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Abstract

We prove a concise and easily verifiable criterion on the existence and global stability of stationary
solutions for random dynamical systems (RDSs), which is very useful in a wide range of applications.
As a consequence, we can show that the w-limit sets of all pullback trajectories of semilinear/nonlinear
stochastic differential equations (SDEs) with additive/multiplicative white noise are composed of nontrivial
random equilibria. Furthermore, in the applications of stability analysis for SDEs, our conditions are not
only sufficient but indeed sharp.
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1. Introduction

Due to practical applications, one of the important problems in the study of long-term behav-
ior for stochastic differential equations (SDEs) is to consider various types of stochastic stability,
including exponential stability in mean square, globally asymptotical stability in probability,
and almost sure stability, which has been extensively and intensively investigated during past
decades, see [10,11,16—18,20-23]. However, the existing literature primarily focuses on the sta-
bility analysis of trivial or constant stationary solutions, both in finite-dimensional systems and
infinite-dimensional frameworks. The main purpose of this paper is to establish the existence
and global stability of nontrivial stationary solutions for SDEs by applying an abstract fixed
point theorem for random dynamical systems (RDSs).

To be specific, in the finite-dimensional setting, Kozin [17] established fundamental results
for linear stochastic systems, laying a rigorous foundation for subsequent research. Around the
same period, Kushner [18] developed the Lyapunov function theory for strong Markov processes
with applications to control problems. Building on these works, Kha’sminskii [16] made a com-
prehensive work on the stability theory for solutions of Ité6 SDEs.

The investigation of stability for infinite-dimensional SDEs can go back by Haussmann [10]
for linear systems and Ichikawa [11] for semilinear systems. These pioneering studies inspired
significant follow-up work, including contributions by Caraballo and Real [4], Leha, Ritter and
Maslowski [19], Liu [20] and Liu and Mao [21]. The primary tool employed in the research
of stability for constant stationary solutions is the Lyapunov functional method, whose main
challenge lies in constructing appropriate Lyapunov functions.

In contrast to constant stationary solutions, we are mainly interested in the asymptotical sta-
bility of nontrivial stationary solutions. This issue has attracted limited attention in previous
studies, such as [2,3,13—15]. For this problem, the Lyapunov functional method proves inade-
quate, whereas techniques from RDSs can offer an effective solution approach. In fact, we can
obtain much more information if the stochastic equation can induce an RDS, and then stationary
solutions represent random attractors consisting of a single point, see [7-9]. Using this viewpoint,
under the assumptions of commutativity on drift and diffusion coefficients, Caraballo, Kloeden
and Schmalfuf} [3] proved the existence of a unique stationary solution for semilinear stochastic
evolution equations. In our recent works [13,14], we have demonstrated that the stochastic flow
generated by SDEs admits a globally attracting random equilibrium, under the hypothesis that
the nonlinear drift function is bounded and satisfies either monotonicity or anti-monotonicity
conditions.

In this paper, we shall first establish a concise and easily verifiable criterion (see Theorem 2.1)
for guaranteeing the globally attracting random equilibrium of RDSs. In the applications, we
only consider the global stability of nontrivial stationary solutions for semilinear or nonlinear
SDEs with additive or multiplicative white noise, respectively. Departing from the approaches
in [3,13,14], we introduce a completely different technical route and significantly weaken the
required assumptions, which is different from the classical Razumikhin methods and Lyapunov
functionals for considering the global stability of trivial solutions. Actually, the methodology
given here can also be extended to consider stochastic functional differential equations (SFDEs),
stochastic partial differential equations (SPDEs) and related problems.

The rest of this paper is organized as follows. In Section 2, we introduce some basic notations
and present an abstract criterion on the existence and global stability of random equilibria for
random dynamical systems, see Theorem 2.1. In Section 3, we demonstrate the broad applicabil-
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ity of Theorem 2.1 for the global stability of SDEs. In Section 4, we provide concluding remarks
and give several open problems for future research.

2. An abstract criterion

In this section, we will prove an abstract criterion on the existence and global stability of
random equilibria for RDSs. To do this, we need to introduce some basic definitions of RDSs,
and then show our main results at the end of this section. The reader is referred to [1,5] for more
details. Let (X, d) be a complete separable metric space (i.e., Polish space) equipped with the
Borel o-algebra Z(X) and (2, %, IP) be a probability space.

Definition 2.1. 0 = (Q, F,P, {6t € R}) is called a metric dynamical system (MDS) if
0:R x Q'-)Q, 9():1(:1, 6;200[1 =9t1+12

for all 71,1, € R, which is (Z(R) ® .Z, .7 )-measurable. In addition, we assume that 6,P = P
for all r € R.

Definition 2.2. An RDS on the state space X with an MDS 6 is a mapping

0 Ry xQxX—X, (fow,x)— o, 0,x),
which is (Z(R1) ® F ® B(X), #(X))-measurable such that for all w € Q,

(1) ¢(0, w, -) is the identity on X
() et + 16, w,x)= (p(t2, Onw, 0, w, x)) forall t1, e Ry and x € X;;
(iii) ¢(t,w,-): X — X is continuous for all r € R...

