(θτ ω)dτ ds. (85)

Since the MDS θ ≡ (︁Ω,F ,P , {θt , t ∈ R})︁ is ergodic, applying the Birkhoff-Khintchin ergodic 
theorem (see Arnold [1, Appendix]), we can easily show that

lim 
t→∞

1

t

0 ∫︂
−t 

uc(θsω)ds = Euc = 0, ω ∈ Ω, (86)

which together with (71) gives that

|φ4(t, θ−tω, x)|2

≤ sup
t≥0 

{︂
e−Lt−2uc(θ−t ω)+2

∫︁ 0
−t uc(θsω)ds

}︂
e2uc(ω)|x|2

+ |g(0)|2
L 

e2uc(ω) sup
s≤0 

{︂
e

L
2 s−2uc(θsω)+2

∫︁ 0
s uc(θτ ω)dτ

}︂ 0 ∫︂
−∞

e
L
2 sds

≤ sup
t≥0 

{︂
e− L

2 t−2uc(θ−t ω)+2
∫︁ 0
−t uc(θsω)ds

}︂
e2uc(ω)

(︃
|x|2 + 2|g(0)|2

L2

)︃
≜R4

x(ω) (87)

for all t ≥ 0 and ω ∈ Ω. Since uc is Gaussian stationary with zero mean, the ergodic average in 
(86) vanishes, and the exponent in (87) defines a tempered random variable R4

x . Consequently, 
by Remark 2.1 and Theorem 2.1, the proof is complete. □
Remark 3.2. Compared to the classical results, see Theorem 4.4 and Corollary 4.7 in [3], we 
remove the globally Lipschitz condition and the commutativity between the function g and the 
transform T in Theorem 3.4.

Remark 3.3. If h(0) = 0 and g(0) = 0, then V3(ω) = V4(ω) ≡ 0 for all ω ∈ Ω. If h(0) ≠ 0
and g(0) ≠ 0, it is evident that the random equilibria V3 and V4 presented in Theorem 3.3 and 
Theorem 3.4 are nontrivial.

4. Conclusion and open problems

In this paper, under some suitable conditions, we have proved an abstract criterion to guar
antee that the RDS (θ,φ) admits a unique stationary solution, which is exponentially stable and 
attracts all pullback trajectories of (θ,φ), see Theorem 2.1. In fact, the conditions (H1) and (H2) 
given in Theorem 2.1 are highly concise and readily verifiable, which can be applied to various 
stochastic systems, see Theorem 3.1-Theorem 3.4 in Section 3. For simplicity, we only consider 
the application in the study of SDEs in Section 3. In fact, the method presented in this paper may 
be applied to investigate the dynamical behavior of SFDEs, SPDEs and so on. We leave it as 
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an open problem. For example, whether the conditions (H1) and (H2) are satisfied for nonlinear 
SFDEs under a one-sided Lipschitz condition, i.e.

⟨︁
ξ(0) − η(0),F (ξ) − F(η)

⟩︁≤ −λ1|ξ(0) − η(0)|2 + λ2

0 ∫︂
−τ

|ξ(s) − η(s)|2μ(ds)

for ξ, η ∈ Cτ , where Cτ := C
(︁[−τ,0],Rn

)︁
denotes the Banach space of continuous functions, 

F : Cτ → Rn, λ1 > λ2 > 0 and μ is a probability measure on [−τ,0]. Moreover, the synchro
nization and global stability for random mappings can also be studied. These important problems 
will be the subject of subsequent research.
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