Definition 2.3. A random variable R(w) is said to be tempered with respect to the MDS 0 =
(2,.7,P, {6t eR}) if

sup{e "'|R(O—;w)|} <00 for all € Q and y > 0.

t>0

Furthermore, a random variable R(w) is said to be yy-tempered (weakly tempered) with respect
to the MDS 0 = (2, Z, P, {6,,t € R}) if

sup{e "' |R(6—;w)|} <00 for all € Q and y = .
>0

Remark 2.1. By Definition 2.3, a tempered random variable R(w) must be yp-tempered for all
yo > 0. However, the inverse may not be true.

Definition 2.4. A random variable u : 2 — X is said to be a random equilibrium (or stationary
solution) of the RDS (0, ¢) if it is invariant with respect to (9, ¢), i.e.

o(t,w)u(w) =u:w) for all t>0 and we Q.

3
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In what follows, we can state our main results.

Theorem 2.1. Let (6, ¢) be an RDS with the state space X. Assume that (0, ) satisfies the
following conditions:

(H1) There exist a real number A > 0 and a random variable R (w) such that for any x,y € X,
d((p(t, 0_tw,x),p(t, 0w, y)) < ﬁ(a))e_md(x, y), t>1ty, we L2, (1)
where ty > 0 is a positive constant;
(H2) For any x € X, there exists a ho-tempered random variable Ry(w) such that

Supd((p(tve—twa-x)v-x) SR)C(CU)’ Q)GQ, (2)

>0

where 0 < Ay < A.
Then there exists a unique random equilibrium U (w) of the RDS (0, ¢) such that
tl_iglo(p(t, 0w, x)=U(w) in X 3)
forany x € X and w € Q. Moreover, the random equilibrium U : Q — X is Ag-tempered, i.e.,
d(U(w), x) < Ry(w) 4)
forany x € X and w € Q.

Proof. First, we claim that for any x € X, {¢(¢, 60—, x) : t > 0} is Cauchy in X, i.e., there exists
a random equilibrium U, : Q — X such that

tlim o, 0_1w,x) =Uy(w), we. &)
— 00
In fact, using (H1) and (H2), for any 79 < t; <t and w € L, it is easy to see that

d(p(t2,0—pw,x), (11, 0_yw, X))
:d<(p(tlv e—tla)v W(tz - tl i 9—[2(1)7 -x))v (p(tla 9_[1(1), .X))
<R(@)e ™ d(p(ta — 11,0—(1p—1,) 00—y, x), X)

51)2\(60)67)”l supd(go(t, O_t00_,w,x), x)
>0

<R(@)e ™ Ry (0_1, )
—e~ 201 R () MM R, (CANS))

<e” 2N R(w) sup {e M Ry (O_,w) )
t>0
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—> 0 as t — oo, (6)

which implies that (5) holds. Besides this, we can also have that

(/)(t, w, Ux(a)))

=g0(t, w, lim ¢(f,0_;w, x)) by (5)
11— 00
= lim go(t, w,¢(t,0_jw, x)) by continuity
11— 00
= lim ¢(t +17,0_;w, x) by cocycle
=0

= ~lll'rl (p(t + E, 97(1‘+t~) (@) 9;6{), x)
—00
=U,(byw), t>0, we. 7
That is, Uy (w) is a random equilibrium. Furthermore, by (2) and (5), it is clear that
d(UX(CO), x) < Ry (w) 3
for all x € X and w € Q2. Finally, we will show that for any x, y € X,
Uy(w)=Uy(w), weq. )
Since U, (w) and Uy (w) are two random equilibria of (6, ¢), it follows that
9(1.0-10, Up(0-10)) = Ur(@), 120 (10)
and
o(t, 010, Uy(0—10)) =Uy(®), t>0 an
for all w € Q. Combining (1), (2), (8), (10) and (11), we can easily get that
d(Ux (w), Uy (a)))
=d((t,0-10, Ue(0-,0)), 9(1,0-1, Uy (0_1)) )
<R(@)e M d(Ur(0-10), Uy(6—))
<R(@)e ™ [d(Uy (0—1), x) +d(Uy(6_0), y) +d(x, y)]

<R@)e™ [Re(6-10) + Ry (6_10) +d(x. )]
=e~ " R(w) [T Ry (0_,w) + e Ry (0_,0) + e ' d (x, y)]

t>0 t>0

<o~ AR R(w) (sup{eAO’Rx(e_tw)} + sup{e ' Ry (0_0)} +d(x, y)) (12)
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where t > fp and w € Q2. Let t — o0 in (12), it is immediate that (9) is true, which ends the
proof. 0O

Remark 2.2. If there exists a xo € X such that ¢(z, w, xo) = xo for all ® € @ and ¢ > 0, then xo
is a globally stable random equilibrium.

Remark 2.3. Actually, the constant #y given in (H1) can depend on the parameter w, which is
independent of x and y.

Remark 2.4. In fact, the constant Ao given in (H2) can depend on the initial value x.

Remark 2.5. For the case of discrete time, assumptions (H1) and (H2) can be replaced by the
following version (H1”) and (H2)

(H1’) There exist a real number A > 0 and a random variable R (w) such that for any x, y € X,
d((p(n, 0_,0,x), 0(n,0_,w, y)) < I/Q\(a))ef)‘"d(x, y), n>np, o€,
where ng > 1 is a positive integer;
(H2’) For any x € X, there exists a Ao-tempered random variable R, (w) such that

Sup d(w(”h efna)ax)’x) E Rx(w)a w € Qy
neN

where 0 < Ag < A.
3. Applications

In this section, we will use Theorem 2.1 to consider the global stability of random equilibria
for different stochastic systems, which will be divided into four parts. For tractability, we con-
sider only the case of SDEs. Nevertheless, the core methodology can be generalized naturally to
SFDESs, SPDEs and so on.

3.1. Additive white noise: globally Lipschitz condition

Firstly, we consider the following n-dimensional SDEs with additive white noise
dx (1) = [Ax(t) + f(x(t))]dt + SdB®), (13)

where B(t) = (Bi(?), ..., Bn(t))T is an m-dimensional two-sided Brownian motion on the
standard Wiener space (2,.%,P). Here, .%# is the Borel o-algebra of Q@ = Co(R,R™) =
{w(t) is continuous, w(0) =0, ¢ € R}. In addition, A = (A;;)nxx 1s an n x n-dimensional ma-
trix, f:R" — R” and ¥ = (%;;),xm i an n x m-dimensional matrix.

From now on, we set the Euclidean norm |x|:=Q_;_; |x; |2)% and || D|| :=(Z?=12?’=1 |Dj; |2)%,
where x € R"” and D € R™, Let us denote by 6 the Wiener shift operator defined by

6
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biw(-) = w(t + ) — w(t) for all + € R, which is an ergodic MDS. To our purpose, we will
present some hypotheses on A and f:

(A1) The top Lyapunov exponent of ®(¢) = e’ is a negative real number. That is, there exist
two positive constants A > 0 and C > 0 such that

1

2

1D@)]| := ZD%@)P <Ce ™ (14)

i=1 j=1
forall t > 0.
(A2) f is globally Lipschitz continuous, i.e.,
Lfx)—fODI=Llx—yl 15)
for all x, y € R"”, where L > 0 is the Lipschitz constant satisfying LA—C < 1.
Define ¢ (¢, w, x) = x(t, w, x) to be the unique solution of (13) with the initial value x(0) =
x € R”, it is well known that (0, ¢;) is an RDS generated by (13). In what follows, we will show

the asymptotic behavior of ¢;.

Theorem 3.1. Assume that (Al) and (A2) hold, then there exists a unique random equilibrium
Vi(w) of the RDS (0, ¢1) such that

llim o1(t,0_0,x) = Vi(w) (16)
—00
for any x € R" and w € Q2. Moreover, the random equilibrium Vi : Q — R" is tempered.

Proof. In order to use Theorem 2.1, it is sufficient to verify (H1) and (H2). Due to the variation-
of-constants formula [22, Theorem 3.1], it is evident that

' '
o1t w,x) =d(t)x + / ot — s)f(gol(s, w, x))ds + / Ot —s)XdB(s). (17)

0 0

Thus, for any different initial values x, y € R", we deduce that

lp1(t, 0, x) —@1(t, 0, y)|

<|o@)] - 1x — y| +f 19 — ) - | £ (01650 0.)) = f (105, . )| ds
0

t

<Ce™M|x — y|+ LCe™ / & 101(5, 0, %) — 015, @, Y)Ids, (18)
0
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and then
t
e)htkpl(tva x) _wl(tv w, )’)l = C|x - y| + LC/ekxl(pl(s’w’ x) - (pl(s5 , y)|ds' (19)
0

Applying the Gronwall inequality, it is obvious that

l91(1, 60—, x) — @1 (t, 0_w, y)| < Clx — yle” *7LON (20)

for all x, y e R”, r > 0 and w € 2, which proves (H1).
Furthermore, set

I3

21(t, w) =z71(6;w) = / D(t —s5)XdB(s) 21)

—00

for all + € R and w € 2, which is the Ornstein-Uhlenbeck process satisfying the following affine
SDEs

dz1(t) = Az (t)dt + Zd B(t). 22)

By (Al), it is easy to see that the random variable zj(w) is tempered with respect to 6 and
z1(6;w) is continuous on R for any w € 2, see Lemma 2.5.1 in [5] or Proposition 3.1 in [6]. Let
0, w,x) =@1(t,w,x) — 21(¢, w), applying It6’s formula, it follows immediately that

d[(pzl (t,w,x)]= A‘Pm (t, w,x)+ f((/)zl (t, w,x)+z1(t, a)))v (23)
and then

t

@, (t,w,x) =P(t)x + / O(r — s)f(<pZl (s, w,x)+ z1(s, a)))ds 24)
0

for all ¢+ > 0 and w € Q2. Therefore, by (A1) and (A2), it is easily seen that

t
oz, (t, w, x)| <Ce™ |x| + Ce™ f ™ (LIz1(0,0)| + | £ (0)|)ds
0

t
+Lce—“/e“ gz, (5, @, x)| ds, (25)
0

which implies that
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t
Mz (1,0, 1) SCIXI+C/6“(L|21(9sw)l+|f(0)|)ds

0
t

+Lc/e“‘ @z, (5, @, x)| ds. (26)
0

Using (26) and the Gronwall inequality, we have that

t
Mgz, (1, 0,x)| < Clx|etC" + C / LU (LIzy (Bs0)| + | £(0)])ds 27)
0

and so
t
oz, (t, , )| < Clx|e”*EO 4 € f e” ATLOU L2y (Bs0)| + 1 £ (O))ds,  (28)
0

which together with the definition of 6 gives that
|02, (1,610, %))

<Clxle”*7HY 1 ¢ [ OO (LIzy Gs—sw)| + 1 £ (0))ds

=Clxle”*LO 1 ¢ [ L3 (Lz1 (B;0)| + | £(0)])ds

/
f

0
<Clx|+C / ePTEOS (L|zy (050)| + | £(0)])ds
2R} (), (29)

where the second last inequality is based on the temperedness of z1(6;w), see Lemma 2.5.1 in
[5] or Proposition 3.i in [6]. Since LC < A and z; is tempered, by the similar argument in [15],
we see at once that R; (w) is also a tempered random variable. Consequently,

lo1(t, 01w, x) — x| < |x| + |z, (2, 0—0, X)| + |21 ()]
< x| + RL(@) + |21 ()]
2 Rl (w) (30)

for all x € R”, r > 0 and w € Q. This together with Remark 2.1 shows that (H2) is true. The
proof is complete. O



X. Ly Journal of Differential Equations 458 (2026) 114102

3.2. Additive white noise: one-sided dissipative Lipschitz condition
Secondly, we study the following n-dimensional SDEs with additive white noise
dx(t) =g(x(t))dt+ 2dB(1), (€20

where B(t) and X are given in (13), g : R” — R”" is a continuously differentiable function satis-
fying

(A3) Forany x,y e R",
(x = y.8(0) = g() < —Llx — yP, (32)
where L > 0 and (-, -) is the standard inner product in R”.
(A4) There exist constants @ > 0, b > 0 and p > 1 such that
lg()] <alx|”+b (33)
for all x e R”.

Remark 3.1. In fact, for n > 2, (A3) cannot generally be obtained from (A1). For example, set

0o -2
A=[3 _1}, (34)

it is a simple matter to check that the eigenvalues A; » = %‘/ﬁ,

. f . 3
N eos ()4 bE) ()
D) =e"2 Ve B ’ 35)
GSIH(T’) cos (@t) B sm(Tt)
V23 2 /3
and then
! 8 vV 23 6 t
”q)(t)“ =e 2 2+2—3Sin2 (Tt) 531/56_7. (36)
On the other hand,
(x, Ax) =x1x2—x%, x e R2, (37)

which implies that we can not find any L > 0 such that
(x,Ax) < —L|x|*>, xeR> (38)

That is, (A1) is true, but (A3) is false.
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Set g (t,w, x) = x(t, w, x), where x (¢, w, x) is the solution of (31) with the initial value
x(0) = x € R"™. Thanks to the continuous differentiability of g, one-sided dissipative Lipschitz
condition (A3) and the Ornstein-Uhlenbeck process, we can easily show that (6, ¢2) is an RDS
generated by (31), see Theorem 2.1.1 and Corollary 2.1.1 in [5]. Our main results in this subsec-
tion are the following theorems.

Theorem 3.2. Assume that (A3) and (A4) hold, then there exists a unique random equilibrium
Va(w) of the RDS (6, ¢2) such that

lim @2(t, 00, x) = V2(w) (39
—00
for any x € R" and w € Q2. Moreover, the random equilibrium V; : Q — R" is tempered.

Proof. The proof will be divided into two parts. By (31), it follows naturally that

t

92(t,0,%) = @2t 0, y) =x =y + / (s(p265.0.0) —g(p2(5.0,)) )ds  (40)
0

which together with (A3) implies that

d 2
EW’ZO" w"x) - (PZ(I, , )’)|
=2{pa(t, 0, %) —2(t, @, ), g(02(t, 0, %)) — g(p2(t, @, y)))
< —2L|pa(t, w, x) — g2 (t, 0, y)I*. (41)

Combining this and the Gronwall inequality, it is obvious that

02, 0—@, x) — @2 (t, 0_yw, y)| < e L |x —y| (42)

for all x, y € R"”, r > 0 and w € 2, which shows (H1).
Moreover, define

t

22, 0) = 22 (w) = / e "9%dB(s), (43)

—00

which is the stationary solution (Ornstein-Uhlenbeck process) of the following affine SDEs

dzr(t) = —zo(t)dt + Zd B(t). (44)
Using It6’s formula, we can easily have that

t

0o (t, 0, %) — 22(t, ) = X — 22() +/(g(<p2(s,w,x)) +12(s,w)>ds, (45)
0

11
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which yields that

d
77|92 0, %) — 2a(t, o)

=2(p2(1, w, x) — 22(t, ), g(P2(t, 0, X)) + 22(, W))
:2(@20, w,x) —22(t, w), g((pz(t, , x)) - g(zg(t, a))))
+2{p2(t, @, x) — 22(t, ), g (22(1, ®)) + 22, W)

< —2L|gx(t, @, x) — 22(t, )|* + Llga(t, w, x) — 22(t, )|

1 2
+ zlg(zz(h w)) + 22(1, )|
1
== Lliga(t, 0,3) = 20, )P + £ 18(220, @) + 220, @) . (46)
Hence, by the Gronwall inequality and (A4), it is clear that

|(p2(t’ , -x) - ZZ(I, CO)|2
1 t
Ltx — 2500, w)|* + - f e LI g(20(s, ) + 22(s, W) |*dss
0

t
2
e = n@P + 7 [ (Igeats. )P+ s o)) ds
0

[\

2
Yy — @)+ 2 / eH (202 za(s, )PP+ 267 + 225, ) ) ds
0
2
<e_Lt|x—Zz(a))|2+Z/e_L(t s) Za 1z2(s, @) 2P + 2b% + |z2(s, 0) PP + 1 )d
0
4b% +2 4a2 +2 p
+ _ a”+ —L(t—
< et — P+ 1 [ 0frds (47
0
and then
l92(t, 01, x) — 22(t, 0, w) >
=|¢a(t, 010, x) — z2(w)|?
4b2 2 4a’ +2 ;
+ _ a“” + I(f—
=t - nlaol + —— / e M |2y(s, 0y w)| PP ds

0

12
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0
4’42 _ 4a> 42
=T et = nEf + 2 [P newPrds
L L
—t
4b% 42 4242 [
+ _ a”+
< s et = n@-P ] + S [ Bl ras
L >0 L
—00
2R (w). (48)

Note that z; is a tempered random variable and so also is |z2|” for any p > 1, we can directly
verify that the random variable Rf is tempered. Accordingly,
02(t, 61, ) = x? < 21x > +4|02(1, 60, %) — 2(@)* + 4|z2(w)
< 20x + 4R (@) + 4lza (o)
2 R2(w), 1 >0, x eR", (49)

which together with Remark 2.1 gives (H2). Using Theorem 2.1, the proof is complete. O
3.3. Multiplicative white noise: globally Lipschitz condition

Thirdly, we investigate the following n-dimensional SDEs with multiplicative white noise

dx (1) = [Ax(t) —i—h(x(t))]dt + orx(t)dBe(o), (50)
k=1

where B(t) and A are given in (13), & : R" — R”" and o} = (a,ij)nx,, are n x n-dimensional
matrices, k =1, ..., m. Let (8, V) denote the RDS generated by the corresponding linear SDEs

dx(1) = Ax(t)dt + Y oxx(t)d Bi (1), 51)
k=1

where V() = (\IJi j (t))n “n is the fundamental matrix of (51). To prove our main results, we need

to make some assumptions on (6, W)

(A5) The top Lyapunov exponent for the linear RDS (6, W) is a negative real number, i.e., there
exist a constant A > 0 and a tempered random variable R(w) > 0 such that

1

n n 2
1@ o)l =D Y 1wt 0)* | <R@e™ (52)
i=1 j=1

holds for all £ > 0, w € Q. In addition, R € £! (2, #,P;R,) and

13
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3 ZEEZ/E(w)P(dw).
Q

(A6) h is globally Lipschitz continuous, i.e.,

|h(x) —h(y)| = L|x =yl (53)

LIRIl .1

~ <1

for all x, y € R", where L > 0 is the Lipschitz constant satisfying

Let ¢3(¢f, , x) be the RDS generated by the SDEs (50), where ¢3(¢, w, x) = x(f, w, x) stands
for the solution of (50) with the initial value x(0) = x € R". The following theorem describes
the existence and global stability of random equilibria for (6, ¢3).

Theorem 3.3. Assume that (A5) and (A6) hold, then there exists a unique random equilibrium
V3(w) of the RDS (0, ¢3) such that

lim @3(2, 00, x) = V3(w) (54)
11— 00
for any x € R" and w € Q. Moreover, the random equilibrium V3 : Q — R" is tempered.

Proof. Combining the variation-of-constants formula [22, Chapter 3, Theorem 3.1] and the co-
cycle property of W, it is easily seen that

t
o3(t,w,x) =W(t, w)x +V(t, w) f wl(s, a))h((ﬁg(s, w, x))ds
0

t
=V, w)x + / vt —s, Qsa))h(<p3(s, w, x))ds, (55)
0

which together with (AS5) and (A6) deduces that for any x, y € R”,

|§03(t7a% x) - wg(tv w, y)l

t
<R()e ™|x —y| + / R(Os0)e ™I L gs(s, 0, x) — @3(s, w, y)|ds (56)
0

and hence

Mp3(t, 0, x) — @3(t, w, y)|

t

<R(®)|x —y| +L/E(9sw)e“|<p3(s,w,x) —@3(s, w, y)|ds. (57)
0

14
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Applying the Gronwall inequality, we have that

R 5
M 3 (t, w, x) — p3(t, w, )| < R(w)|x — yletJo RO:@ds

(58)

In order to verify the condition (H1) in Theorem 2.1, since A > L| R]| 1 by (A6), let 0 < gy <

%, it is easy to check that
lp3(t, 0—rw, x) — @3(, 00, y)|

SE(Q_ZC!)) |x _ y|€7kt+L f(; E(@S,,w)ds

— 0 %5
587801R(G_[w)e_(A_ZSO)t+L v/—t R(@y&))d.&‘efé‘ot |x _ y|

_ 0 -
<sup{e”™"R(6_,w)} - sup e~ =200 +L [, R(es‘”)ds} e % x — y]
>0 >0

2R (@)e ™ x — y|.

(59)

Here, since the MDS 0 = (SZ F, P, {6,,t e R}) is ergodic, using the Birkhoff-Khintchin ergodic

theorem (see Arnold [1, Appendix]) and (A6), it follows that

0 —
lim e—G—2e0+L [°, RGs0)ds _ 0. weQ,
—o0

(60)

which together with the temperedness of R yields that the random variable R) is well defined.

Therefore, the condition (H1) is correct.
In addition, using (55), (A5) and (A6), we can see that

t
l93(t, 0, x)| < R(w)e ™ |x| + / R(Os)e [ Llgs(s, @, )| + |h(0)|]ds
0

and thus

A
eMps(t, w, x)|

t t
<R(w)|x]| +L/ﬁ(esw)e“|<p3(s,w,x)|ds+/ﬁ(@sw)e“m(onds.
0 0

Again thanks to the Gronwall inequality, it is clear that

t
M 1a(t, w, x)| < R(w)|x|elfo KOs 4 f R(O;0)e™ |h(0)|eh J: ROdu g
0

and so

15
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lg3(t, 01, x)|
t
SE(G_[w)e—)»I-FL fot R(0s_;w)ds |)C| 4 / ﬁ(es_tw)e—)»(t—s) |h(0) |8L f; k(@,,_tw)duds

0
t

:E(O_tw)e—kt-ﬁ-Lfg R(O;w)ds x| + fﬁ(es_tw)e—l(l—s) |1 (0) |eLfS07t E(Quw)duds
0
0
— 0 & _ 0—
:R(O_[w)e—)»t-'rlaf,t R(exw)dS|x| + / R(esa))elslh(oﬂe[,fs R(Huw)duds

—t

<sup{e " R(O_w)} - sup {ef()\feo)tJrL /2 E(esw)ds} Ix]

t>0 >0
0
+ / R(Gs0)e |h(0)] L s Reuw)du g
—00
2R (0) + R*(w) (64)

forall t >0 and w € 2, where 0 < g9 <

Next, we will show that Eﬁ and R* are both tempered. Note that R is tempered, in order to

prove the temperedness of Ei it is sufficient to show that R is tempered, where

A=L|IR| 21
— .

R*(w) =sup {eiQ*gO)HL J2 Resords } . (65)
t>0

For any y > 0 and w € Q, observe that the MDS 6 = (Q,.%,P,{0;,1 € R}) is ergodic,

using the Birkhoff-Khintchin ergodic theorem (see Arnold [I, Appendix]), choose ¢ <

. r—eo—L|R .
mm{ﬁ, M}, then there exists T = T (w, €1) > 0 such that

0
(IRl —el)ts/E(eua»dus (IRllpi +e)i. 12T,

—t

which yields that

sup{e‘ytﬁs(e,tw)}

t>0

t>0 s>0

=sup {e”t sup [e_(’\_go)”L S R(0u00-0)du } }

=sup {e’” sup [e_(’\_SO)HL JZi-i ROuw)du } ]

t>0 >0

16
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o =
< sup e "' sup {e—()\—so)s+L [, R(Guw)du}
0<t<T s>0

+sup{e " sup {ef()weo)erL [, RGuw)du } }

t>T s>0

< sup e(,\feofy)zSup{e—(x—ao)(s+z)+L/fHE(euw)du]
0<t<T s>0

4 sup e sup {e—(/\—ao—anU —Lal)s+2L£1t}
t>T s>0

<=7 gy { o~ O—e)s+L [ Muw)du} 4 e~ r—2LenT

5>0

<00. (66)

That is, 13)3( is tempered. Furthermore, note that

0
— 035
/ R(Osw)e™ |h(0)|e" Sy RO g
—00
0
<sup {e(l—EQ)S-FL fsok(eua))du} / ﬁ(esw)eé‘oslh(oﬂds
s<0
—o0
0
—R(w) / R(6:0) |1(0)ds. ©7)
—00

which together with the temperedness of RS and R implies that R* is also tempered. Let Ri =
R? + R*, it follows immediately that R? is a tempered random variable. Combining this and
Remark 2.1, it is easy to verify the condition (H2). From Theorem 2.1, the proof is complete. O

3.4. Multiplicative white noise: one-sided dissipative Lipschitz condition

Fourthly, for convenience, we will discuss the following n-dimensional Stratonovich SDEs
with multiplicative white noise

m
dx;(t) = g; (x(t))dt + chxi(t) odBr(t), i=1,...,n, (68)
k=1
where ¢ for k =1, ..., m are constants, B(¢) is defined in (13) and g = (g1, ..., gn) : R" > R”

is given in (31) satisfying (A3).
Define ¢4(t, w, x) = x(t, , x), where x(¢, w, x) is the solution of (68) with the initial value
x(0) = x € R". In what follows, we will denote by u(w) the random variable in R™ such that

17
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u(t,w) = uw) = (u1 Brw), ..., upy (9ta))) is the stationary Ornstein-Uhlenbeck process which
solves the equations

dug(t) = —ux(t)dt +dBi(t), k=1,...,m. (69)

In order to verify the existence of stochastic flows, set y(¢, ®, y) 2 x(t,w,x) - exp{—u‘(6;w)},
where

u(w) = chuk (w) (70)

k=1

is a tempered random variable satisfying

t_)ioowc(':%)' =0, we. 71
Using It6’s formula and (68), we have that
% =G (B0, y(1)), (72)
where
G(w,y)= e_”c(‘”)g(e”(?(w)y) + u(w)y. (73)

Thanks to Theorem 2.1.1 and Corollary 2.1.1 in [5], it follows that the RDEs (72) generates an
RDS (6, ¥) in R". Moreover, we can get the relation

ea(t, w,x) = T<9rw, v (o, T_l(w,X))), 1>0, we, (74)
where the linear mapping 7 (w, -) is a homeomorphism on R" given by

T(w,y)= e“c(w)y, w € Q. (75)

Applying Lemma 2.2 in [3], it is clear that (8, ¢4) is an RDS generated by (68). Now, we can
show the existence of globally stable stationary solutions for (6, ¢4) in the following theorems.

Theorem 3.4. Assume that (A3) holds, then there exists a unique random equilibrium Vi(w) of
the RDS (0, ¢4) such that

lim @4(t, 0w, x) = Va(w) (76)
11— o0

for any x € R" and w € Q2. Moreover, the random equilibrium V4 : Q — R" is tempered.

18
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Proof. By Theorem 2.1, we only need to show (H1) and (H2). Firstly, from (68) and 1t6’s for-
mula, we have that

dla(t, 0, %) = 94(t, 0, )|
:2<§04(t7 , .X) - 904(t1 , y)s g((p4(ts w, )C)) - g(§04(t1 , y)))dt

m
+2lpa(t, 0, %) — 4t 0, y)1* 0 Y cxd Bi(t)
k=1

< —2L|ga(t, w,x) — a(t, w, y)|* dt

m
+2 | D et loalt, 0, %) — gult, 0, y)I* 0 dB (), (77)
k=1

where

B(f)=;zck3k(f)7 120, (78)

V 2k i k=1

is a one dimensional two-sided Brownian motion, see Theorem 1.4.4 in [22]. Combining (77)
and the comparison theorem for solutions of SDE, see Theorem 1.1 in [12], it is evident that

_ m 27
@4t @, %) — @4t @, Y)I* < |x — y[Pe 2H TV iz B (79)
forallt >0and w € Q. Let C =,/ Zle c,%, it is a simple matter that

|¢4(t7 G_tw,x) - (p4(t7 e_t(,(), y)'

S'X _ y|e—Lt—CB(—I,a))

<sup
>0

{e—szz—cﬁ(—t,w) } e~ Lmet |y _ )
LRy (w)e L= x —y), (80)

where 0 < &5 < L and the random variable ﬁz is well defined based on the law of iterated
logarithm. Therefore, we have proved the condition (H1).
In the other hand, by (72) and (73), we can obtain that

/ |¢(t )|
w
l‘ 9 ’y

:2<1/f(t$ w, y)v G(gtwv I/f(t? w, )7))>
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=2 1.0, 3), D Oy (1,0, 7))+ 2 GO 10, )

22“V,—2u¢'(9tw)<eu€(9rw)I/f(t7 w, ), g(eutf(@w)w(t, w, y))> +2u (B,0) |V (¢, o, y)|2

< 2Lef2uf(9,a))

+2uS ()Y (1, w, y)|*
1 ¢
s—szaﬂuwF+LwawuwF+274”@wmww

+ 2 (Or0) Y (8, w, y)I?

2
1g(0)] e—2u"(0;w)

=(—L+2u0,0)) ¥, 0, ) + =

which together with the Gronwall inequality implies that

[y (1, 0, y)I?

t

2
<e~Lt+2fguG0)ds| 2 | 18O /e—ZuC(QSw)e—L(t—s)+2f; u B 0)dt

L
0

From (74) and (75), it is obvious that

o4(t,w,x) = e @) w(t, w, e‘“r(“’)x), t>0, weQ,

and then
loa(t, w, x)|?
<o~ L2 (610)=2u (@) +2 5 u¢ Gsw)ds x|
2 t
n |g(2)| eZu"(@,w)/e—2u"(exw)e—L(t—s)—i-Zf:: ue Or)dt g
0
Therefore,

|§04(t7 971‘0), x)|2

. . t e
Ee—Lt+2u‘ (w)—2u(O_;w)+2 fo u(Os_sw)ds |x |2

t
2
n lg(0)] ezuv(w)/e—zul’(es,,w)e—L(t—s)Jrzfj U O 0)dt g g
L

0

. 0 .
ze—Lt+2u‘ (w)—2u®(O_;w)+2 f—t u¢(Osw)ds |x |2

20

c 2 ¢ ¢
o (elw)lﬁ(l‘, o, y)‘ + 267214 (9/60)<eu (Gtw)w(t’ w, y), g(0)>

1)

(82)

(83)

(84)
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0
2
|g(2)| eZu”(a})/e—Zu”(Gsw)-l—Ls-ﬁ—ZfSOu”(@ra))drds. (85)

—t

Since the MDS 6 = (Q, F, P, {6;,t € ]R}) is ergodic, applying the Birkhoff-Khintchin ergodic
theorem (see Arnold [1, Appendix]), we can easily show that

0
1
lim - | u“(bsw)ds =Eu =0, weQ, (86)

t—oo t
—t

which together with (71) gives that

loa(t, 01w, x)|?

<sup {e—u—zuc(e,,w)ﬂffl uv(gsw)ds} 2@ | 2
>0
0
2
+ wez"c(‘”) sup 592 Bs)+2 [ u (B ) ] / ¢35 ds
L s<0
—0oQ
2
<sup {e_%’—zuc(&tw)+2f?t uc(esw)ds} 20 @) |x|2 v M
- t>0 L2
£R{() &)

for all # > 0 and w € Q2. Since u¢ is Gaussian stationary with zero mean, the ergodic average in
(86) vanishes, and the exponent in (87) defines a tempered random variable Rﬁ. Consequently,
by Remark 2.1 and Theorem 2.1, the proof is complete. O

Remark 3.2. Compared to the classical results, see Theorem 4.4 and Corollary 4.7 in [3], we
remove the globally Lipschitz condition and the commutativity between the function g and the
transform T in Theorem 3.4.

Remark 3.3.If #(0) = 0 and g(0) = 0, then V3(w) = V4(w) =0 for all w € Q. If A(0) #0
and g(0) # 0, it is evident that the random equilibria V3 and V4 presented in Theorem 3.3 and
Theorem 3.4 are nontrivial.

4. Conclusion and open problems

In this paper, under some suitable conditions, we have proved an abstract criterion to guar-
antee that the RDS (0, ¢) admits a unique stationary solution, which is exponentially stable and
attracts all pullback trajectories of (6, ¢), see Theorem 2.1. In fact, the conditions (H1) and (H2)
given in Theorem 2.1 are highly concise and readily verifiable, which can be applied to various
stochastic systems, see Theorem 3.1-Theorem 3.4 in Section 3. For simplicity, we only consider
the application in the study of SDEs in Section 3. In fact, the method presented in this paper may
be applied to investigate the dynamical behavior of SFDEs, SPDEs and so on. We leave it as
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an open problem. For example, whether the conditions (H1) and (H2) are satisfied for nonlinear
SFDEs under a one-sided Lipschitz condition, i.e.

0
(£(0) = n(0), F(§) = F() < —111E(0) — n(0)* + ?»zf |€(s) — n(s)|*u(ds)

for &, 9 € C;, where C; := C([—‘L’, 0], R") denotes the Banach space of continuous functions,
F:C; — R", A1 > X2 > 0 and u is a probability measure on [—t, 0]. Moreover, the synchro-
nization and global stability for random mappings can also be studied. These important problems
will be the subject of subsequent research.
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